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 a b s t r a c t

This paper addresses the problem of array geometry optimization, with a specific focus on array layout designs 
that incorporate phase and/or amplitude quantization constraints applied to the excitation. By jointly optimizing 
the antenna selection states and position offsets, we introduce a continuous antenna selection scheme and develop 
a framework for array geometry optimization using mixed integer programming (MIP). Our method is applicable 
to both one-dimensional linear arrays and two-dimensional planar arrays, and accommodates a wide range of 
pattern synthesis scenarios with excitation quantization constraints. Moreover, the proposed method supports 
multi-objective optimization for array geometry design. In this paper, we investigate linearization and equivalent 
reformulation techniques across different array geometry optimization scenarios, thereby obtaining tractable MIP 
models that can be effectively solved using off-the-shelf solvers. Theoretical analysis is provided to support the 
rationality of our approach. Extensive simulations are conducted to demonstrate the effectiveness and superiority 
of the proposed method, validating its performance under various scenarios.

1.  Introduction

Array geometry optimization is a crucial aspect of antenna array de-
sign and plays a vital role in enhancing the performance of radar, com-
munication, and other systems that rely on antenna arrays [1]. In array 
geometry optimization, we primarily focus on optimizing the position 
and spacing of the antenna elements within the array [2]. In radar sys-
tems, optimizing the array geometry can improve the angular resolution, 
reduce sidelobe levels, and enhance detection and tracking capabilities 
[3]. In some communication systems, optimizing the array geometry can 
improve the spectral efficiency, and facilitate better spatial diversity and 
multiplexing gains. Generally, through the optimization of array geom-
etry, the system’s capabilities can be significantly enhanced across var-
ious aspects, ultimately resulting in superior overall performance [4].

Over the past few decades, numerous array geometry optimization 
methods have been proposed, aiming to radiate the desired beampat-
terns. A classic array geometry optimization algorithm is implemented 
using evolutionary approach. It primarily utilizes techniques such as 
simulated annealing [5], particle swarm optimization [6], and genetic 
algorithm [7]. These algorithms are inspired by natural selection and 
statistical mechanics principles, and can take into account practical con-
straints in array geometry optimization. However, the effectiveness of 
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these algorithms is sensitive to parameter selection. Another represen-
tative approach is to perform array geometry optimization based on a 
specified reference beampattern. It mainly includes the matrix pencil 
method in [8] and the sparse Bayesian learning (SBL) method in [9]. 
These two methods demonstrate good potential for array geometry op-
timization, especially in sparse array design. However, they require the 
specification of reference array and reference beampattern, and there is 
currently no theoretical basis for determining the optimal reference ar-
ray/beampattern. Recently, an array geometry optimization algorithm 
based on low-rank matrix completion has been proposed in [10], and it 
does not require the setting of reference array/beampattern. The draw-
back of this algorithm is that it cannot incorporate practical constraints 
for array geometry optimization.

With the rise of convex optimization theory [11], it has been suc-
cessfully applied to array geometry design. The authors of [12] inves-
tigate how to achieve array geometry optimization by selecting anten-
nas from a set of candidates, and utilize convex programming (CP) to 
find the solution. Building on the idea of antenna selection, some works 
have considered how to incorporate practical array constraints into ar-
ray geometry optimization, thereby enabling flexible array geometry 
design through CP. For instance, the reference [13] explores how to 
design array geometry optimization under the constraint of minimum 
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$20^{\circ }$


$0^{\circ }$


$10^{\circ }$


$M=50$


$N=31$


$\delta =0.3\lambda $


$Q=6$


$M=81$


$N=56$


$\delta =0.5\lambda $


$\gamma =0.15\lambda $


$J=5$


$M=50$


$N=30$


$z({\bar {\bm p}},\theta )$


$f({\bar {\bm p}},\theta )$


\begin {align}e(\theta )&=\big | |z({\bar {\bm p}},\theta )|-|f({\bar {\bm p}},\theta )| \big |\\ \label {jkdajf11a}&\leq \big | z({\bar {\bm p}},\theta )- f({\bar {\bm p}},\theta ) \big |\\ &=\big |{\bm w}^{T}[{\bm a}({\bar {\bm p}}+{\bm \delta },\theta )-{\bm a}({\bar {\bm p}},\theta )-{\bm \delta }\odot {\bm a}'({\bar {\bm p}},\theta )]\big |\\ \label {jkdajf11d}&=\big |{\bm w}^{T}\left (\frac {{\bm a}''(\bm \xi ,\theta )}{2}\odot {\bm \delta }\odot {\bm \delta }\right )\big |\\ &=\frac {2\pi ^2{\rm sin}^2(\theta )}{\lambda ^2} \Big |{\bm w}^{T}[{\bm a}(\bm \xi ,\theta )\odot {\bm \delta }\odot {\bm \delta }]\Big |\\ \label {jkdajf11f}&\leq \frac {2\pi ^2{\rm sin}^2(\theta )}{\lambda ^2}\|{\bm w}\|_{\beta _1}\cdot \|[{\bm a}(\bm \xi ,\theta )\odot {\bm \delta }\odot {\bm \delta }]\|_{\beta _2}\\ \label {jkdajf11g} &=\frac {2\pi ^2{\rm sin}^2(\theta )}{\lambda ^2}\|{\bm w}\|_{\beta _1}\cdot \|{\bm \delta }\odot {\bm \delta }\|_{\beta _2}\end {align}


$\bm \xi =[\xi _1,\cdots ,\xi _M]$


$\bar {\bm p}\preceq {\bm \xi }\preceq {\bar {\bm p}}+{\bm \delta }$


$\beta _1$


$\beta _2$


$\frac {1}{\beta _1}+\frac {1}{\beta _2}=1$


$|{\bm a}(\bm \xi ,\theta )|={\bf 1}$


\begin {align}\angle z({\bar {\bm p}},\theta )= \angle f({\bar {\bm p}},\theta ).\end {align}


\begin {align}\label {affd07} &{\rm sin}(\angle {\bm w}+\angle {\bm a}(\bm \xi ,\theta ))={\bf 0}\\ &\chi |w_m|^{\beta _1}=\delta _m^{2{\beta _2}},~m=1,\cdots ,M\end {align}


$\chi $
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antenna spacing. In [14], the array geometry is designed under a given 
shape constraint on beampattern. It should be pointed out that the above 
methods select antennas from a given set of candidates, and it limits the 
freedom of array geometry design due to the fact that the candidate 
grid is discrete rather than continuous. Although it is possible to ap-
proximate continuous array geometry design by reducing the spacing 
between candidate antennas, this approach would significantly increase 
computational complexity and is prone to resulting in excessively small 
element spacings [15].

To address the above grid constraint issue, some recent works have 
considered continuous array geometry design. For instance, given a 
specified amplitude excitation, the authors of [16] employ a Taylor se-
ries expansion to derive a simplified approximate expression related to 
the array element position parameters, which is then iteratively solved 
to achieve array geometry optimization. Similarly, the reference [17] 
investigates how to minimize the number of array elements across vari-
ous scenarios through array geometry optimization, while also enhanc-
ing the robustness of the array design. It is important to note that both 
of these methods require iterative solutions and often necessitate the 
specification of initial positions for the array elements [18]. Another 
approach to continuous array geometry design is the deterministic syn-
thesis method [19–21]. Although these methods can provide an ana-
lytical expression for computing the inter-element spacing, they suffer 
from limited flexibility and often cannot be easily adjusted according 
to practical applications. Additionally, continuous array geometry opti-
mization can also be realized through techniques such as off-grid com-
pressed sensing [22], atomic norm minimization [23], and deep learning 
[24–26].

It is worth noting that the aforementioned array geometry optimiza-
tion methods do not consider the quantization effects on excitation 
phase and amplitude. In practical applications, array systems employ 
digital phase shifters and digital attenuators to control the excitation 
phase and amplitude, respectively. Owing to the limited precision of 
digital devices, quantization becomes necessary, which can result in a 
finite number of possible states for the excitations and introduce quan-
tization sidelobe on the radiation beampattern. Given a predetermined 
array geometry, there has been several research on beampattern syn-
thesis considering quantization constraints [27–29]. Nevertheless, the 
problem of array geometry optimization under excitation quantization 
constraints has received limited attention. To our knowledge, the only 
existing work is our previously proposed sparse array synthesis method 
that considers phase quantization, as presented in [30]. However, this 
method only considers phase quantization and is subject to the afore-
mentioned grid issues.

