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Abstract—Polarimetric space-time adaptive processing
(PSTAP) significantly enhances the ability to detect low-
speed targets for airborne early warning radar. However,
incorporating diverse polarization sensor data poses chal-
lenges: it expands the snapshot dimension and increases
clutter heterogeneity. Therefore, the performance of PSTAP
may suffer due to the inaccurate estimation of the clutter-
plus-noise covariance matrix (CNCM) with finite samples.
Leveraging the Kronecker product structure of clutter, sta-
tistical framework-based Kronecker estimators can reduce
sample requirements while maintaining the clutter sup-
pression performance. But for low-speed target detection,
we theoretically illustrate the limitations of this type of esti-
mator. While sparse recovery (SR) space-time adaptive processing (STAP) methods can achieve satisfactory CNCM
estimation with very few samples, they cannot be directly applied to PSTAP. In this article, we propose a structure-aware
(SAW) sparse Bayesian learning (SBL) algorithm for PSTAP, named SAW-SBL PSTAP. By exploiting the independence
between the polarization domain and the space-time domain, along with the intrinsic sparsity of clutter in the angle-
Doppler plane, we model a block SR problem and develop a fast and controllable learning framework. This framework
alternately updates the noise power, polarization covariance matrix, and clutter space-time power, resulting in precise
CNCM estimation. Both simulated and measured data experiments verify the effectiveness and robustness of the
proposed method, particularly in enhancing detection performance for low-speed targets.

Index Terms— Covariance matrix estimation, heterogeneous clutter, polarimetric array, polarimetric space-time adap-
tive processing (PSTAP), sparse recovery (SR).

I. INTRODUCTION

DETECTING weak targets submerged in the strong clut-
ter background is the main task of moving platform

array radar systems [1], [2]. Space-time adaptive processing
(STAP) technology jointly employs the spatial and temporal
domains that can effectively suppress the clutter and enhance
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targets [3], [4], [5]. But for low-speed or tangentially moving
targets, it is difficult to discriminate the target from clutter only
in the angle-Doppler domain, resulting in a significant deterio-
ration in target detection performance. Unlike single-polarized
radar, polarimetric array radar equips multiple polarization
sensors and thus owns the capability to perceive polarimetric
information about the target and the clutter [6]. Significant
research indicates that leveraging polarization diversity can
capture the scattering information of the scene of interest
and enhance the target detection performance, particularly in
scenarios where the discrimination between targets and clutter
in the angle-Doppler domain is minimal [7], [8], [9], [10],
[11], [12].

For the research on polarimetric STAP (PSTAP),
Showman et al. [13] introduced the concept of PSTAP
and examined the performance of two PSTAP architectures.
However, its primary objective is to overcome the small
apertures of STAP radar. Wu et al. [14] theoretically analyzed
the advantages of PSTAP compared to STAP in detecting
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slowly moving targets, and show that factors such as clutter
degree of polarization, polarization difference between
target and clutter, and the input clutter-to-noise ratio (CNR)
are the key points affecting the performance of PSTAP.
However, this work mainly aims at optimal PSTAP, but we
have no access to the ideal clutter-plus-noise covariance
matrix (CNCM) in practice. To further enhance the detection
performance on slowly moving targets, our research group
presents a transmitter polarization optimization method for
PSTAP and derives an iterative solution framework by the
block majorization-minimization criteria [15]. Similarly, this
approach also assumes that CNCM is known a priori.

The analysis above indicates that accurate CNCM estima-
tion is key to fully leveraging the performance of PSTAP.
Because the polarimetric radar can operate in different
polarization channels, the dimension of received data has
been expanded. The well-known Reed, Mallet, and Brennan
rule [16] proves that the output signal-to-clutter-plus-noise
ratio (SCNR) loss is not more than 3 dB when the number of
independent and identically distributed (IID) training data is
not less than twice the system degrees of freedom (DoFs). This
poses a great challenge for polarimetric radar since external
objects often display varying scattering properties [17]. Mean-
while, the clutter environment is usually heterogeneous in
actual scenarios [18]. These factors result in limited samples.
Thus, improving the clutter suppression performance at low
sample support is a key issue in PSTAP applications.

To solve the problem of limited samples, lots of state-of-the-
art approaches have been proposed to improve the accuracy
of CNCM estimation. Knowledge-aided (KA) STAP [19],
[20], [21] leverages available prior knowledge to improve
performance, but its effectiveness is limited by the reliabil-
ity of the prior model and the choice of loading factors.
Reduced-dimensional (RD) [22], [23], [24] STAP converts
full-dimensional data into low-dimensional data by select-
ing several channels in the angle-Doppler domain, thereby
reducing the need for the number of samples. How to
extend these RD methods to polarimetric radar needs further
research. Reduced-rank (RR) [25], [26], [27] STAP projects
the full-dimensional data into the low-dimensional clutter
subspace, but as the clutter degree of polarization increases
accompanied by input CNR decreases, or for nonside look-
ing arrays and conformal arrays, accurately determining the
clutter rank becomes challenging, thus reducing the practi-
cality of these methods. Leveraging the prior information of
data covariance, various structured estimators are developed
to reduce the number of unknown parameters and enhance
estimation accuracy [28], [29], [30], [31], [32], [33], [34],
[35]. Leveraging two sets of training data, i.e., classic training
data surrounding the cell under test (CUT) with an addi-
tional training set, methods presented in [36], [37], [38], and
[39] can also enhance the CNCM estimation accuracy in
sample starved scenarios. Meanwhile, a series of shrinkage
algorithms [40], [41], [42] are derived to improve estimation
accuracy. However, their performance remains constrained in
severely heterogeneous clutter environments.

Recently, sparse recovery (SR) technology has gained
attention across various fields for its high-precision signal

reconstruction capabilities [43]. Numerous SR-based STAP
algorithms have been proposed to improve the CNCM esti-
mation performance with few samples. These algorithms are
usually classified into three categories: greedy algorithms,
convex or nonconvex optimization algorithms, and sparse
Bayesian learning (SBL) algorithms. Classic greedy algo-
rithms such as orthogonal matching pursuit [44] are simple to
implement and have lower computational complexity, but the
effectiveness in STAP is seriously affected by input CNR and
the correlation among dictionary atoms. Convex/nonconvex
optimization algorithms [45], [46], [47] employ the relaxation
model to obtain a satisfactory recovery accuracy, but the set-
ting of regularization parameters is a common issue for these
methods. On the contrary, SBL algorithms [48], [49], [50],
[51], [52] have gained the most attention due to their excellent
recovery accuracy, insensitivity to atomic correlation, and self-
adjusting parameters. However, these algorithms are mainly
developed based on STAP. How to apply SR technology to
PSTAP is of great significance.

In this article, we theoretically prove the performance
upper bound of Kronecker estimators and highlight their
limitations in low-speed target detection. To address these
challenges and enhance detection performance for low-speed
targets, we integrate SR technology into PSTAP and propose
a structure-aware SBL (SAW-SBL) algorithm with limited
samples. We begin by analyzing the sparse representation
of PSTAP data and identifying the limitations of exist-
ing SR-STAP algorithms when applied to PSTAP, laying
the groundwork for the development of SAW-SBL. Then,
we exploit the Kronecker structure of the clutter polarization-
space-time covariance matrix and the inherent sparsity of
clutter in the complete angle-Doppler plane to formulate a
block SR problem. To solve this, we derive a fast converg-
ing, controllable learning framework that alternately estimates
three key parameters: noise power, the clutter polarization
covariance matrix, and clutter space-time power. Finally, the
accurately estimated CNCM is applied to PSTAP. The effec-
tiveness of SAW-SBL is validated through experiments with
both simulated and real PSTAP data, demonstrating superior
performance in terms of convergence, clutter suppression, and
particularly, low-speed target detection.

