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This paper presents a novel robust quasi-adaptive beamforming
(RQAB) scheme against direction-of-arrival (DOA) mismatch. Unlike
existing robust adaptive beamforming (RAB) methods, the proposed
approach obtains the ultimate beamformer weight vector in a qui-
escent manner, nevertheless, it possesses the remarkable ability of
interference rejection and desired signal reception. In this method,
a two-step procedure is devised to design the quasi-adaptive weight
vector. More specifically, the conventional sample matrix inversion
(SMI) beamformer is first applied to find out all notch angles outside
the region of interest (ROI) where the desired signal comes with a
high probability. It is shown that these notch angles contain the DOAs
of interferences. Then, a multipoint accurate array response control
(MA2RC) algorithm is utilized to synthesize a beampattern with the
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same sidelobe notch levels as the SMI, and nearly constant response
over the ROI. Contrary to conventional approaches that are vulner-
able to the contamination of the training data by the desired signal,
our proposed approach exhibits outstanding performance under this
common scenario. Moreover, besides the DOA mismatch, the pro-
posed approach is also insensitive to the SNR, number of snapshots
and mismatch angle. Additionally, different from many optimization-
based RAB methods, the proposed RQAB approach offers an an-
alytical expression of the beamformer weight vector and, hence, is
computationally attractive. Typical simulation examples are provided
to demonstrate the superiority of the RQAB scheme.

I. INTRODUCTION

Adaptive beamforming is one of important techniques
in array signal processing and has been widely applied
to radar, remote sensing, and wireless communications
[1]–[6]. Briefly speaking, adaptive beamforming is a versa-
tile and powerful approach to receiving signals of interest
in the presence of interferences and noise. One of the most
classical adaptive beamforming methods was developed by
Capon [7], upon the assumption that the desired signal is
absent from the training data and the knowledge of the
direction-of-arrival (DOA) of the desired signal is avail-
able. Under this condition, the Capon beamformer enjoys
both high resolution and good interference suppression [8].
However, it is known that this approach is quite sensitive to
array imperfections, such as the DOA mismatch, imperfect
array calibration, distorted antenna shape, and so on [9]–
[11]. In view of this, robust adaptive beamforming (RAB)
techniques, which improve the capability of countering er-
rors, are of great importance.

During the past decades, numerous RAB approaches
have been proposed. For instance, the linearly constrained
minimum variance (LCMV) beamformer [12] is able to
provide robustness against uncertainty in the look direction.
Alternatively, diagonal loading (DL) techniques [13], [14]
have been applied to the conventional Capon beamformer.
However, the performance of the DL approach essentially
depends on the loading factor which is quite challenging to
select. A covariance matrix taper (CMT) technique, which
can be regarded as a generalization of DL, is employed
in [15] to enhance the robustness of adaptive beamformer.
Nevertheless, the design of tapering matrix needs further in-
vestigation. The eigenspace-based beamformer developed
in [16] involves projection of the presumed steering vector
into the observed signal-plus-interference subspace, and
thus is capable of overcoming the problem of array pa-
rameter perturbation. However, it cannot offer satisfactory
performance when the signal-to-noise-ratio (SNR) is not
sufficiently high and the number of signal plus interferences
is relatively large. A robust Capon beamformer (RCB) is
devised in [17] and [18] by extending the Capon beam-
former to scenarios with steering vector uncertainties. This
method belongs to the class of diagonal loading approaches.
However, the loading level depends on the norm bound of
the uncertainty set, which is usually unavailable in practice.