To address the deficiencies of existing methods, in this paper we con-
sider the joint design of element positions and excitations in the pres-
ence of quantization constraints. We found that the problem of array 
geometry optimization under excitation quantization constraints can be 
effectively modeled via mixed-integer programming (MIP). Unlike tra-
ditional antenna selection schemes, we present a continuous antenna 
selection approach by introducing offsets to the candidate antennas. 
Through joint optimization of antenna selection states and the corre-
sponding offsets, our method enhances design freedom, allowing for 
more precise and flexible array geometry design. More importantly, the 
proposed scheme takes into account the quantization constraints of the 
excitations, including both excitation phase and excitation amplitude, 
leading to more satisfactory beampattern results. In this paper, we con-
sider the array geometry optimization problems for various scenarios, 
and utilize MIP techniques to reformulate the complex constraints into 
tractable forms that can be solved using off-the-shelf solvers, such as 
Gurobi [31] and CPLEX [32]. The main contributions of this paper can 
be summarized as follows:

1. We propose an array geometry optimization framework that consid-
ers the constraints of excitation quantization (including both exci-
tation phase and excitation amplitude), utilizing mixed-integer pro-

gramming. By introducing positional offsets to the candidate anten-
nas, our method can achieve accurate and flexible array geometry 
design. We provide some theoretical analysis to support the ratio-
nality of the proposed method.

2. The proposed scheme is applicable to various array geometry opti-
mization scenarios and is suitable for both one-dimensional linear 
arrays and two-dimensional planar arrays. In addition, our method 
can realize multi-objective optimization for array geometry design.

3. Leveraging MIP modeling techniques, we equivalently linearize and 
reformulate the complex models into tractable ones, which can be 
solved using off-the-shelf solvers. Furthermore, we conduct simula-
tions to validate the proposed method under various scenarios, and 
the results demonstrate its effectiveness and superiority.
The rest of the paper is organized as follows. In Section 2, we intro-

duce some preliminaries on array geometry optimization and excitation 
quantization. In Section 3, we present the proposed array geometry op-
timization method under phase quantization constraint. Extensions to 
other scenarios are presented in Section 4. Simulation results are shown 
in Section 5 and conclusions are drawn in Section 6.

Notations: We use bold upper-case and lower-case letters to represent 
matrices and vectors, respectively. In particular, we use 1 and 𝟎 to rep-
resent all-one vector and all-zero vector respectively, where the vector 
dimension is specified by the subscript or inferred from the context. (⋅)𝑇
denotes the transpose operation, | ⋅ | calculates absolute value and ∠(⋅)
returns the argument of the input. We use {0, 1} to denote the set of 
binary elements (where each element can only take either 0 or 1). The 
notation ⊙, ⊗, and ⊘ denote the Hadamard product, Kronecker prod-
uct, and the element-wise division operation, respectively. We use ‖ ⋅ ‖𝛽
to denote norm of the input vector (with the specific type specified by 
the subscript 𝛽). The notation vec(⋅) represents the vectorization opera-
tion on a matrix, and Diag(⋅) returns a diagonal matrix generated by the 
input vector. We use the notations ⪯ and ⪰ to represent element-wise 
comparison between matrices. For example, A ⪯ B implies that each 
element of A is not greater than the corresponding element of B in the 
same position.

2.  Preliminaries

In this section, we present some preliminaries on array geometry 
optimization and excitation quantization. For simplicity, we focus on 
the one-dimensional linear arrays with isotropic antennas, although the 
extension to more complex scenarios (such as arrays with non-isotropic 
elements) is applicable as well.

2.1.  Array geometry optimization

Under the assumption of far-field and narrowband, the array re-
sponse for an 𝑁-element linear array is defined as 
𝑓 (p, 𝜃) ≜ w𝑇a(p, 𝜃) (1)

where w = [𝑤1,⋯ , 𝑤𝑁 ]𝑇  represents the complex excitation vector, 
a(p, 𝜃) is the steering vector for the spatial angle 𝜃 and is defined as 
a(p, 𝜃) ≜ [𝑒−𝑗(2𝜋∕𝜆)𝑝1sin(𝜃),⋯ , 𝑒−𝑗(2𝜋∕𝜆)𝑝𝑁 sin(𝜃)]𝑇 . (2)

In (2), p = [𝑝1,⋯ , 𝑝𝑁 ]𝑇  is the position vector for the array, 𝜆 represents 
wavelength. The array beampattern is typically described by the mag-
nitude of array response, i.e., |𝑓 (p, 𝜃)|.

The primary goal of array geometry optimization is to systemati-
cally adjust the spatial arrangement of antenna elements within an ar-
ray to maximize its overall performance and efficiency. In this paper, 
we specifically focus on optimizing the array geometry to enhance the 
beampattern performance.

2.2.  Excitation quantization

For practical phased arrays, the excitation phase (i.e., ∠𝑤𝑛, 𝑛 =
1,⋯ , 𝑁) is typically controlled by the digital phase shifter. Considering 
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the finite resolution of digital phase shifter, for 𝑄-bit phase quantiza-
tion, the excitation phase is required to take values from the following 
finite set: 
Ψ𝑄 ≜ {0, 𝜑, 2𝜑,⋯ , (2𝑄 − 1)𝜑} (3)

where 𝜑 = 2𝜋∕2𝑄 represents the phase resolution corresponding to the 
𝑄-bit phase quantization.

The excitation amplitude (i.e, |𝑤𝑛|, 𝑛 = 1,⋯ , 𝑁) of an antenna array 
is typically controlled by digital attenuators. For 𝐽 -bit amplitude quan-
tization, the excitation amplitude is required to take values from the 
following finite set [33]: 
Υ𝐽 ≜ {𝛼(𝐽 )1 , 𝛼(𝐽 )2 ,⋯ , 𝛼(𝐽 )

2𝐽
} (4)

where 𝛼(𝐽 )
2𝐽

 (in decibels) represents the given dynamic range of the digital 
attenuator, the elements of Υ𝐽  are calculated as 𝛼(𝐽 )𝑖 = (𝑖 − 1) ⋅ 𝛼(𝐽 )

2𝐽
∕(2𝐽 −

1), 𝑖 = 1,⋯ , 2𝐽 . It should be noted that the elements of Υ𝐽  are all de-
scribed in decibels.

3.  Array geometry optimization with phase quantization 
constraint

In this section, we investigate the problem of array geometry opti-
mization under phase quantization constraint. We propose a continu-
ous antenna selection scheme that enables precise and flexible design of 
antenna positions. Through linearization and reformulation, we derive 
a mixed-integer programming model, which can be solved using MIP 
solvers. Moreover, we present some theoretical analysis to support the 
rationality of the proposed method.

3.1.  Continuous antenna selection for array geometry optimization

As a classic method for array geometry optimization, the antenna 
selection approach begins by compactly arranging 𝑀 candidate anten-
nas within a given aperture. The optimization of array geometry is 
then achieved by selecting some antennas from these candidate ones. 
Specifically, we denote p̄ = [𝑝̄1,⋯ , 𝑝̄𝑀 ]𝑇 , where 𝑝̄𝑚 is pre-determined 
and represents the position coordinate of the 𝑚th candidate antenna, 
𝑚 = 1,⋯ ,𝑀 .

Taking focused-beam synthesis as an example, assume that we select 
𝑁 antennas out of 𝑀 to form the ultimate array. The objective of array 
geometry optimization is to obtain the lowest peak sidelobe level (PSL). 
Without considering the quantized constraints on excitations, the array 
geometry optimization can then be achieved by solving the following 
problem [30]: 
min
w,b,𝜌

𝜌 (5a)

s.t. w𝑇a(p̄, 𝜃̄0) = 1 (5b)

|w𝑇a(p̄, 𝜃)| ≤ 𝜌, ∀𝜃 ∈ 𝕊 (5c)

|w| ⪯ 𝜂 ⋅ b (5d)

𝟏𝑇 b = 𝑁 (5e)

b ∈ {0, 1}𝑀 (5f)

where 𝜃̄0 is the mainlobe axis, 𝕊 stands for the sidelobe region, 𝜂 is a 
sufficiently large positive constant, and we have implicitly assume that 
the maximum excitation amplitude does not exceed 𝜂.

Note that in the above formulation (5), b is a binary vector, i.e., its 
elements can only take the values of zero or one as indicated in (5f). 
According to (5d), it becomes evident that if an element of b equals 
zero, the value at the corresponding position in w must be zero as 
well. Then, the antenna at corresponding position can be removed. Con-
versely, when an element of b takes one, the corresponding element in 
w can takes non-zero values, and the antenna at corresponding position 
can be retained. In this way, we achieve array geometry optimization 
by designing whether to retain each antenna. The formulation (5) is a 

mixed-integer programming (MIP) problem, including both integer vari-
able (see b) and the continuous ones (see w and 𝜌). In fact, we can solve 
problem (5) using MIP solvers, such as Gurobi [31] and CPLEX [32].

It is important to note that in the aforementioned array geometry op-
timization scheme, the candidate antennas are typically distributed only 
on discrete grid points. This implies that antenna selection can only be 
performed from a finite set of given positions. Consequently, the above 
antenna selection scheme may not be able to achieve satisfactory perfor-
mance on beampattern. Especially when excitation phase quantization 
need to be considered, the aforementioned scheme may yield poor re-
sults due to the limited degrees of freedom.