The remainder of this article is organized as follows.
Section II introduces the signal model, optimal PSTAP
principle, and the CNCM estimation problem. Section III
discusses the question of SR-based PSTAP and analyzes the
details of the proposed SAW-SBL PSTAP method. Section IV
provides the experimental results to verify the effective-
ness of the proposed method. Section V concludes this
article.

Notations: In this article, A−1 and Ai, j are the inverse and
the element in the i th row and j th column of matrix A, respec-
tively. diag(a) is the diagonalization of vector a. (·)T, (·)H,
⊗, and E{·} are the transpose, conjugate transpose, Kronecker
product, and statistical expectation operators, respectively.
IN is the N -dimensional identity matrix. rank(·) and Tr(·) are
the rank and trace of a matrix, respectively. |·| is the absolute
value of a scalar or the determinant of a matrix. ∥·∥2, ∥·∥2,0,
and ∥·∥F are the l2 norm, l2,0 mixed norm, and Frobenius norm,
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Fig. 1. Structure of PSTAP data.

respectively. ∝ means that the quantities on its both sides are
directly proportional.

II. PRELIMINARIES

A. Signal Model and Optimal PSTAP
We consider a side-looking pulsed Doppler airborne radar

equipped with a uniform linear array (ULA) consisting of
N diversely polarized antennas. Each antenna owns two
orthogonal sensors to measure both the horizontal and vertical
polarization components (EH and EV ) of the echo signal.
M pulses with constant pulse repetition frequency (PRF) fr are
transmitted during a coherent processing interval (CPI). For
the sake of illustration, we employ Np = 2 polarization
channels similar to [14]. Note that the proposed method is
also applicable to Np = 3 or Np = 4. The received digital
baseband signal x ∈ CNp N M of a single range cell can be
modeled as follows:

x = αt at
pst + xc + xn ≜

[
xT

H , xT
V

]T (1)

where xH = [xH,1, xH,2, . . . , xH,M N ]
T

∈ CM N and xV =

[xV,1, xV,2, . . . , xV,M N ]
T

∈ CM N denote the data belonging
to the H channel (horizontally polarized sensors) and the
V channel (vertically polarized sensors), respectively. αt and
at

pst are the complex reflection coefficient and polarization-
space-time steering vector of the potential target, respectively.
For notational simplicity, let ND = Np N M . xc denotes the
clutter signal. xn represents the zero-mean complex Gaussian
white noise with variance matrix σ 2IND , and σ 2 is the noise
power.

Herein, we define x in (1) as a deinterleaved form. We also
define the interleaved form xin ∈ CND , having

xin ≜ [xH,1, xV,1, xH,2, xV,2, . . . , xH,M N , xV,M N ]
T. (2)

For clarity, the relationship between x and xin is illustrated
in Fig. 1. Generally, the received clutter signal xc can be
formulated as the accumulation of all ambiguous ranges and
clutter patches in the same range cell [3], i.e.,

xc =

Nr∑
i=1

Nc∑
j=1

αi, j a
i, j
pst =

Nr∑
i=1

Nc∑
j=1

αi, j pi, j ⊗ ai, j
st (3)

where Nr and Nc are the numbers of range ambiguity and
uniformly divided clutter patches, respectively. αi, j is the

complex reflection coefficient of the i, j th clutter patch. ai, j
pst =

pi, j ⊗ai, j
st , pi, j ∈ CNp , and ai, j

st ∈ CN M denote the polarization-
space-time, polarization, and space-time steering vectors of the
corresponding clutter patch, respectively.

The normalized polarization covariance matrix Rp ∈

CNp×Np is utilized to represent the polarization correlation
characteristic of the H channel and the V channel clutter, i.e.,

Rp = E
{
pi, j pH

i, j

}
=

[
1

√
χc|ρc|e− j η̄c

√
χc|ρc|e j η̄c χc

]
(4)

where χc, ρc, and η̄c denote the power ratio, complex cor-
relation coefficient, and statistical average phase difference
between the two polarization channels, respectively.

Note that independence between the polarization and the
space-time responses [8], the clutter polarization-space-time
covariance matrix can be written as follows:

Rpst = E
{
xcxH

c

}
= Rp ⊗ Rst

= Rp ⊗

Nr∑
i=1

Nc∑
i=1

E
{∣∣αi, j

∣∣2}ai, j
st

(
ai, j

st

)H
(5)

where Rst denotes the clutter space-time covariance matrix,
then the ideal target-free CNCM can be given as follows:

R = E
{
xxH}

= Rp ⊗ Rst + σ 2IND . (6)

The well-known optimal PSTAP weight vector can be
computed via the minimum variance distortionless response
criterion [5], having

w = τR−1at
pst (7)

where τ = 1/(at
pst)

HR−1at
pst denotes the normalized factor.

B. Problem Formulation and CNCM Estimation
Note that it is difficult to obtain the optimal PSTAP since we

have no access to the ideal CNCM R. For practical application,
R is estimated through L IID training samples {xl}

L
l=1, one

of the classical statistical methods is the sample covariance
matrix (SCM) approach, i.e.,

RSCM =
1
L

L∑
l=1

xlxH
l . (8)

However, homogeneous training samples are limited in actual
clutter scenarios. Meantime, the clutter rank or clutter DoFs
of PSTAP (Rpst) is higher than or equal to (only when the
clutter is completely polarized wave, i.e., |ρc| = 1) that of
STAP (Rst), which is given by the following equation:

rank(Rst) ≤ rank(Rpst)

= rank(Rp ⊗ Rst) = rank(Rp)rank(Rst)

≤ Nprank(Rst). (9)

Therefore, the clutter suppression performance is seriously
degraded with limited samples, accurately estimating CNCM
at low sample support is the prerequisite for taking advantage
of the performance of PSTAP.

Leveraging the Kronecker structure of Rpst = Rp ⊗ Rst,
several statistical framework-based Kronecker estimators [8],
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[29], [33] are developed to relieve the sample requirement.
Note that these estimators generally consider a noise-free (high
CNR) signal model, but for PSTAP applications, the noise
component is not negligible. Thus, the CNCM R in (6) does
not strictly maintain the Kronecker structure. The following
proposition illustrates the limitation of Kronecker estimators.

Proposition 1: By employing the Kronecker product struc-
ture of Rpst. Statistical framework-based Kronecker estimators
approximate R ≈ Rp ⊗ Rst to reduce the sample requirement.
Importantly, this relaxation deteriorates the detection perfor-
mance of PSTAP for low-speed targets.

Proof: See Appendix A. ■
Meanwhile, it is still challenging for statistical framework-

based estimators to achieve satisfactory CNCM estimation
performance in severely nonuniform and nonstationary clutter
environments, especially, the polarization characteristics of the
clutter also vary greatly within the range.

III. SAW-SBL PSTAP ALGORITHM

In this section, to accurately reconstruct CNCM and ensure
its matrix structure, we introduce the proposed SR algorithm
for PSTAP with very few samples. Specifically, we first study
the sparse representation problem of PSTAP data and then
examine the issues that arise when directly applying existing
SR-STAP methods to PSTAP. Finally, we introduce a SAW
SBL method with fast and controllable convergence for PSTAP
and discuss its computational complexity.

A. Analysis of SR-Based PSTAP Algorithm
The SR technology reconstructs CNCM by utilizing the

inherent sparse characteristics of the clutter. For PSTAP, the
L deinterleaved samples X = [x1, x2, . . . , xL ] ∈ CND×L can
be rewritten as the multiple measurement vectors model

X = (INp ⊗ Dst)9 = D9 (10)

where Dst ∈ CM N×K is the overcomplete STAP dictionary
similar to [48], K is the number of grid points. D =

INp ⊗ Dst ∈ CND×Np K denotes the deinterleaved PSTAP
dictionary. For notational simplicity, let NK = Np K , and 9 =

[γ 1, γ 2, . . . , γ L ] ∈ CNK ×L represents the sparse coefficient
matrix corresponding to both H channel and V channel clutter.

In SR algorithms, the estimation of 9 can be formulated as
follows:

9̂ = arg min
9

∥9∥2,0, s.t. ∥X − D9∥
2
F ≤ ξ (11)

where ξ is a given threshold related to the noise power [53].
After obtaining the estimation of 9 and σ 2, if we reconstruct
the CNCM similar to existing SR-based STAP methods, i.e.,

R̂SR−D = Ddiag

(
1
L

L∑
l=1

|γ̂ l |
2

)
DH

+ σ̂ 2IND

= D3DH
+ σ̂ 2IND (12)

where 3 is a diagonal matrix, and we define this method as
SR-diagonal (SR-D)-based PSTAP. Note that R̂SR−D here has
a structural loss compared to the R in (6).

Specifically, R in (6) can be rewritten as follows:

R = Rp ⊗ Rst + σ 2IND

=
(
INp RpINp

)
⊗
(
Dst3stDH

st

)
+ σ 2IND

=
(
INp ⊗ Dst

)(
Rp ⊗ 3st

)(
INp ⊗ DH

st

)
+ σ 2IND

= D
(
Rp ⊗ 3st

)
DH

+ σ 2IND

= DBDH
+ σ 2IND (13)

where 3st is a diagonal matrix, representing the clutter
space-time power spectrum [48]. Since the clutter of the
H channel and V channel has a certain correlation, i.e.,
|ρc| ̸= 0, it is obvious that 3 and B = Rp ⊗ 3st are
unequal in matrix structure. The loss of matrix structure is
essentially an inaccuracy in estimating the clutter polarization
covariance matrix Rp, thus leading to a deterioration in the
detection performance of low-speed targets, which is detailedly
discussed in Section IV.

Different from (12), [54] estimates Rp and Rst separately,
and then reconstructs R based on the Kronecker structure, i.e.,

R̂SR−K = ηR̂p ⊗
(
Dstdiag

(
p̂st
)
DH

st

)
+ σ̂ 2IND

= ηR̂p ⊗ R̂st + σ̂ 2IND (14)

where η is the regularization parameter used to balance the
clutter power and noise power. Due to the low polariza-
tion dimension, the traditional SCM method is employed
to estimate Rp. p̂st ∈ CK and σ̂

2 are the estimated
clutter space-time power and noise power by employing
SR technology. We define this method as SR-Kronecker
(SR-K)-based PSTAP.

Remark 1: If R̂p, p̂st, and σ̂
2 are all estimated precisely,

we can set η = 1, but it is difficult for SR-K to achieve an
accurate estimation of parameters Rp, pst, and σ 2 in practical
applications. Thus, the output performance can be improved
by adjusting η. When η is set too large, the estimated noise
power decreases. Leveraging the analysis in Appendix A, the
performance of the low-speed target detection deteriorates in
this case; When η is set too small, the estimated clutter power
decreases, and the overall clutter suppression performance
deteriorates.

Meanwhile, the preset η is not suitable for time-varying
clutter environments. It is necessary to study the robust CNCM
estimation method for PSTAP.

B. CNCM Estimation Using SAW-SBL
Note that adaptively estimating parameters Rp, 3st, and σ 2

at few sample support to reconstruct CNCM by (6) is the
key to ensuring the performance of PSTAP. To achieve this,
we first need to arrange L samples {xl}

L
l=1 into the interleaved

form {xin,l}
L
l=1, the same as (2). Drawing on the interleaved

signal model, we can easily derive a diagonal block SR-based
solution framework to update parameters Rp, 3st, and
σ 2 alternately. xin,l , l = 1, 2, . . . , L can be rewritten as
follows:

xin,l = (Dst ⊗ INp )βl = Dinβl (15)

where Din = Dst ⊗ INp ∈ CND×NK is the interleaved PSTAP
dictionary, and βl , l = 1, 2, . . . , L is the sparse coefficient
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Fig. 2. Hierarchical SAW-SBL model graph.

vector. In this case, the CNCM can be reexpressed as follows:

Rin = E
{
xin,lxH

in,l

}
= Rst ⊗ Rp + σ 2IND

=
(
Dst3stDH

st

)
⊗
(
INp RpINp

)
+ σ 2IND

= Din
(
3st ⊗ Rp

)︸ ︷︷ ︸
C

DH
in + σ 2IND

= DinE
{
βlβ

H
l

}
DH

in + σ 2IND (16)

where C = E{βlβ
H
l } = 3st ⊗ Rp is a block diagonal matrix.

Based on interleaved form samples, we can estimate Rp, 3st,
and σ 2 alternately via the proposed SAW-SBL method. It is
important to note that even with the interleaved signal model,
SR-D PSTAP in (12) does not estimate Rp or does not estimate
Rp accurately, the structural loss problem remains and has not
been alleviated.

To maintain the matrix structure of Rin, we assume that
βl’s follow zero-mean Gaussian sparse prior distribution with
covariance 6, having:

p
(
βl; b, P

)
∼ CN (0, 6), l = 1, 2, . . . , L (17)

6 = diag(b) ⊗ P = diag(b1, . . . , bk, . . . , bK ) ⊗ P (18)

where b = [b1, . . . , bk, . . . , bK ]
T is the hyperparameter vec-

tor that controls the sparsity of clutter space-time profiles.
The positive semidefinite matrix P ∈ CNp×Np indicates
the correlation property of H channel and V channel clut-
ter. Furthermore, σ 2 also follows the Gaussian distribution
assumption. In a nutshell, the hierarchical SAW-SBL model
graph of the proposed method is depicted in Fig. 2.

Leveraging the Bayesian rule, we know that the posterior
distribution p(βl |xin,l; b, P, σ 2), l = 1, 2, . . . , L also obeys
the complex Gaussian distribution, i.e.,

p(βl

∣∣xin,l; b, P, σ 2) =
p(βl; b, P)p(xin,l

∣∣βl; σ 2)∫
p(βl; b, P)p(xin,l

∣∣βl; σ 2)dβl

∼ CN
(
µl , 4

)
(19)

with

µl = 6DH
in

(
Din6DH

in + σ 2IND

)−1xin,l (20)

4 = 6 − 6DH
in

(
Din6DH

in + σ 2IND

)−1Din6. (21)

Let T = Din6DH
in + σ 2IND . Given interleaved form sample

set Xin = [xin,1, xin,2, . . . , xin,L ] ∈ CND×L , the type-II maxi-
mum likelihood (ML) estimation of b, P, and σ 2 can be written
as follows:

{b̂, P̂, σ̂
2
} = arg min

b,P,σ 2
L(b, P, σ 2) (22)

where the cost function L(b, P, σ 2) takes the form of

L(b, P, σ 2) = −

L∑
l=1

ln p
(
xin,l; b, P, σ 2)

= −

L∑
l=1

ln
∫

p
(
βl; b, P

)
p
(

xin,l
∣∣βl; σ 2)dβl

∝ ln|T| +
1
L

Tr
(
XH

inT−1Xin
)
. (23)

Below, we present detailed estimation methods for param-
eters b, P, and σ 2. Specifically, σ 2 and P are estimated
by the expectation maximization (EM) algorithm, while b is
estimated via the fixed-point iteration method.