To enhance the design freedom in array geometry optimization, we 
introduce position offsets to the candidate antennas while performing 
antenna selection. Specifically, after adding a small offset vector δ to 
the position vector p̄ of the candidate antennas, we can approximate 
the steering vector as 
a(p̄ + δ, 𝜃) ≈ a(p̄, 𝜃) + δ ⊙ a′(p̄, 𝜃) (6)

where δ = [𝛿1,⋯ , 𝛿𝑀 ]𝑇  is utilized to characterize the position offset of 
each candidate antenna, a′(p̄, 𝜃) is the derivative vector evaluated at p̄, 
which can be represented as 

a′(p̄, 𝜃) =
[

𝜕𝑒−𝑗(2𝜋∕𝜆)𝑝̄1sin(𝜃)

𝜕𝑝̄1
⋯

𝜕𝑒−𝑗(2𝜋∕𝜆)𝑝̄𝑀 sin(𝜃)

𝜕𝑝̄𝑀

]𝑇
.

In fact, eqrefkdfjalftal can be regarded as the first-order Taylor expan-
sion of a(p̄ + δ, 𝜃) at p̄, where it is essential to ensure that the offset δ
is sufficiently small [34].

Based on the aforementioned approximation (6), we can achieve ar-
ray geometry optimization through continuous antenna selection. Fig. 1 
illustrates the schematic diagram of continuous antenna selection when 
𝑀 = 8 and 𝑁 = 5. Specifically, due to the introduction of the position 
offset δ and the linearity of the right-hand side of (6) with respect to δ, 
we can further design the displacement of the selected antennas on the 
basis of setting the antenna selection state (removal or retention). Since 
the offset vector can take continuous values, this allows us to perform 
fine and flexible array geometry optimization in a continuous space.

Before delving further into the discussion of the proposed array ge-
ometry optimization method, we define the approximate array response 
corresponding to the candidate array (with position offset) as 
𝑧(p̄, 𝜃) ≜ w𝑇 [a(p̄, 𝜃) + δ ⊙ a′(p̄, 𝜃)]. (7)

The above 𝑧(p̄, 𝜃) serves as an approximation to the nominal array re-
sponse 𝑓 (p̄, 𝜃) = w𝑇a(p̄, 𝜃). Define the approximation error at a given 
spatial angle 𝜃 as 
𝑒(𝜃) ≜ |

|

|

|𝑧(p̄, 𝜃)| − |𝑓 (p̄, 𝜃)|||
|

. (8)

It can be proved that for any p, δ and w, 𝑒(𝜃) satisfies 

𝑒(𝜃) ≤ 2𝜋2sin2(𝜃)
𝜆2

‖w‖𝛽1 ⋅ ‖δ ⊙ δ‖𝛽2
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≜𝑟(𝜃)

(9)

where 𝛽1 and 𝛽2 can be any positive numbers as long as they satisfy 1
𝛽1

+
1
𝛽2

= 1. From (9), we can know that the maximum deviation between the 
approximate beampattern and the nominal one is bounded by 𝑟(𝜃). The 
proof of (9) can be found in Appendix A.

3.2.  Continuous antenna selection with phase quantization constraint

In practical applications, the quantization of phase shifters can re-
duce costs and complexity. Under phase quantization, excitation phases 
are selected from a predefined set. Specifically, with 𝑄-bit phase quan-
tization and 𝐿 = 2𝑄, we can enumerate candidate phases to form the 
following vector c: 
c = [1, 𝑒𝑗2𝜋∕𝐿,⋯ , 𝑒𝑗2(𝐿−1)𝜋∕𝐿]𝑇 . (10)
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Fig. 1. Schematic diagram of continuous antenna selection when 𝑀 = 8 and 𝑁 = 5.

Fig. 2. A more detailed illustration of (14) with 𝑀 = 5 and 𝑄 = 2.

Introducing an 𝑀 × 𝐿 matrix D to indicate the excitation amplitude, 
we can express the weight vector under phase quantization as 
w = Dc (11)

where the entries of D are non-negative, i.e., D ⪰ 0. Since c is pre-
assigned, the design of w can be converted to the design of D with 
appropriate constraints. In this way, the phase quantization constraint 
can be always satisfied.

Considering the array geometry optimization scenario described in 
(5), we can similarly introduce a binary matrix B and add the following 
constraints on D and B: 
𝟎 ⪯ D ⪯ 𝜂 ⋅B (12a)

B𝟏 ⪯ 𝟏 (12b)

𝟏𝑇B𝟏 = 𝑁 (12c)

B ∈ {0, 1}𝑀×𝐿 (12d)

where the constraints (12a) and (12b) ensure that each row of the ma-
trix D contains at most one positive element, which represents the ex-
citation amplitude of the corresponding antenna. The constraint (12c) 
ensures that the number of selected antennas is 𝑁 . In fact, under the 
above constraint (12), if we define 
v ≜ D𝟏 (13)

it is not difficult to re-express w in (11) as 
w = Dc = Diag(v)Bc (14)

which facilitates our subsequent derivations. To have an intuitive un-
derstanding, Fig. 2 presents a more detailed illustration of (14) using an 
example with 𝑀 = 5 and 𝑄 = 2.

We now proceed to further investigate how array geometry optimiza-
tion can be achieved through the application of the continuous antenna 
selection approach presented in Section 3.1. In fact, when considering 
the constraint of excitation phase quantization, the continuous antenna 

selection scheme not only enhances design freedom and flexibility but 
also results in a tractable formulation. To illustrate this point, we sub-
stitute (14) into (6), and then express the approximated array response 
𝑧(p̄, 𝜃) corresponding to the candidate array (with position offset) as 
𝑧(p̄, 𝜃) = c𝑇D𝑇a(p̄, 𝜃) + c𝑇D𝑇 [δ ⊙ a′(p̄, 𝜃)]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
≜𝜁 (D,δ)

. (15)

As previously described, both D and δ need to be determined in the 
array geometry optimization.

To obtain a tractable constraint form, we define
x ≜ v ⊙ δ (16)

y ≜ (𝟏⊗ x)⊙ vec(B) (17)

s(p̄, 𝜃) ≜ c⊗ a′(p̄, 𝜃). (18)

Using (14), we can re-express 𝜁 (D, δ) in (15) as follows: 
𝜁 (D, δ) = c𝑇D𝑇 (δ ⊙ a′) (19a)

= c𝑇B𝑇 [Diag(v)]𝑇 (δ ⊙ a′) (19b)

= c𝑇B𝑇 (v ⊙ δ ⊙ a′) (19c)

= [c⊗ (v ⊙ δ ⊙ a′)]𝑇 vec(B) (19d)

= [(𝟏⊗ x)⊙ (c⊗ a′)]𝑇 vec(B) (19e)

= [(𝟏⊗ x)⊙ vec(B)]𝑇 (c⊗ a′) (19f)

= y𝑇 s(p̄, 𝜃) (19g)

where we have abbreviated a′(p̄, 𝜃) as a′ in the above derivations. 
In (19d), we have utilized the matrix identity vec(UV W ) = (W 𝑇 ⊗
U )vec(V ).

Using the derived result in (15), we can re-express the array response 
in (15) as 
𝑧(p̄, 𝜃) = c𝑇D𝑇a(p̄, 𝜃) + y𝑇 s(p̄, 𝜃) (20)

where y and s(p̄, 𝜃) are defined in (17) and (18), respectively. Then, 
based on the continuous antenna selection scheme, we can obtain the 
following array geometry optimization model: 

min
v,δ,x,y,B,D,𝜌

𝜌 (21a)

s.t. 𝑧(p̄, 𝜃̄0) = 1 (21b)

|𝑧(p̄, 𝜃)| ≤ 𝜌, ∀𝜃 ∈ 𝕊 (21c)

𝟎 ⪯ D ⪯ 𝜂 ⋅B (21d)

B𝟏 ⪯ 𝟏 (21e)

𝟏𝑇B𝟏 = 𝑁 (21f)

v = D𝟏 (21g)

x = v ⊙ δ (21h)

y = (𝟏⊗ x)⊙ vec(B) (21i)

‖δ‖∞ ≤ 𝛾 (21j)

B ∈ {0, 1}𝑀×𝐿 (21k)

where (21j) is used to constrain the offset to be sufficiently small, with 
𝛾 being a given positive constant. Unlike (5), we have considered the 
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constraint of excitation phase quantization in the above formulation. 
Moreover, due to the introduction of the offset vector δ, the above model 
allows for the design of element positions within a continuous space. In 
this way, the design freedom and flexibility can be improved, thereby 
aiming to achieve a lower PSL.

On the other hand, similar to model (5), the above model (21) en-
compasses both discrete variable (see variable B) and continuous vari-
able (all other variables except B), thereby categorizing it as an MIP 
model. However, the model (21) includes intricate constraints that pre-
clude its direct solving using MIP solvers. These primarily include the 
product constraints involving continuous variables as detailed in (21h), 
as well as product constraints between discrete and continuous vari-
ables as presented in (21i). In the next subsection, we apply lineariza-
tion techniques from mixed-integer programming to reformulate (21) 
into an equivalent form, thereby eliminating the aforementioned intri-
cate constraints.

3.3.  Linearization and reformulation for model (21)

In this subsection, we derive a tractable reformulation for model (21) 
by performing equivalent transformations on the product constraints
(21h) and (21i). We begin by first considering the product constraint
(21h) between continuous variables.

According to the constraints (21d) and (21g), the elements of vector 
v are non-negative, and their maximum value does not exceed 𝜂. For the 
position offset vector δ, it follows from constraint (21j) that its elements 
take values within the interval [−𝛾, 𝛾]. Obviously, the constraint (21h) 
indicates that the values of vector x are all within the interval [−𝜂𝛾, 𝜂𝛾]. 
More importantly, once x and v are obtained, we can solve the vector 
δ as 
δ = x⊘ v. (22)

It should be noted that the corresponding elements of δ obtained from 
the above equation are meaningful only when a specific antenna is se-
lected, i.e., when a certain element of the vector v takes a non-zero 
value. Therefore, we do not need to be concerned about the potential 
issue of the denominator in the above division being zero.

Since only the constraints (21h) and (21j) are directly related to δ, 
we can eliminate the vector δ while retaining only x and v. On this 
basis, the constraint (21h) needs to be revised to 
|x| ⪯ 𝛾 ⋅ v. (23)

At this point, solving for the vector δ using (22) will still satisfy the 
original constraints (21h) and (21j). In this way, the original product 
constraint (21h) and the norm constraint (21j) can be eliminated. In fact, 
it can be known from constraint (21g) that the vector v is determined by 
the matrix D. Therefore, we can further eliminate v and equivalently 
express the constraint (23) as 
−𝛾 ⋅D𝟏 ⪯ x ⪯ 𝛾 ⋅D𝟏. (24)

The model (21) can thus be equivalently reformulated as 
min

x,y,B,D,𝜌
𝜌 (25a)

s.t. 𝑧(p̄, 𝜃̄0) = 1 (25b)

|𝑧(p̄, 𝜃)| ≤ 𝜌, ∀𝜃 ∈ 𝕊 (25c)

𝟎 ⪯ D ⪯ 𝜂 ⋅B (25d)

B𝟏 ⪯ 𝟏 (25e)

𝟏𝑇B𝟏 = 𝑁 (25f)

− 𝛾 ⋅D𝟏 ⪯ x ⪯ 𝛾 ⋅D𝟏 (25g)

y = (𝟏⊗ x)⊙ vec(B) (25h)

B ∈ {0, 1}𝑀×𝐿. (25i)

Next, we consider another product constraint (21i) in model (21), 
which corresponds to constraint (25h) in the above reformulated model. 

For this purpose, let us denote
x =

[

𝑥1,⋯ , 𝑥𝑀
]𝑇 (26)

y = vec(Y ). (27)

In (27), Y  is an 𝑀 × 𝐿 matrix. When Y  and B are blocked by rows, 
they can be represented as follows: 

Y =
⎡

⎢

⎢

⎣

y𝑇
1
⋮

y𝑇
𝑀

⎤

⎥

⎥

⎦

,B =
⎡

⎢

⎢

⎣

b𝑇1
⋮
b𝑇𝑀

⎤

⎥

⎥

⎦

. (28)

With the above notations and after performing some manipulations, the 
constraint (25h) can be equivalently expanded into the following form: 
y𝑚 = 𝑥𝑚 ⋅ b𝑚, 𝑚 = 1,⋯ ,𝑀. (29)

In (29), 𝑥𝑚 is a real variable, and its value lies within the interval 
[−𝜂𝛾, 𝜂𝛾]. The vector b𝑚 is a binary vector, whose elements can only take 
values of zero or one. Essentially, we need to linearize and reformulate 
the constraint involving the multiplication of a continuous variable and 
an integer variable.

Before addressing the nonlinear constraint (29), we first introduce 
the following lemma, which enables the equivalent linearization of 
products involving continuous and integer variables. The proof of the 
lemma can be found in [35].
Theorem 1. Let 𝑧1 be a real-valued continuous variable belonging to the 
interval [𝑙, 𝑢], and let 𝑧2 ∈ {0, 1} be a binary variable. Then the product 
constraint 𝑧 = 𝑧1𝑧2 can be equivalently reformulated as 
𝑧1 − 𝐾̄ ⋅ (1 − 𝑧2) ≤ 𝑧 ≤ 𝑧1 + 𝐾̄ ⋅ (1 − 𝑧2) (30a)

𝑙 ⋅ 𝑧2 ≤ 𝑧 ≤ 𝑢 ⋅ 𝑧2 (30b)

𝑙 ≤ 𝑧1 ≤ 𝑢 (30c)

𝑧2 ∈ {0, 1} (30d)

where 𝐾̄ is a sufficiently large positive number, as long as it satisfies 𝐾̄ ≥
𝑢 − 𝑙. 

For constraint (29), it can be regarded as an extension of the scalar 
product form in Lemma 1. Based on Lemma 1, for a given 𝑚 ∈ {1,⋯ ,𝑀}, 
it is not difficult to reformulate constraint (29) as 

𝑥𝑚 ⋅𝟏 −𝐾 ⋅(𝟏 − b𝑚) ⪯ y𝑚 ⪯ 𝑥𝑚 ⋅𝟏 +𝐾 ⋅(𝟏 − b𝑚) (31a)

−𝜂𝛾 ⋅ b𝑚 ⪯ y𝑚 ⪯ 𝜂𝛾 ⋅ b𝑚 (31b)

−𝜂𝛾 ≤ 𝑥𝑚 ≤ 𝜂𝛾 (31c)

b𝑚 ∈ {0, 1}𝑀 (31d)

where 𝐾 is a sufficiently large positive number satisfying 𝐾 ≥ 2𝜂𝛾. Us-
ing the notations from (27) and (28), the aforementioned 𝑀 sets of 
constraints can be compactly represented in terms of x, y and B as
follows: 
y ⪯ 𝟏⊗ x +𝐾 ⋅ (𝟏 − vec(B)) (32a)

y ⪰ 𝟏⊗ x −𝐾 ⋅ (𝟏 − vec(B)) (32b)

y ⪯ 𝜂𝛾 ⋅ vec(B) (32c)

y ⪰ −𝜂𝛾 ⋅ vec(B) (32d)

x ⪯ 𝜂𝛾 ⋅ 𝟏 (32e)

x ⪰ −𝜂𝛾 ⋅ 𝟏 (32f)

B ∈ {0, 1}𝑀×𝐿. (32g)

The above constraint (32) represents the linearized reformulation of 
constraint (25h). This reformulation is exact under the constraint 𝑥𝑚 ∈
[−𝜂𝛾, 𝜂𝛾]. We can see that the original product constraint in (25h) has 
been equivalently replaced.

In fact, considering that 𝜂 ≫ 1, it is evident that the constraints (32e) 
and (32f) become redundant in the presence of constraint (25g). Conse-
quently, we can ultimately reformulate the model (21) into the following 
form: 

min
x,y,B,D,𝜌

𝜌 (33a)
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s.t. 𝑧(p̄, 𝜃̄0) = 1 (33b)

|𝑧(p̄, 𝜃)| ≤ 𝜌, ∀𝜃 ∈ 𝕊 (33c)

𝟎 ⪯ D ⪯ 𝜂 ⋅B (33d)

B𝟏 ⪯ 𝟏 (33e)

𝟏𝑇B𝟏 = 𝑁 (33f)

− 𝛾 ⋅D𝟏 ⪯ x ⪯ 𝛾 ⋅D𝟏 (33g)

y ⪯ 𝟏⊗ x +𝐾 ⋅ (𝟏 − vec(B)) (33h)

y ⪰ 𝟏⊗ x −𝐾 ⋅ (𝟏 − vec(B)) (33i)

y ⪯ 𝜂𝛾 ⋅ vec(B) (33j)

y ⪰ −𝜂𝛾 ⋅ vec(B) (33k)

B ∈ {0, 1}𝑀×𝐿 (33l)

where 𝑧(p̄, 𝜃) is related to the variables D and y, and its expression 
is given in (20). Compared to model (21), we have excluded variables 
δ and v in the above model (33). More importantly, the product con-
straints have been linearized and reformulated. It can be observed that 
all the constraints, except for the integer constraint (33l), are convex. 
The above MIP model (33) is tractable and can be solved using MIP 
solvers. It is crucial to note that the above linearization is an exact refor-
mulation, not an approximation, and therefore preserves the optimality 
of the solution to the original model (21).