1) Update of the Noise Power σ 2:
Similar to the approach used in [55], the estimate for

σ 2 is obtained by maximizing the conditional expectation∑L
l=1 Eβl

[ln p(xin,l |βl; σ 2)|xin,l; b, P, σ 2
], then we can derive

the updating rule of σ 2, which is

σ 2
=

∥Xin − Din6DH
inT−1Xin∥

2
F

L ND − LTr
(
6DH

inT−1Din
) . (24)

2) Update of the Polarization Covariance Matrix P:
Review (23), we can note that only p(βl; b, P) is

related to P. Thus, by maximizing the conditional expecta-
tion

∑L
l=1 Eβl

[ln p(βl; b, P)|xin,l; b, P, σ 2
], we can obtain the

updating rule of P, i.e.,

P =
1

L K

L∑
l=1

K∑
k=1

b−1
k

(
µk

l

(
µk

l

)H
+ 4k

)
(25)

where

µk
l = µl,[Np(k−1)+1:Npk] (26)

4k = 4[Np(k−1)+1:Npk,Np(k−1)+1:Npk]. (27)

For detailed derivation, see Appendix B. ■
However, the updating rule of P in (25) will bring huge

computational complexity which is not conducive to real-
time processing. Considering that CNR is relatively high
in the actual clutter environment, we have the following
approximation:

T−1
≈
(
Dstdiag(b)DH

st + σ 2IN M
)−1

⊗ P−1. (28)

For detailed discussion of (28), see Appendix C. ■
It is important to note that the relaxation in (28) is only

to reduce the computational complexity of estimating P,
which is different from the Kronecker structured estimators of
reconstructing CNCM. Thereby, 4 in (21) can be simplified
in a manner similar to [56], that is,

4k ≈ pk
c P, k = 1, 2, . . . , K (29)

where pk
c is the kth diagonal element of the posterior covari-

ance matrix [similar to (21)] of the clutter space-time profile,
and (25) can be rewritten as follows:

P =
1

L K −
∑L

l=1
∑K

k=1 pk
c b−1

k

L∑
l=1

K∑
k=1

b−1
k µk

l

(
µk

l

)H
. (30)

Authorized licensed use limited to: University of Electronic Science and Tech of China. Downloaded on January 26,2026 at 06:23:53 UTC from IEEE Xplore.  Restrictions apply. 



10102 IEEE SENSORS JOURNAL, VOL. 25, NO. 6, 15 MARCH 2025

Importantly, we do not need to calculate the specific value
of pk

c , since the normalization process P = P/∥P∥F is
employed to remove the ambiguity between the polarization
domain and the space-time domain. At this point, we can
achieve the simplified updating rule for P with lower com-
putational complexity, that is,

P =

L∑
l=1

K∑
k=1

b−1
k µk

l

(
µk

l

)H
, P =

P
∥P∥F

. (31)

3) Update of the Clutter Space-Time Power b:
For the estimate updating rule of b, the abovementioned

EM algorithm generally converges slowly. Herein, we exploit
the block diagonal structure of 6, and take derivatives of
L(b, P, σ 2) with respect to (w.r.t) bk , k = 1, 2, . . . , K . First,
using the fact that

∂ ln|T|

∂bk
= Tr

(
T−1 ∂T

∂bk

)
,

∂T−1

∂bk
= −T−1 ∂T

∂bk
T−1 (32)

∂T
∂bk

= Din,kPDH
in,k (33)

where Din,k = Din[:, Np(k − 1) + 1 : Npk]. Then, differentiate
L(b, P, σ 2) w.r.t bk , yielding

∂L
(
b, P, σ 2

)
∂bk

=

∂
(

ln|T| +
1
L

∑L
l=1 xH

in,lT
−1xin,l

)
∂bk

∝
1
L

L∑
l=1

xH
in,lT

−1Din,kPDH
in,kT−1xin,l

− Tr
(
T−1Din,kPDH

in,k

)
. (34)

Set ∂L(b, P, σ 2)/∂bk = 0, having

1
L

∑L
l=1 xH

in,lT
−1Din,kPDH

in,kT−1xin,l

Tr
(
T−1Din,kPDH

in,k

) = 1 =
bk

bk
. (35)

Then, we modify (35) by introducing the factor (b(t)
k /b(t−1)

k )

to obtain the fixed-point updating rule for bk , i.e.,

b(t)
k

b(t−1)
k

=

∑L
l=1 xH

in,lT
−1Din,kPDH

in,kT−1xin,l

LTr
(
T−1Din,kPDH

in,k

) (36)

where the superscript (t) means the result of the (t)th iteration.
However, the convergence speed of this version is fixed.
To address this, we introduce an exponent term q to flexibly
control the convergence speed of b. The ultimate updating rule
evolves to

b(t)
k = b(t−1)

k

(
Tr(Rin,SCMT−1Din,kPDH

in,kT−1)

Tr(T−1Din,kPDH
in,k)

)q

(37)

where Rin,SCM = XinXH
in/L .

Remark 2: By introducing the exponent term q, one can
flexibly control the step size from b(t−1)

k to b(t)
k , thereby

controlling the convergence speed of SAW-SBL PSTAP. The
larger q is, the faster the algorithm converges, but the parame-
ter estimation accuracy deteriorates or even diverges, affecting
the clutter suppression performance; the smaller q is, although
the parameter estimation accuracy and clutter suppression
performance improved, the algorithm converges slowly and the

Algorithm 1 SAW-SBL PSTAP

Input: D, Din ,
{
xin,l

}L
l=1, q, tmax, and µ

1: Initialize: bk = 1 ∀k, P = INp , and σ 2
= 10

2: Repeat
3: Update

(
σ 2
)(t) via (24)

4: Update P(t) via (31)
5: Update b(t)

k via (37)
6: Compute 6(t)

= diag(b(t)) ⊗ P(t)

7: Until t = tmax or ∥6(t)
− 6(t−1)

∥F/∥6
(t)

∥F ≤ µ

8: Compute R̂in via (38) or R̂ via (39)
Output: R̂in or R̂

computational complexity increases significantly. Section IV
also demonstrates the above analysis. For practical applica-
tions, we can set the initial value q = 1 and balance output
SCNR and real-time performance according to the scenario
requirements to decide whether to reduce or increase q.

Ultimately, after obtaining the estimation of b, P, and σ 2,
the CNCM can be reconstructed via

R̂in = Din(diag(b̂) ⊗ P̂)DH
in + σ̂

2IND (38)

R̂ = D(P̂ ⊗ diag(b̂))DH
+ σ̂

2IND . (39)

The proposed SAW-SBL algorithm for PSTAP is summarized
in Algorithm 1, where tmax denotes the maximum number of
iterations and µ is the preset convergence threshold.

C. Computational Complexity
In SR-based STAP algorithms, the computational complex-

ity mainly from the CNCM estimation, including the iterative
solutions of b and σ 2. For PSTAP, on one hand, the dimension
of the received data has enlarged due to different polarization
channels being introduced, on the other hand, in addition
to b and σ 2, the proposed method also adds an iterative
solution for P, thus the computational complexity increases.
Specifically, note the Kronecker structure of Din and the block
structure of 6. For each iteration, the computational complex-
ity of T−1 is O(N 3

D + N 2
D NK + Np ND NK ), the computational

complexity of P in (25) is O(ND NK L(ND + 1) + ND NK Np),
while the computational complexity of P in (31) is reduced
to O(ND NK L(ND + 1)), the computational complexity of σ 2

and b is O(N 3
D + N 2

D(NK + L) + ND(NK L + NK Np + L)).
Denote that the number of iterations is Nt and the overall com-
putational complexity of SAW-SBL PSTAP is O(Nt (2N 3

D +

N 2
D(NK L + 2NK + L) + ND(2NK L + 2NK Np + L))).
For comparison, considering that the fast converging SBL

(FCSBL) algorithm [49] performs well in convergence speed
and clutter cancellation, we take FCSBL-D PSTAP [as defined
in (12)] and FCSBL-K PSTAP [as defined in (14)] into
account. Notably, FCSBL-D does not estimate P, while
FCSBL-K only leverages FCSBL to estimate the clutter
space-time profiles and noise power, reconstructing the CNCM
by (14). Thereby, the overall computational complexity of
FCSBL-D and FCSBL-K are O(Nt (2N 3

D + N 2
D(2NK + L) +

ND(NK L + NK + L))) and O(Nt (2M3 N 3
+ M2 N 2(2K + L)+

M N (K L+K +L))), respectively. In addition, lower complex-
ity algorithms such as the loaded SCM (LSCM) and robust
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shrinkage Kronecker estimator (RSKE) [33], with complexi-
ties of O(L N 2

D) and O(Nt (M3 N 3
+ N 3

p + M2 N 2(L Np + 1)+

N 2
p(L M N + 1))), can also be applied to PSTAP. Although

SAW-SBL yields higher computational complexity, Section IV
demonstrates its superior low-speed target detection perfor-
mance in heterogeneous clutter environments.

IV. NUMERICAL EXPERIMENTS

In the following, we evaluate the performance of clut-
ter suppression and target detection through simulated and
measured clutter data, respectively. Considering that the
FCSBL algorithm [49] performs well in convergence speed
and clutter cancellation, SAW-SBL PSTAP is compared with
FCSBL-D PSTAP [as shown in (12)] and FCSBL-K PSTAP
[as shown in (14)]. Meanwhile, we also take the classical
LSCM (the loading factor is set to the noise level) and
statistical framework-based Kronecker estimator RSKE [33]
into account.

Unless otherwise stated, we focus on small sample cases,
L = 6 is for the simulated clutter data, while L = 4 is for
the measured clutter data. The dictionary size for SR-based
methods is selected as K = 36M N , and the initialization
values throughout the experiments are set as follows: η = 1,
bk = 1 ∀k, P = INp , σ 2

= 10, tmax = 50, and µ = 10−3.

A. Simulated Data
In this section, we demonstrate the effectiveness of the

proposed method by several simulation experiments. The
simulated clutter data is generated from the model mentioned
in Section II-A, and partial simulation parameters are listed
as follows: N = 6 dual-polarized ULA antennas with half
wavelength interchannel spacing receive M = 6 pulses in
a CPI, PRF is 2000 Hz, wavelength is 0.25 m, bandwidth
is 5 MHz, the platform height is 6 km, and the platform
velocity is 125 m/s. The CNR is 40 dB, clutter power ratio
is χc = 1, clutter statistical average phase difference is
η̄c = π/2, and each range cell contains Nc = 181 clutter
patches. The target power ratio is χt = 1, target statistical
average phase difference is η̄t = 7π/6, and target correlation
coefficient is ρt = 1 (considered as a completely polarized
wave). Based on these conditions, the polarization difference
between target and clutter is relatively large, and the detection
performance for low-speed targets of PSTAP will improve
as |ρc| increases [14]. The output SCNR loss is adopted
to assess the clutter suppression performance of different
methods, having

SCNR loss =
σ 2

Np N M

|ŵHat
pst|

2

ŵHRŵ
(40)

where ŵ denotes the estimated PSTAP weight vector, and all
results are averages of 1000 independent Monte-Carlo trials.

First, we assess the complexity of SAW-SBL. Table I com-
pares the global and single iteration runtimes of SAW-SBL,
FCSBL-K, FCSBL-D, and RSKE, all using the same software
(MATLAB R2021b) and hardware configuration: CPU: Intel1

Core2 i7-10700@2.90 GHz; RAM: 16 GB. Since SAW-SBL

1Registered trademark.
2Trademarked.

TABLE I
ITERATION RUNTIME COMPARISON OF DIFFERENT ALGORITHMS

Fig. 3. Memory usage comparison of different algorithms versus MN.

needs to estimate more parameters using the iterative solution
framework, its runtime is longer than that of the other three
algorithms. The runtime of FCSBL-K is faster than that of
FCSBL-D but longer than that of RSKE, and the estimated
runtimes corroborate the theoretical analysis. The reported
runtimes are specific to the described software and hardware
platform. In real-time applications, the runtime can be reduced
by using high-performance hardware and parallel computing.
Moreover, developing a tensor-based [50] SAW-SBL frame-
work can significantly reduce computational complexity by
transforming large-scale dictionary operations into lower com-
plexity tensor representations, effectively mitigating redundant
data operations, high-dimensional matrix multiplications, and
inversions. Fig. 3 presents the required memory (here approx-
imated by the number of variables) of different algorithms
versus M N , we can see that as M N increases, more mem-
ory/variables are needed (except for RSKE, since RSKE only
solves one variable, the shrinkage factor, which is independent
of the size of M N , while the number of variables of the other
three algorithms depends on the number of grid points K and
is related to M N ). SAW-SBL exceeds FCSBL-K and RSKE
but is comparable to FCSBL-K and lower than FCSBL-D. For
practical application scenarios, e.g., larger datasets or nonideal
clutter conditions, a larger K is typically required to maintain
effective clutter suppression performance, this will lead to
increased runtime and memory usage.

Next, we employ the cost function ln |R̂| + Tr(R̂−1RSCM)

[49] to assess the convergence performance of SBL-based
algorithms with different clutter complex correlation coeffi-
cients ρc. In Fig. 4(a), if |ρc| = 0.1, the polarization covari-
ance matrix Rp is approximately a diagonal matrix, as the
number of iterations increases, SAW-SBL and FCSBL-D
almost converge to the same value. Since FCSBL-K only
estimates partial parameters using SR techniques, its ultimate
value of cost function is slightly higher than that of SAW-SBL
and FCSBL-D. Meanwhile, we can see that SAW-SBL can
flexibly control the convergence speed by choosing different q ,
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Fig. 4. Value of cost function versus the number of iterations.
(a) |ρc| = 0.1. (b) |ρc| = 0.99.

the convergence speed increases as q increases. When q = 1.5,
the convergence speed is faster than FCSBL-based methods.
In Fig. 4(b), if |ρc| = 0.99, Rp is obviously not a diagonal
matrix, the ultimate cost function value of FCSBL-D is higher
than FCSBL-K and SAW-SBL due to the structure loss as
mentioned in Section III-A. FCSBL-K avoids this structural
loss, but its ultimate cost-function value is still higher than
that of SAW-SBL.