Let 𝜌∗ denote the objective function value obtained from model (33). 
It is important to note that while the objective of the array geometry 
optimization in model (33) is to achieve the lowest possible PSL, the 
final realized PSL (denoted as 𝜌̄) may be higher than 𝜌∗. This discrepancy 
stems from the difference between the actual radiation pattern |𝑓 (p̄, 𝜃)|
and the approximated pattern |𝑧(p̄, 𝜃)| used in the optimization. Our 
analysis from Section 3.1 shows that 
|𝑓 (p̄, 𝜃)| ≤ |𝑧(p̄, 𝜃)| + 𝑟(𝜃) (34)

where 𝑟(𝜃) is defined in (9). The above result indicates that the realized 
PSL 𝜌̄ satisfies 
𝜌̄ ≤ 𝜌∗ + max

𝜃∈𝕊
𝑟(𝜃) (35)

Nevertheless, the actual simulation results demonstrate that, the devi-
ation of the final realized PSL 𝜌̄ from the objective function value 𝜌∗
obtained from model (33) is acceptable. On the other hand, the PSL per-
formance can be further enhanced by imposing a more stringent version 
of constraint (33c): 
|𝑧(p̄, 𝜃)| ≤ 𝜌 − 𝜒(𝜃), ∀𝜃 ∈ 𝕊 (36)

where 𝜒(𝜃) denotes the given sidelobe pre-deepening function, the val-
ues of which can be specified according to 𝑟(𝜃). 

As a summary, Algorithm 1 outlines the key steps of the proposed ar-
ray geometry optimization method with phase quantization constraint. 
It is worth noting that the array geometry optimization model (33) 
corresponds to the case of single focused-beam synthesis. For sce-
narios such as phase-only reconfigurable beampattern synthesis and 
shaped-beam synthesis, model (33) can also be adapted with minor
modifications.

4.  Extensions

In the preceding section, we considered how to optimize the array 
geometry under phase quantization constraint. Notably, the proposed 
method can be extended to address a wider range of scenarios. Next, we 
present several extensions. 

4.1.  Array geometry optimization with amplitude quantization constraint

As the first extension, we initially delve into the optimization of array 
geometry considering amplitude quantization constraint. For simplicity, 
we focus on the scenario of array geometry optimization for amplitude-
only low sidelobe synthesis. In this case, we consider 𝐽 -bit amplitude 

Algorithm 1 Array geometry optimization method with phase quanti-
zation constraint.
[h]
1: Set up an 𝑀-element candidate array with antenna position vector 

p̄ = [𝑝̄1,⋯ , 𝑝̄𝑀 ]𝑇 .
2: Give 𝜃̄0, 𝑁 , 𝜂, 𝛾, 𝐾, c, and 𝕊.
3: Solve the problem (33) using an MIP solver, and denote the resulting 
solution as x∗, y∗, B∗, D∗, and 𝜌∗, respectively.

4: Find all indices 𝑖 such that 𝑣𝑖 ≠ 0, and construct a set 𝔾 with these 
indices, where 𝑣𝑖 represents the 𝑖th element of vector D∗𝟏.

5: For ∀𝑖 ∈ 𝔾, obtain the antenna position 𝑝̆𝑖 = 𝑝̄𝑖 + 𝑥∗,𝑖∕𝑣𝑖. The corre-
sponding excitation 𝑤̆𝑖 is given by the 𝑖th entry of the vector D∗c.

quantization and jointly design the array geometry and excitation am-
plitude to achieve the desired low sidelobe beampattern.

By enumerating all candidate excitation amplitudes corresponding 
to 𝐽 -bit quantization, we can obtain the following vector h: 
h = [𝛼(𝐽 )1 ,⋯ , 𝛼(𝐽 )

2𝐽
]𝑇 . (37)

To select the excitation amplitudes from h, we introduce an 𝑀 × 2𝐽

binary matrix B. The weight vector under amplitude quantization con-
straint can be expressed as 
w = Bh. (38)

Following (15) and (19), we can similarly derive that
𝑧(p̄, 𝜃) = h𝑇B𝑇a(p̄, 𝜃) + h𝑇B𝑇 [δ ⊙ a′(p̄, 𝜃)]

= h𝑇B𝑇a(p̄, 𝜃) + g𝑇 t(p̄, 𝜃) (39)

where

g ≜ (𝟏⊗ δ)⊙ vec(B) (40)

t(p̄, 𝜃) ≜ h⊗ a′(p̄, 𝜃). (41)

Our task is to achieve the lowest PSL by optimizing the antenna selection 
states and their corresponding offsets, which are described by B and δ, 
respectively. It should be noted that the array response 𝑧(p̄, 𝜃) is directly 
related to the product of these two optimization variables.

From (39), we can see that the array response is similar to (20) from 
the previous section. This allows us to apply the same linearization tech-
nique to reformulate the product constraint (40). Ultimately, it is not 
difficult to derive the following MIP model: 
min

δ,g,B,𝜌
𝜌 (42a)

s.t. 𝑧(p̄, 𝜃̄0) = 1 (42b)

|𝑧(p̄, 𝜃)| ≤ 𝜌, ∀𝜃 ∈ 𝕊 (42c)

B𝟏 ⪯ 𝟏 (42d)

𝟏𝑇B𝟏 = 𝑁 (42e)

g ⪯ 𝟏⊗ δ +𝐾 ⋅ (𝟏 − vec(B)) (42f)

g ⪰ 𝟏⊗ δ −𝐾 ⋅ (𝟏 − vec(B)) (42g)

g ⪯ 𝛾 ⋅ vec(B) (42h)

g ⪰ −𝛾 ⋅ vec(B) (42i)

‖δ‖∞ ≤ 𝛾 (42j)

B ∈ {0, 1}𝑀×2𝐽 (42k)

where 𝑧(p̄, 𝜃) is related to the variables B and g, and its expression is 
given in (39). The above formulation is tractable and can be solved using 
MIP solvers.
Remark 1. The array geometry optimization scenario considering both 
phase quantization and amplitude quantization can be similarly ex-
tended. Let 𝑄 and 𝐽 denote the quantization bits for the excitation 
phase and amplitude, respectively. Taking into account the potential 
combinations of different candidate excitation phases and amplitudes, 
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Fig. 3. Simulation results obtained by the proposed method in the scenario of single focused-beam pattern synthesis. (a) Comparison of the approximate beampattern 
|𝑧(𝜃)| with the actual beampattern |𝑓 (𝜃)|. (b) Comparison of the actual beampattern deviation 𝑒(𝜃) with the deviation bound 𝑟(𝜃).

Fig. 4. Simulation results obtained by the proposed method under different values of 𝛾. (a) The curve of obtained PSL versus 𝛾. (b) Comparison of beampatterns 
obtained under different values of 𝛾.

Fig. 5. Simulation comparison in the scenario of single focused-beam pattern synthesis. (a) Comparison of beampattern results. (b) Comparison of array geometry 
results.

we can introduce the 2𝑄+𝐽 -dimensional vector r ≜ c⊗ h to encapsulate 
all feasible excitation candidate states. With the binary matrix B, we 
can express the weight vector as w = Br. It is not hard to see that the 
expression of array response in this case is similar to (39). Therefore, 
the optimization model considering both phase quantization and ampli-
tude quantization is analogous to the tractable model in (42), with only 
minor changes in several notations. 

4.2.  Sparse array optimization and multi-objective design

Besides optimizing the array geometry for a given number of ele-
ments, the proposed scheme can be easily extended to sparse array op-
timization scenarios, thereby achieving the desired beampattern with 
as few elements as possible. Taking the amplitude-only low sidelobe 
synthesis scenario discussed in Section 4.1 as an example, suppose we
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Table 1 
Comparative analysis of different methods.
 Method  Aperture  Quantization  Constant Modulus  2-D Array  Flexibility
 ANM [23]  Continuous  Not Supported  Not Supported  Not Supported  Low
 MPM [8]  Continuous  Not Supported  Not Supported  Not Supported  Low
 LRMC [10]  Continuous  Not Supported  Not Supported  Not Supported  Medium
 SCO [12]  Discrete  Not Supported  Not Supported  Supported  Medium
 DPC [30]  Discrete  Supported  Supported  Supported  Medium
 DL [24]  Continuous  Not Supported  Supported  Supported  Low
 Proposed  Continuous  Supported  Supported  Supported  High

Table 2 
Array geometry and excitation results obtained by the proposed 
method in single-beam pattern synthesis scenario.
𝑛 𝑝𝑛(𝜆) |𝑤𝑛| ∠𝑤𝑛 𝑛 𝑝𝑛(𝜆) |𝑤𝑛| ∠𝑤𝑛

 1  0  0.0264  45◦  9  4.9342  0.1260  315◦
 2  0.6400  0.0537  45◦  10  5.6000  0.0858  0◦
 3  1.3043  0.0810  90◦  11  6.2400  0.0600  0◦
 4  2.0484  0.1092  135◦  12  6.4000  0.0534  90◦
 5  2.4528  0.0234  225◦  13  6.9610  0.0243  45◦
 6  2.8000  0.1345  180◦  14  7.2255  0.0259  135◦
 7  3.4400  0.1402  225◦  15  9.6715  0.0061  315◦
 8  4.1981  0.1499  270◦

Table 3 
Running time comparison of different methods.
 Method  ANM  MPM  LRMC  SCO  DPC  Proposed
 Time (s)  5  0.6  1045  865  6500  9856

Table 4 
Obtained array geometry and the common excitation amplitude in the 
scenario of phase-only reconfigurable beampattern synthesis.
𝑛 𝑝𝑛(𝜆) |𝑤𝑛| 𝑛 𝑝𝑛(𝜆) |𝑤𝑛| 𝑛 𝑝𝑛(𝜆) |𝑤𝑛|