To proceed, it is important to note that we can control the
convergence speed of SAW-SBL through q, but this will also
affect the clutter suppression performance. Fig. 5(a) gives the
impact of different q on SCNR loss with |ρc| = 0.99, we can
see that as q increases, the clutter suppression performance
decreases accordingly. The simulation results presented above
validate the analysis of SAW-SBL in Section III-B, to balance
convergence speed and clutter suppression performance, we set
q = 1 in the subsequent experiments. It is also important to
note that η affects the performance of FCSBL-K. To verify
it, we consider two intrinsic clutter motion situations (i.e.,
the velocity standard deviations are 0.05 and 2, respectively)
to represent different clutter environments. Fig. 5(b) and (c)
shows the impact of different η on SCNR loss, we can see
that as η increases, the detection performance of low-speed
targets deteriorates. When η is too small, the overall clutter
suppression performance deteriorates. Meantime, by compar-
ing Fig. 5(b) and (c), the clutter suppression performance of
setting η = 1.5 and η = 1 is opposite in different clutter
environments, which indicates that fixed η is not suitable
for time-varying clutter environments. The above simulation

results verify the analysis of FCSBL-K in Section III-A.
To achieve satisfactory target detection performance, we set
η = 1 for FCSBL-K in subsequent experiments.

Second, we first exhibit the SCNR loss curves of various
methods with different |ρc| in the ideal case. Fig. 6 presents
the results in the ideal case, as shown in Fig. 6(a), when |ρc| =

0.1, SBL-based methods achieve almost optimal performance
(compared to the black curve). RSKE uses the Kronecker
structure and adaptively selects the shrinkage factor to achieve
better clutter suppression performance. Although it is more
suitable for small sample cases than LSCM, it still performs
poorly compared with SBL-based methods. Since the clutter
correlation is low in this case, all algorithms do not show the
detection advantage of PSTAP for low-speed targets.

When the clutter correlation becomes higher, i.e.,
|ρc| = 0.99, as shown in Fig. 6(b), SAW-SBL and FCSBL-K
exhibit the detection advantage of PSTAP for low-speed tar-
gets, and SAW-SBL performs well than FCSBL-K. Due to
the structure loss, FCSBL-D does not promote the detection
performance of low-speed targets. Although RSKE takes the
choice of shrinkage operators into account, small sample sizes
reduce the estimation accuracy of Rp, leading to performance
degradation, even worse than LSCM in this case. Compared
to Fig. 6(a), the performance of LSCM has improved because
the clutter DoFs decreased in the large correlation case (as
illustrated in Section II-B).

To further illustrate the effect of the CNCM reconstruc-
tion approach on clutter suppression performance, based on
Fig. 6(b), we increase the number of samples to L = 2ND .
Fig. 7 provides the SCNR loss curves of various methods with
|ρc| = 0.99 and L = 2ND in the ideal case. As we can see,
even if the number of samples is sufficient, FCSBL-D and
RSKE are still unable to detect low-speed targets due to the
structural loss of reconstructing CNCM, verifying the analysis
in Section III-A and the proof in Appendix A. The overall
performance of the other three estimators has improved, and
SAW-SBL performs better in this case.

In actual scenarios, inevitable nonideal factors, such as array
gain-phase error and intrinsic clutter motion [57], will lead to
model mismatch that degrades the performance of SR-based
algorithms. Additionally, range ambiguity [58] will lead to a
reduction in clutter polarization correlation. Fig. 8 comprehen-
sively considers the above factors and presents the SCNR loss
curves when |ρc| = 0.5 in the nonideal case. We can see that
the clutter suppression performance of SBL-based methods has
declined but is still better than RSKE and LSCM. SAW-SBL
performs better than FCSBL-K and FCSBL-D, and the gap
between SAW-SBL and FCSBL-K has increased because the
latter is not robust in this scenario.

Third, to evaluate the impact of clutter correlation |ρc|

on the low-speed target detection performance, Fig. 9 gives
the result of average SCNR (aSCNR) loss 1 (the mean
value of SCNR loss within normalized Doppler frequency
[−0.025, 0.025]) versus |ρc| in the ideal case. In Fig. 9, as the
correlation coefficient |ρc| increases, the detection perfor-
mance of SAW-SBL, FCSBL-K, and LSCM for low-speed
targets improves, but this does a slight impact on FCSBL-D
and even has a negative impact on RSKE.

Authorized licensed use limited to: University of Electronic Science and Tech of China. Downloaded on January 26,2026 at 06:23:53 UTC from IEEE Xplore.  Restrictions apply. 



WANG et al.: FAST CONVERGING AND CONTROLLABLE SAW CLUTTER SUPPRESSION METHOD 10105

Fig. 5. (a) Impact of q on SCNR loss of SAW-SBL PSTAP with |ρc| = 0.99. (b) Impact of η on SCNR loss of FCSBL-K PSTAP with |ρc| = 0.99 and
clutter velocity standard deviation 0.05. (c) Impact of η on SCNR loss of FCSBL-K PSTAP with |ρc| = 0.99 and clutter velocity standard deviation 2.

Fig. 6. SCNR loss versus normalized Doppler frequency in the ideal
case. (a) |ρc| = 0.1. (b) |ρc| = 0.99.

Fig. 7. SCNR loss versus normalized Doppler frequency in the ideal
case when |ρc| = 0.99 and L = 2ND.

Furthermore, to evaluate the impact of sample size on the
clutter suppression performance, Fig. 10 depicts the aSCNR

Fig. 8. SCNR loss versus normalized Doppler frequency in the non-
ideal case with channel error (0.03,π/90) and clutter velocity standard
deviation 2 when |ρc| = 0.5.

Fig. 9. aSCNR loss 1 versus |ρc|.

loss 2 (the mean value of SCNR loss within the entire
normalized Doppler frequency range) curves with different
|ρc| in the ideal case. From Fig. 10(a), when |ρc| = 0.1, SBL-
based methods converge quickly as the number of training
samples increases and can achieve near-optimal performance
with a few number of samples. In this case, the improvement
of SAW-SBL in low-speed target detection is not obvious, but
its detection performance for the high-speed target is slightly
worse than FCSBL-K and FCSBL-D [as shown in Fig. 6(a)],
so the overall performance is reduced and more samples are
required to achieve near-optimal performance. Although the
convergence speed of RSKE is faster than that of LSCM, it is
much slower than that of SBL-based methods.
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Fig. 10. aSCNR loss 2 versus the number of training samples.
(a) |ρc| = 0.1. (b) |ρc| = 0.99.

As shown in Fig. 10(b), when |ρc| = 0.99, although the con-
vergence speed of FCSBL-D is fastest, its final performance is
less than that of SAW-SBL and FCSBL-K. Since SAW-SBL
performs well for low-speed target detection in this case,
the overall performance has improved. Its convergence speed
is almost the same as FCSBL-K, but the final performance
exceeds FCSBL-K as the number of samples increases. Note
that SAW-SBL is more robust than FCSBL-K, as illustrated in
Fig. 8. Although the convergence speed of RSKE is faster than
that of LSCM, RSKE performs worse than LSCM in this case
when the sample is limited [can also be noted in Fig. 6(b)].
Meantime, we can see that as the number of samples increases,
the aSCNR loss 2 of RSKE in Fig. 10(b) converges to a
lower value than that in Fig. 10(a), this indicates that the
increased clutter polarization correlation does not enhance
RSKE’s detection performance for low-speed targets.