 1  0.048  0.159  9  1.594  0.124  17  7.440  0.103
 2  0.280  0.352  10  1.720  0.003  18  8.120  0.045
 3  0.447  0.535  11  2.880  0.086  19  8.383  0.060
 4  0.595  0.369  12  3.130  0.068  20  8.880  0.009
 5  0.880  0.194  13  3.520  0.181  21  9.010  0.094
 6  0.920  0.201  14  4.320  0.036  22  9.172  0.051
 7  1.280  0.037  15  5.046  0.118  23  9.520  0.031
 8  1.320  0.055  16  6.231  0.096  24  9.880  0.019

have pre-assigned a uniform upper bound for sidelobe level (denoted as 
𝜌̄). Following (42), we can accomplish geometry optimization for sparse 
array by simply removing the constraint (42e) and revising the objective 
function (42a) as 
min 𝟏𝑇B𝟏 (43)

Subsequently, the constraint (42c) should be modified as 
|𝑧(p̄, 𝜃)| ≤ 𝜌̄, ∀𝜃 ∈ 𝕊 (44)

which is tractable and can be solved using MIP solvers.
For the above sparse array optimization model, although we can 

obtain the minimum number of array elements given a specified up-
per limit on the sidelobe level, the resulting sidelobe level may not be 
the lowest attainable. In fact, it is possible to refine the model such 
that both the number of array elements is minimized and the achiev-
able sidelobe level is the lowest, rendering the number of elements and 
the sidelobe level jointly optimal. This constitutes a multi-objective op-
timization problem, where we prioritize the minimization of element 
number and subsequently consider the minimization of PSL.

To accomplish the aforementioned multi-objective optimization de-
sign, we reintroduce the variable 𝜌 and impose the following constraints:
|𝑧(p̄, 𝜃)| ≤ 𝜌, ∀𝜃 ∈ 𝕊 (45)

𝜌 ≤ 𝜌̄ (46)

Fig. 6. Beampattern result for large-scale array with 𝑁 = 120.

where 𝜌 is used as a variable to represent the obtained PSL. Within the 
framework of formulation (33) or (42), the variable 𝜌 must be positive 
and generally smaller than the normalized mainlobe gain, which is set 
to one as indicated by (33b) or (42b). In other words, we have 0 < 𝜌 < 1.

Additionally, it is important to note that B is a binary matrix and the 
element number (i.e., 𝟏𝑇B𝟏) changes in discrete steps with a minimal 
step size of one. Consequently, we can revise the objective function (43) 
as the following combined version: 
min 𝟏𝑇B𝟏 + 𝜌 (47)

In this way, we can attain the minimum PSL while also reducing the 
element number. This outcome arises because any decrease in the com-
bined objective function resulting from adjustments to B consistently 
outweighs the variations induced by 𝜌. Thus, it enables us to prioritize 
the minimization of element number and subsequently adjust 𝜌 to its 
minimum.

4.3.  Array geometry optimization under constant modulus constraint

In practical array systems, to simplify the design of the RF chain and 
reduce hardware complexity, the constant modulus constraint can be 
imposed on the excitations. Under this constraint, the excitation ampli-
tude for each antenna is identical and fixed, thus eliminating the need 
for variable gain amplifiers or attenuators.

In this case, we need to optimize the array geometry such that all 
the excitation amplitudes are the same, and the excitation phases meet 
the given quantization requirements. Considering a 𝑄-bit phase quanti-
zation and following the model in (33), we must ensure that all the non-
zero elements of D are positive and identical. To obtain this constant-
modulus excitation vector, we introduce a scaler variable 𝜏 in (33) and 
add the following constraint: 
𝜏 ⋅𝟏−𝜂 ⋅(𝟏−vec(B))⪯vec(D)⪯𝜏 ⋅𝟏+𝜂 ⋅(𝟏−vec(B)). (48)

It is evident that if an element of B is one, then the above constraint 
forces the corresponding element of D to be equal to 𝜏. This ensures that 
the excitation amplitude of the selected antennas is uniformly equal to 
𝜏, thus satisfying the constant modulus constraint. Similar to (33), we 
can consequently derive a tractable MIP model and solve it using MIP 
solvers.

4.4.  Geometry optimization for planar arrays

The proposed method can be easily extended to the geometry opti-
mization of two-dimensional planar arrays. Given an initial candidate 
planar array, let the position vectors of the array elements along the 
𝑥-axis and 𝑦-axis be denoted as p̄𝑥 and p̄𝑦, respectively. We can then in-
troduce two separate offset vectors for p̄𝑥 and p̄𝑦, denoting by δ𝑥 and δ𝑦, 
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Fig. 7. Results on the complexity of the proposed method. (a) Curve of design time versus the number of elements 𝑁 . (b) Curve of the number of variables versus 
the number of candidate elements 𝑀 .

Fig. 8. Simulation results obtained by the proposed method in the scenario of phase-only reconfigurable beampattern synthesis. (a) Obtained beampattern results. 
(b) Obtained excitation phases for each beam.

respectively. By utilizing the Taylor expansion for a bivariate function, 
an approximation can be obtained as follows:
a(p̄𝑥 + δ𝑥, p̄𝑦 + δ𝑦, 𝑢, 𝑣) ≈ a(p̄𝑥, p̄𝑦, 𝑢, 𝑣) + δ𝑥 ⊙ a′

𝑥(p̄𝑥, p̄𝑦, 𝑢, 𝑣)

+ δ𝑦 ⊙ a′
𝑦(p̄𝑥, p̄𝑦, 𝑢, 𝑣) (49)

where 𝑢 = 𝑐𝑜𝑠(𝜃) 𝑐𝑜𝑠(𝜙), 𝑣 = 𝑐𝑜𝑠(𝜃) sin(𝜙), 𝜃 and 𝜙 represent the elevation 
angle and azimuth angle, respectively. In the above approximation, a′

𝑥(⋅)
and a′

𝑦(⋅) are the partial derivative vectors with respect to p̄𝑥 and p̄𝑦, 
respectively.

Recalling the scenario of geometry optimization for linear arrays, 
it is evident that the approximation in (49) is a two-dimensional exten-
sion to the approximation in (6). Thus, we can imitate the reformulation 
techniques used for linear arrays to achieve geometry optimization for 
planar arrays. Also, the geometry optimization for planar arrays is ap-
plicable across different scenarios.

5.  Comparative analysis and advantages of the proposed method

The main idea and some extensions presented in the preceding sec-
tions demonstrate the efficacy of the proposed algorithm. To further 
elucidate the advantages of the proposed algorithm and provide a clear 
demarcation from existing methods, we now summarize the key differ-
ences as follows.

1. Unlike existing methods that select elements from discrete grids (e.g., 
the sequential convex optimization (SCO) method in [12], and the 
sparse array design method with discrete phase constraint (DPC) pre-
sented in [30]), the proposed approach enables continuous element 

selection by introducing continuous position offsets. This thereby in-
troduces greater design degrees of freedom and enables more flexible 
array design.

2. Unlike existing continuous-position array design methods (e.g., the 
atomic norm minimization (ANM) method in [23], the matrix pen-
cil method (MPM) in [8], the low-rank matrix completion (LRMC) 
method in [10]), the proposed method incorporates given excita-
tion quantization constraints directly into the design process. This 
integrated approach prevents the performance degradation typically 
associated with post-design quantization.

3. Unlike deep learning-based array design methods (e.g., [24–26]), 
which require retraining the model for different scenarios or con-
straints, the proposed method is applicable to various scenarios. It 
can obtain array design results directly with only simple modifica-
tions to the model or constraints, making it more flexible than its 
deep learning counterparts.

To provide a comprehensive comparison and highlight the advantages 
of the proposed algorithm, we present a detailed evaluation against ex-
isting methods in Table 1.

6.  Numerical results

In this section, simulations are presented to demonstrate the effec-
tiveness and superiority of the proposed method. Unless otherwise spec-
ified, we use an ULA as the candidate array, and denote 𝜇 as the ele-
ment spacing. When considering quantization for excitation amplitude, 
we set its dynamic range to 50dB. In all the simulations, we set 𝜂 = 10
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Fig. 9. Simulation comparison in the scenario of amplitude-only low sidelobe synthesis. (a) Comparison of beampatterns with existing algorithms. (b) Beampattern 
results obtained by the proposed method under different amplitude quantization bits.

Table 5 
Obtained array geometry and excitation amplitude in 
the scenario of amplitude-only low sidelobe synthesis.
𝑛 𝑝𝑛(𝜆) |𝑤𝑛|(dB) 𝑛 𝑝𝑛(𝜆) |𝑤𝑛|(dB)

 1  0 -23.3333  5  2.6688 -23.3333
 2  0.7900 -16.6667  6  3.2336 -13.3333
 3  1.5882 -13.3333  7  4.0048 -16.6667
 4  2.3359 -13.3333  8  4.8025 -23.3333

Fig. 10. Comparison of beampatterns obtained by single-objective and multi-
objective sparse array designs.

Table 6 
Array geometry optimization result with phase and amplitude 
quantization.

𝑛 𝑝𝑛(𝜆) 𝑛 𝑝𝑛(𝜆) 𝑛 𝑝𝑛(𝜆) 𝑛 𝑝𝑛(𝜆)

 1  0  4  1.3997  7  2.7606  10  4.5294
 2  0.4240  5  1.7703  8  3.1752
 3  0.9611  6  2.2500  9  3.5695

Table 7 
Array geometry and excitation phase results obtained 
by the proposed method in the scenario of constant-
modulus beampattern synthesis.
𝑛 𝑝𝑛(𝜆) ∠𝑤𝑛 𝑛 𝑝𝑛(𝜆) ∠𝑤𝑛

 1  0  123.75◦  7  2.9685  78.75◦
 2  0.3098  315.00◦  8  3.5149  22.50◦
 3  0.5685  101.25◦  9  3.9643  292.50◦
 4  1.0257  315.00◦  10  4.6991  236.25◦
 5  1.7923  247.50◦  11  5.1431  123.75◦
 6  2.3661  157.50◦  12  5.8572  56.25◦

and 𝐾 = 20𝛾. The proposed MIP models are solved by Gurobi [31]. The 
simulations are conducted using a computing platform, the processor is 
intel(R) Core(TM) i7-10750H CPU @ 2.60GHz.

6.1.  Array geometry optimization with phase quantization constraint

In the first example, we consider array geometry optimization under 
phase quantization constraint for various beampattern synthesis scenar-
ios.

6.1.1.  Array geometry optimization for single focused-beam pattern 
synthesis

In the first case, we consider array geometry optimization with sin-
gle focused beam. The candidate array contains 𝑀 = 30 element with 
spacing 𝜇 = 0.4𝜆. We set 𝑄 = 3, 𝛾 = 0.12𝜆. The mainlobe axis is steered 
to 𝜃̄0 = 10◦ and the first null width is set to 20◦. With the number of 
array elements set to 𝑁 = 15, our objective is to achieve a PSL as low 
as possible through the optimization of array geometry, as described by 
the formulation (33).

To illustrate the effectiveness of the proposed method, particu-
larly the impact of the approximation made in (6), Fig. 3(a) contrasts 
the resultant beampattern |𝑓 (p̄, 𝜃)| with the approximate beampattern 
|𝑧(p̄, 𝜃)| from the optimization model. For the actual beampattern, the 
PSL is -26.78dB, while for the approximate beampattern, the PSL is -
24.26dB, indicating similar PSL values for both. Although there are some 
discrepancies between |𝑧(p̄, 𝜃)| and |𝑓 (p̄, 𝜃)| in regions far from the array 
normal, the levels of the actual beampattern are generally lower than 
those of the approximate beampattern. Fig. 3(b) compares the actual 
beampattern deviation (see 𝑒(𝜃) in (8)) with the upper bound of the de-
viation (see 𝑟(𝜃) in (9)). As predicted, 𝑒(𝜃) is less than 𝑟(𝜃). In fact, we 
observe that 𝑒(𝜃) is significantly lower than 𝑟(𝜃) at most angles. The ar-
ray position arrangement and the resulting excitation phase/amplitude 
obtained by the proposed method are provided in Table 2.

To further evaluate the impact of 𝛾 on the proposed method, Fig. 4(a) 
illustrates the variation curve of the obtained PSL versus 𝛾. It can be ob-
served that as 𝛾 increases, the PSL generally exhibits a decreasing trend. 
It is important to note that the curve is not strictly monotonically de-
creasing. This is because a larger 𝛾 leads to higher design freedom but 
also introduces greater approximation errors. The resulting PSL is influ-
enced comprehensively by both the design freedom and the approxima-
tion errors. Fig. 4(b) presents the beampattern results obtained by the 
proposed method under several different values of 𝛾.

For comparison purpose, we compare the proposed method with the 
atomic norm minimization (ANM) method in [23], the matrix pencil 
method (MPM) in [8], the low-rank matrix completion (LRMC) method 
in [10], the sequential convex optimization method in [12], and the 
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Fig. 11. Simulation results with phase and amplitude quantization. (a) Comparison of beampattern results. (b) Obtained excitation phases and amplitudes by the 
proposed method.

sparse array design method with discrete phase constraint (DPC) pre-
sented in [30]. Fig. 5 shows the results of the proposed method with 
those of the comparison methods. Under the same phase quantization 
bits (𝑄 = 3), Fig. 5(a) displays the radiation beampattern results of dif-
ferent methods. It can be observed that existing methods exhibit poor 
sidelobe levels when phase quantization is considered, and may even 
suffer from distortions on mainlobe. Fig. 5(b) presents the correspond-
ing array geometry optimization results. As shown, the element arrange-
ments of both the SCO method and the DPC method are on the grid of 
candidate position. For the proposed method, it introduces position off-
sets and allows the element positions to be distributed between the grid 
points. Table 3 compares the running times of different methods. It can 
be observed that the running time of the proposed method is longer than 
those of the other methods.

To verify the applicability of our algorithm to large-scale arrays, we 
configured the parameters with 𝑀 = 180, 𝑁 = 120, and set the first null 
width to 4◦, while keeping all other references unchanged. The resulting 
beam pattern, presented in Fig. 6, achieves a PSL of −31.2 dB. Further-
more, to evaluate the computational complexity, Fig. 7(a) and (b) depict 
the scaling of the design time with the number of elements 𝑁 , and the 
number of variables with the number of candidate elements 𝑀 , respec-
tively. The curves confirm that both the time and space complexity of 
the proposed algorithm increase gradually with the array scale.

6.1.2.  Array geometry optimization for phase-only reconfigurable 
beampattern synthesis

In the second case, we consider array geometry optimization in the 
scenario of phase-only reconfigurable beampattern synthesis. In this 
case, we set 𝑀 = 50, 𝛿 = 0.2𝜆, 𝑄 = 6, 𝛾 = 0.08𝜆. The element number of 
the ultimate array is 𝑁 = 24. For simplicity, we consider two scanning 
beams steering to 0◦, and 20◦, respectively. Our task is to jointly design 
the element positions, excitation phases, and amplitudes such that the 
overall PSL of the two beams is minimized. Since we are performing 
phase-only scanning, the excitation amplitudes for all beams should be 
identical, and the excitation phases should satisfy the given quantization 
requirement.

Fig. 8(a) presents the beampattern results obtained by the proposed 
method after 10,000 seconds of execution. Fig. 8(b) illustrates the exci-
tation phases for each beam. It can be observed that the resulting beam-
patterns by the proposed method are satisfactory, and the excitation 
phases meet the phase quantization constraint. The obtained array posi-
tion results and the common excitation amplitude results are presented 
in Table 4. The PSL obtained by the proposed method is -9.7dB, which 
is lower than the -8.3dB achieved by the DPC method. This is primarily 
because the DPC method performs antenna selection on the given grid, 
whereas the proposed method not only selects antennas but also designs 
their positions offsets.

Fig. 12. Comparison of beampattern results in the scenario of constant-modulus 
beampattern synthesis.
6.2.  Array geometry optimization with amplitude quantization constraint

In the second example, we consider array geometry optimization un-
der amplitude quantization constraint for various beampattern synthesis 
scenarios.

6.2.1.  Array geometry optimization for amplitude-only low sidelobe 
synthesis

In the first case, we consider array geometry optimization for 
amplitude-only low sidelobe synthesis. The task is to achieve the de-
sired low sidelobe beampattern by designing only the excitation am-
plitude under quantization constraint. We set 𝑀 = 20, 𝛿 = 0.4𝜆, 𝐽 = 4, 
𝛾 = 0.15𝜆. The mainlobe axis is steered to 𝜃̄0 = 0◦ and the first null width 
is set to 30◦. With the number of array elements set to 𝑁 = 8, our objec-
tive is to achieve a PSL as low as possible through the optimization of 
array geometry, as described in the formulation (42).

Fig. 9(a) presents a comparison of the beampatterns between the 
proposed method and existing methods, given the same number of ar-
ray elements and quantization bits. It can be observed that the proposed 
method exhibits significantly lower PSL compared to the existing ones. 
The obtained array position results and the excitation amplitude results 
are presented in Table 5. To further evaluate the impact of quantization 
bits on the performance of the proposed method, Fig. 9(b) compares 
the beampattern results obtained under different amplitude quantiza-
tion bits. It is evident that a higher quantization bit leads to a lower 
PSL.

6.2.2.  Sparse array optimization and multi-objective design
In the second scenario, we apply the proposed method for sparse ar-

ray optimization and multi-objective design, as discussed in Section 4.2. 
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Fig. 13. Simulation results for shaped-beam pattern synthesis. (a) Comparison of beampattern results. (b) Comparison of array geometry results. (c) Obtained 
excitation phases and amplitudes by the proposed method.