B. Measured Data
In this section, we examine the target detection performance

of the proposed algorithm with the measured PSTAP data. The
measured data is recorded by an airborne dual-polarized radar
system, one can refer to [59] for a more detailed analysis
of the measured data. The radar system deploys a ULA of
32 diversely polarized antennas, working in the side-looking
mode. Its main beam points to θ0 = 0◦ and ϕ0 = 85◦, the V
channel transmits signals, and both H and V channels receive
signals. In the dataset, 314 pulses are collected in one CPI,
containing a total of 643 range snapshots, and all the data
have been pulse-compressed. The Capon spectrums of both the

Fig. 11. Capon spectrum of the measured clutter data. (a) H channel
clutter. (b) V channel clutter.

Fig. 12. Detection performance of the proposed SAW-SBL algorithm
for targets with different velocities.

H and V channel clutter estimated by all 643 snapshots are
depicted in Fig. 11(a) and (b), respectively. As we can see, the
clutter power of V channel is much stronger than H channel,
this is related to the V channel transmitting signal.

The target located on the mainlobe with polarization vec-
tor [0.9992, −0.0398 − 0.0052i]T (there is a relatively large
polarization distance between clutter and target) is artificially
added in the 400th range cell. Based on the clutter power
calculated in the H channel, the signal-to-clutter ratio (SCR) is
set to −5 dB. We consider the target with different normalized
Doppler frequency fd , i.e., fd = 0.05, 0.08, 0.25, respectively.
Meantime, to verify the detection performance of aforesaid
PSTAP algorithms for the low-speed target, we also take the
FCSBL-STAP method to separately detect H channel target
and V channel target, denoted as FCSBL-H and FCSBL-V.
Since the adaptive matched filter (AMF) [3] owns the constant
false alarm rate property, we employ AMF to detect targets

PAMF =
|aHR̂−1x|

2

aHR̂−1a
. (41)

Recall that a denotes the polarization-space-time or space-time
steering vector of the desired signal, R̂ denotes the esti-
mated CNCM by above methods, and x denotes the received
dual-polarized or single-polarized echo data.

The processing window includes 41 cells, from the 380th
range cell to the 420th range cell. For each CUT, four
samples symmetrically positioned around it are regarded as
the guard cells. Employing the spectral similarity method
in [60], we select four samples from 20 candidate samples to
estimate the CNCM. In light of computational considerations,
the subaperture data derived from six consecutive sensors and
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Fig. 13. Detection performance of various comparison algorithms for targets with different velocities. (a) FCSBL-H. (b) FCSBL-V. (c) LSCM.
(d) RSKE. (e) FCSBL-D. (f) FCSBL-K.

TABLE II
TARGET DETECTION PERFORMANCE OF DIFFERENT ALGORITHMS

six pulses are applied in subsequent experiments. Utilizing
the sliding window approach, Figs. 12 and 13 present the nor-
malized AMF output of the proposed SAW-SBL method and
various comparison algorithms, respectively. Similar to [61],
if the target can be detected, i.e., the AMF output power of
the range cell where the target is located is the largest among
all range cells. We use the peak sidelobe level (PSL) as one
of the evaluation metrics, it is calculated by the difference
between the output power of the target-detected range cell and
the second-largest output power within all range cells except
guard cells, and the performance on target detection is better
if the PSL is larger. If the target is not detected, the maximum
AMF output power is not the range cell where the target is
located, marked within the circle in the subplot.

As shown in Figs. 12 and 13, for the high-speed target,
i.e., fd = 0.25, since the clutter power of the V channel is
much higher than that of the H channel (explained in Fig. 11),
causing a lower SCR, all algorithms except FCSBL-V have
achieved satisfactory target detection performance. SBL-based
algorithms can own better target detection performance than

LSCM at low sample support. When the target velocity
decreases, that is, fd = 0.08, the STAP algorithm, FCSBL-
H, can no longer detect the target correctly. For PSTAP
algorithms, the target is not detected by LSCM due to a lack
of training samples. Affected by the loss of CNCM structure,
FCSBL-D also can not detect the target. SAW-SBL, FCSBL-
K, and RSKE can detect the target in this case, among which
SAW-SBL has the largest PSL. When the target speed further
decreases, that is, fd = 0.05, only SAW-SBL can detect the
target, and the PSL is 3.15 dB. This indicates that SAW-SBL
can give full play to the detection performance of PSTAP for
the low-speed target under limited samples.

Meantime, we also employ the aSCNR as another evalu-
ation metric, it is calculated by the difference between the
output power of the target-detected range cell and the average
value of the output power of all range cells except both
the target-detected range cell and guard cells. For clarity,
we summarize the total results in Table II. Note that model
mismatch will affect the performance of SBL-based methods,
but how to mitigate the impact of model mismatch is not the
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focus of this article. Denser dictionary [50] and dictionary
learning [62]-based methods have been presented to overcome
this issue arising from model mismatch, by leveraging these
advanced technologies, the performance of SAW-SBL can be
further improved. All the results demonstrate that the proposed
SAW-SBL method can achieve superior target detection per-
formance, especially for low-speed targets.

V. CONCLUSION

In this article, we present the SAW-SBL method for PSTAP
in heterogeneous clutter environments. We theoretically ana-
lyze the limited performance of Kronecker estimators for
low-speed target detection. With finite samples, directly intro-
ducing traditional SR-STAP methods into PSTAP will lead to
the loss of CNCM structure, which also affects the detection
performance of low-speed targets. To accurately reconstruct
the CNCM and ensure its matrix structure, we exploit both the
Kronecker characteristic and the intrinsic sparsity of clutter,
then formulate the type-II ML estimation as a block SR
problem. We derive a fast converging and controllable learning
framework to iteratively update the noise power, polarization
covariance matrix, and clutter space-time power, resulting in
accurate CNCM estimation. Extensive experimental results
verify the effectiveness of SAW-SBL PSTAP, particularly its
superior performance in detecting low-speed targets.

For future work, we aim to further reduce the computational
complexity and enhance the robustness of SAW-SBL PSTAP
in the presence of model mismatch.

APPENDIX A
PROOF OF PROPOSITION 1

Recall that the Kronecker estimator can be formulated as
follows:

R̂Kro = R̂p ⊗ R̂st. (42)

Leveraging the Kronecker product property (A ⊗ B)−1
=

A−1
⊗ B−1 and (A ⊗ B)(C ⊗ D) = (AC ⊗ BD), the PSTAP

filter weight vector can be calculated via (7), i.e.,

wKro = τKroR̂−1
Kroat

pst

= τKro
(
R̂−1

p ⊗ R̂−1
st

)(
pt ⊗ at

st

)
= τKroR̂−1

p pt ⊗ R̂−1
st at

st (43)

where τKro = (at
pst)

HR̂−1
Kroat

pst. Using the Kronecker product
property (A ⊗ B)H

= AH
⊗ BH, the output SCNR of Kro-

necker estimators is

SCNRKro =

|αt |
2
∣∣∣wH

Kroat
pst

∣∣∣2
wH

KroRwKro

=

|αt |
2
((

R̂−1
p pt ⊗ R̂−1

st at
st

)H(pt ⊗ at
st

))2

(
R̂−1

p pt ⊗ R̂−1
st at

st
)HR

(
R̂−1

p pt ⊗ R̂−1
st at

st
)