Fig. 14. Simulation results obtained by the proposed method for planar array geometry optimization. (a) Obtained beampattern result. (b) Obtained array geometry 
result (the black dots and red dots correspond to the candidate array and the array geometry result obtained by the proposed method, respectively).

In this simulation, we specify a upper bound for sidelobe level as −17dB, 
with other parameters remaining unchanged with the previous simula-
tion. Under the constraints of amplitude-only excitation and amplitude 
quantization, our objective is to satisfy the above requirements using 
the minimum number of array elements, as given by the single-objective 
cost function (43). At the same time, we consider a multi-objective op-
timization model with the objective function (47), which aims to opti-
mize both the element number and the ultimate PSL. Fig. 10 illustrates 
the beampatterns resulting from the above two approaches. It can be 
observed that the beampatterns from both approaches meet the given 
PSL requirement. Although the two approaches yield sparse arrays with 
the same element number (𝑁 = 6), the PSL achieved through multi-

objective optimization (−20.75dB) is lower than that obtained from the 
single-objective optimization (−18.06dB).

6.3.  Array geometry optimization in other scenarios

In the third example, we present several other array geometry op-
timization scenarios to illustrate the wide applicability of the proposed 
method.

6.3.1.  Array geometry optimization with phase and amplitude quantization
The proposed method can be easily applied to array geometry opti-

mization scenarios that consider both phase quantization and amplitude 
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Fig. 15. Simulation results obtained by the proposed method for circular array. (a) Obtained beampattern result. (b) Obtained array geometry result (the black dots 
and red dots correspond to the candidate array and the array geometry result obtained by the proposed method, respectively).

quantization. We set 𝑀 = 20, 𝑁 = 10, 𝛿 = 0.4𝜆, 𝛾 = 0.15𝜆. The mainlobe 
axis is steered to 𝜃̄0 = 35◦ and the first null width is set to 30◦. With a 
phase quantization bit number of 𝑄 = 2 and an amplitude quantization 
bit number of 𝐽 = 5, Fig. 11(a) compares the resulting beampatterns 
obtained by minimizing the PSL using different methods. The proposed 
method achieves a PSL of -17.21dB, which is lower than the results ob-
tained by the DPC method (-10.32dB), the SCO method (-10.13dB), and 
the Chebyshev beampattern (-13.14dB). Fig. 11(b) shows the results of 
excitation phase and amplitude obtained by the proposed method, and 
Table 6 presents the array position distribution. The effectiveness of the 
proposed method for array geometry optimization with phase and am-
plitude quantization can thus be validated.

6.3.2.  Array geometry optimization under constant modulus constraint
Following the discussions in Section 4.3, we now assess the perfor-

mance of the proposed method on array geometry optimization under 
constant modulus constraint. We set 𝑀 = 30, 𝑁 = 12, 𝛿 = 0.4𝜆, 𝑄 = 5, 
𝛾 = 0.12𝜆. The mainlobe axis is steered to 𝜃̄0 = −22◦ and the first null 
width is set to 20◦. Our task is to achieve a PSL as low as possible by 
jointly optimizing the array geometry, excitation phases (under quan-
tization constraint), and excitation amplitudes (under constant modu-
lus constraint). With the same simulation conditions, Fig. 12 compares 
the beampattern results of the proposed method with those of the DPC 
method in [30] and the Taylor expansion (TE) method in [18]. The PSL 
of the proposed method is -17.84dB, which is lower than both the DCP 
method (-15.17dB) and the TE method (-16.52dB). Table 7 lists the ar-
ray position distribution and excitation phases obtained by the proposed 
method.

6.3.3.  Array geometry optimization for shaped-beam pattern synthesis
To further demonstrate the applicability of the proposed method in 

shaped-beam synthesis scenario, we take a flat-top beam as the desired 
beampattern and minimize the PSL through array geometry optimiza-
tion. In this scenario, we set the center angle of the flat-top beam as 
0◦. The ripple and width of the mainlobe beam are 0.2dB and 10◦, re-
spectively. To optimize the array geometry, we set 𝑀 = 50, 𝑁 = 31, 
𝛿 = 0.3𝜆, 𝑄 = 6, with other configurations remaining the same as in the 
previous simulation. Fig. 13(a) illustrates the beampattern result of the 
proposed method and compares it with the DPC method from [30]. Un-
der the same phase quantization bits, the PSL of the proposed method 
is -19.26dB, which is lower than that of the DPC method (-17.84dB). 
Fig. 13(b) compares the array geometry results obtained from the two 

methods, and Fig. 13(c) presents the excitation phases and amplitudes 
obtained by the proposed method.

6.3.4.  Geometry optimization for planar arrays
To verify that the proposed method can optimize the array ge-

ometry for planar arrays, we consider a two-dimensional array sce-
nario and set 𝑀 = 81, 𝑁 = 56, 𝛿 = 0.5𝜆, 𝛾 = 0.15𝜆. The mainlobe axis 
is steered to the normal direction. With an amplitude quantization 
bit number of 𝐽 = 5 and after 20,000 seconds of execution, Fig. 14 
shows the two-dimensional beampattern result and array geometry re-
sult obtained by the proposed method. In this case, the resulting PSL is
-17.4 dB.

To further validate the performance of the proposed algorithm for 
other types of two-dimensional array distributions, we employed a uni-
form circular array with 𝑀 = 50 elements as the candidate array. With 
the number of elements set to 𝑁 = 30 and all other parameters un-
changed, the proposed algorithm yields the radiation pattern and array 
layout depicted in Fig. 15. In this case, the resulting PSL is -13.5 dB. The 
wide applicability of the proposed method can thus be verified.

7.  Conclusions

In this paper, we have presented a framework for array geome-
try optimization under excitation quantization constraints using mixed-
integer programming. Our work specifically addresses the challenge of 
designing arrays with phase and/or amplitude quantization limits ap-
plied to the excitation. By jointly designing antenna selection states 
and position offsets, we have developed a continuous antenna selection 
scheme for array geometry optimization. Our method is versatile and 
applicable to both one-dimensional linear arrays and two-dimensional 
planar arrays, accommodating various constraint scenarios and support-
ing multi-objective array geometry design. We have investigated lin-
earization and equivalent reformulation techniques to transform the ar-
ray geometry optimization problems into tractable MIP models. These 
models can be efficiently solved using standard MIP solvers, making 
our approach practical for real-world applications. Theoretical analysis 
has been provided to validate the rationality of our methodology. We 
have conducted extensive simulations to demonstrate the effectiveness 
and superiority of the proposed method across various scenarios. The 
results show that our approach consistently outperforms existing meth-
ods, achieving better array geometry designs for the given quantization 
configuration.
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Appendix A.  Proof of (9)

According to the expressions of 𝑧(p̄, 𝜃) and 𝑓 (p̄, 𝜃), we can obtain 
𝑒(𝜃) = |

|

|

|𝑧(p̄, 𝜃)| − |𝑓 (p̄, 𝜃)|||
|

(A.1a)

≤ |

|

|

𝑧(p̄, 𝜃) − 𝑓 (p̄, 𝜃)||
|

(A.1b)

= |

|

|

w𝑇 [a(p̄ + δ, 𝜃) − a(p̄, 𝜃) − δ ⊙ a′(p̄, 𝜃)]||
|

(A.1c)

= |

|

|

w𝑇
(

a′′(ξ, 𝜃)
2

⊙ δ ⊙ δ

)

|

|

|

(A.1d)

=
2𝜋2sin2(𝜃)

𝜆2
|

|

|

w𝑇 [a(ξ, 𝜃)⊙ δ ⊙ δ]||
|

(A.1e)

≤ 2𝜋2sin2(𝜃)
𝜆2

‖w‖𝛽1 ⋅ ‖[a(ξ, 𝜃)⊙ δ ⊙ δ]‖𝛽2 (A.1f)

=
2𝜋2sin2(𝜃)

𝜆2
‖w‖𝛽1 ⋅ ‖δ ⊙ δ‖𝛽2 (A.1g)

where ξ = [𝜉1,⋯ , 𝜉𝑀 ] is a vector satisfying p̄ ⪯ ξ ⪯ p̄ + δ, 𝛽1 and 𝛽2 can 
be any positive numbers as long as they satisfy 1

𝛽1
+ 1

𝛽2
= 1. In the above 

derivation, (A.1b) utilizes the triangle inequality, (A.1d) employs the 
Taylor’s mean value theorem, (A.1f) leverages the Hölder inequality, 
and (A.1g) makes use of the fact that |a(ξ, 𝜃)| = 𝟏. Moreover, the in-
equality (A.1b) holds with equality if and only if 
∠𝑧(p̄, 𝜃) = ∠𝑓 (p̄, 𝜃). (A.2)

The inequality (A.1f) holds with equality if and only if the following 
conditions are satisfied:
sin(∠w + ∠a(ξ, 𝜃)) = 𝟎 (A.3)

𝜒|𝑤𝑚|
𝛽1 = 𝛿2𝛽2𝑚 , 𝑚 = 1,⋯ ,𝑀 (A.4)

where 𝜒 is a real value. This completes the proof of (9).
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