=

|αt |
2
(

pH
t R̂−1

p pt ⊗
(
at

st

)HR̂−1
st at

st

)2

(
pH

t R̂−1
p ⊗

(
at

st
)HR̂−1

st

)
R
(
R̂−1

p pt ⊗ R̂−1
st at

st
) .
(44)

For notational simplicity, let |αt |
2

= 1, η̂p = pH
t R̂−1

p pt and
η̂st = (at

st)
HR̂−1

st at
st. Substituting the ideal CNCM R = Rp ⊗

Rst + σ 2IND into (44), then (44) can be simplified to

SCNRKro ≜
η̂2

pη̂
2
st

η̂c
(45)

where η̂c is the output clutter plus noise power, having

η̂c = pH
t R̂−1

p R−1
p R̂−1

p pt ·
(
at

st

)HR̂−1
st R−1

st R̂−1
st at

st

+ σ 2pH
t R̂−2

p pt ·
(
at

st

)HR̂−2
st at

st. (46)

As the number of samples increases, lim
l→+∞

R̂p ≈ Rp,

lim
l→+∞

R̂st ≈ Rst, and the following relationship of output
SCNR naturally holds:

lim
l→+∞

SCNRKro ≈
η̂2

pη̂
2
st

η̂pη̂st + σ 2pH
t R̂−2

p pt ·
(
at

st
)HR̂−2

st at
st

. (47)

Leveraging the Cauchy–Schwarz inequality, we have(
at

st

)Hat
st ·
(
at

st

)HR̂−2
st at

st ≥ η̂2
st (48)

pH
t pt · pH

t R̂−2
p pt ≥ η̂2

p (49)

then we have

η̂2
pη̂

2
st

η̂pη̂st + σ 2pH
t R̂−2

p pt ·
(
at

st
)HR̂−2

st at
st

≤
η̂2

pη̂
2
st

η̂pη̂st +
σ 2

(at
st)

Hat
st·pH

t pt
η̂2

pη̂
2
st

=
η̂2

pη̂
2
st

η̂pη̂st +
σ 2

∥at
pst∥

2
2

η̂2
pη̂

2
st

. (50)

The equation holds if and only if at
st (pt ) is the eigenvector of

R̂st (R̂p). Thereby, for low-speed target detection, considering
the high clutter power in actual airborne scenarios, even if
the polarization difference between the target and clutter is
large, leveraging the properties of standard Capon beamformer,
we have η̂st = (at

st)
HR̂−1

st at
st → 0 and η̂pη̂st → 0. Ultimately,

the output SCNR of Kronecker estimators for low-speed
targets is

lim
l→+∞

η̂p η̂st→0

SCNRKro ≤ lim
η̂p η̂st→0

η̂2
pη̂

2
st

η̂pη̂st +
σ 2

∥at
pst∥

2
2

η̂2
pη̂

2
st

→ 0. (51)

Besides, we can also easily derive the maximum output SCNR
of Kronecker estimators, that is, for high-speed target detection
with a large polarization difference (η̂pη̂st → +∞), having

max SCNRKro = lim
l→+∞

η̂p η̂st→+∞

SCNRKro

≤ lim
η̂p η̂st→+∞

η̂2
pη̂

2
st

η̂pη̂st +
σ 2

∥at
pst∥

2
2

η̂2
pη̂

2
st

= lim
η̂p η̂st→+∞

1
1

η̂p η̂st
+

σ 2

∥at
pst∥

2
2

=

∥∥∥at
pst

∥∥∥2

2

σ 2 = SNR (52)
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L∑
l=1

Eβl

[
ln p(βl; b, P)

∣∣xin,l; b, P, σ 2 ]
∝ −L K ln|P| −

L∑
l=1

Tr
((

(diag(b))−1
⊗ P−1)Eβl

[
βlβ

H
l

∣∣xin,l; b, P, σ 2 ]) (54)

where SNR = (∥at
pst∥

2
2/σ

2) represents the output signal-to-
noise ratio of the polarimetric array. It is important to note
that (52) also verifies the rationality of the above derivation.

This completes the proof.

APPENDIX B
DERIVATION OF (25)

Recall that p(βl; b, P) ∼ CN (0, 6), we have

L∑
l=1

ln p
(
βl; b, P

)
∝ −L ln

( K∏
k=1

bk

)Np

|P|
K


−

L∑
l=1

Tr
((

(diag(b))−1
⊗ P−1)βlβ

H
l

)
. (53)

Then, we can get (54), as shown at the top of the page.
Among (54), we know that

Eβl
[βlβ

H
l

∣∣xin,l; b, P, σ 2
] =

∫
βlβ

H
l CN

(
µl , 4

)
dβl . (55)

It is easy to attain that βl −µl ∼ CN (0, 4). Then, (55) yields

Eβl
[βlβ

H
l

∣∣xin,l; b, P, σ 2
]

= Eβl

[(
µl + (βl − µl)

)(
µl + (βl − µl)
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= µlµ
H
l + Eβl

[
(βl − µl)(βl − µl)

H
∣∣xin,l; b, P, σ 2 ]

= µlµ
H
l + 4. (56)

At this point, substituting (56) into (54), we get
L∑

l=1

Eβl
[ln p(βl; b, P)

∣∣xin,l; b, P, σ 2
]

∝ −L K ln|P|

−

L∑
l=1

Tr
((

(diag(b))−1
⊗ P−1)(µlµ

H
l + 4)

)
. (57)

By maximizing
∑L

l=1 Eβl
[ln p(βl; b, P)|xin,l; b, P, σ 2

], that is,
let

∂
∑L

l=1 Eβl
[ln p(βl; b, P)

∣∣xin,l; b, P, σ 2
]

∂P

≜ −L K P−1
+

L∑
l=1

K∑
k=1

b−1
k P−1

(
µk

l

(
µk

l

)H
+ 4k

)
P−1

= 0 (58)

where

µk
l = µl,[Np(k−1)+1:Npk] (59)

4k = 4[Np(k−1)+1:Npk,Np(k−1)+1:Npk]. (60)

Finally, we can attain the updating rule of P, i.e.,

P =
1

L K

L∑
l=1

K∑
k=1

b−1
k

(
µk

l

(
µk

l

)H
+ 4k

)
. (61)

This completes the derivation.

APPENDIX C
DISCUSSION OF APPROXIMATION (28)

Recall that

T = Din6DH
in + σ 2IND

=
(
Dstdiag(b)DH

st

)
⊗ P + σ 2IND . (62)

If the CNR is high, the following approximate relationship
is naturally established:

T ≈
(
Dstdiag(b)DH

st

)
⊗ P. (63)

At this point, we have

T−1
=
(
Dstdiag(b)DH

st

)−1
⊗ P−1

≈ (Dstdiag(b)DH
st + σ 2IM N )

−1
⊗ P−1. (64)

In addition, for any matrices A ∈ CM×M and IN , we find
that

A ⊗ IN + IM N = (A + IM) ⊗ IN . (65)

Thereby, if the polarization correlation coefficient |ρc| → 0
and power ratio χc = 1, that is P → INp . The following
approximate relationship is also established:

T =
(
Dstdiag(b)DH

st

)
⊗ P + σ 2IND

P→IN p

≈
(
Dstdiag(b)DH

st + σ 2IM N
)
⊗ P (66)

and the resulting T−1 is equal to that in (63).
For PSTAP applications, although |ρc| → 0 is not expected,

high CNR is common for practical airborne radar systems.
Thereby, approximation (28) is quite reasonable.

This completes the discussion.
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