To overcome the performance degradation in the pres-
ence of large steering vector mismatches, an iterative ro-
bust Capon beamformer (IRCB) method with adaptive
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uncertainty level is devised in [19]. This approach iter-
atively estimates the actual steering vector based on the
RCB method. At each iteration, the adaptive uncertainty
algorithm self-adjusts the uncertainty sphere according to
the estimated mismatch steering vector. In [20], a worst-
case optimization approach that can also be interpreted as
a diagonal loading approach was presented. An extension
of this approach was then developed in [21], where the
parameters of the uncertainty region in terms of the beam-
former outage probability is explicitly quantified. These
two methods are based on convex optimization, so they do
not provide a closed-form solution and cannot have simple
online implementations. In [22], the RAB problem is tack-
led through steering vector estimation (SVE). This method
only requires imprecise knowledge of the array geometry
and angular sector. With a low-complexity shrinkage-based
mismatch estimation (LOCSME) algorithm, another SVE-
based RAB method is proposed in [23]. A covariance ma-
trix reconstruction (CMR) based RAB method using an
annulus uncertainty set to constrain the steering vectors of
the interferences is developed in [24]. This method is ro-
bust against unknown arbitrary-type mismatches, but suf-
fers from a large amount of calculation because of solving
the integral involved.

Recently, Krylov-subspace algorithms have been
widely applied to RAB. For instance, a family of low-
complexity robust adaptive beamformers for large arrays
in snapshot deficient scenarios have been devised in [25].
These approaches, which combine the Krylov-subspace-
based dimensionality reduction method and robust Capon
beamforming method, are capable of providing excellent
robustness against both steering vector mismatch and rank
overdetermination. In [26], the conjugate gradient (CG) al-
gorithm, which originates from Krylov subspace methods,
is adopted for RAB. More precisely, a diagonal loading CG
beamformer and a reduced-rank CG beamformer have been
developed. These two robust beamformers are more suit-
able than other RAB techniques to be implemented in field
programmable gate array (FPGA) for real-time processing.
In addition, a series of orthogonal Krylov subspace projec-
tion mismatch estimation (OKSPME) based low complex-
ity RAB algorithms have been proposed in [27].

In particular, many efforts have been devoted to the
problem of robust beamforming against DOA mismatch,
which is also the focus of this work. To tackle this prob-
lem, magnitude response constraints have been introduced
to design beamformers with a specified beamwidth and re-
sponse ripple in [28] and [29]. An iterative second-order
cone programming (SOCP) based beamformer with mag-
nitude response constraints has been developed in [30] by
solving a sequence of convex subproblems. A beamform-
ing framework based on the usage of a set of beampattern
shaping constraints is proposed in [31]. It achieves adap-
tive interference rejection and robustness against large DOA
mismatch. Xu et al. devised a robust LCMV beamforming
approach by utilizing response vector optimization in [32].
This method finds the optimal response vector in lieu of
the all-one response vector in the traditional LCMV beam-
former. A robust beamforming approach that can accurately

control the array main beam has been developed recently
in [33]. For a more comprehensive review of the RAB meth-
ods, the interested reader is referred to [34].

It is noteworthy that in general the aforementioned
methods are vulnerable to the presence of desired signal
in the training data, due to the fact that the desired signal
would be suppressed to some extent during the rejection
of the interferences. Hence, they cannot offer satisfactory
performance especially at high SNRs and when DOA mis-
match exists. Moreover, most of the methods mentioned
above determine the beamformer weight vector through the
convex optimization techniques, and therefore, cannot pro-
vide analytical solutions in general. In light of these short-
comings, a new beamformer, which is robust against DOA
mismatch, insensitive to the presence of desired signal in
the training data, and able to offer an analytical expression
of the beamformer weight vector, is designed in this paper.

To combat DOA mismatch, it is desirable to maintain
the response of the beamformer nearly constant over the
region of interest (ROI) where the desired signal comes
with a high probability [28]–[33]. Therefore, the pro-
posed beamformer shall be designed under this consider-
ation. More importantly, in order to prevent the desired
signal from self-nulling, the beamformer weight vector
is designed in a quasi-adaptive manner, i.e., jointly us-
ing adaptive (data-dependent) and fixed (data-independent)
beamforming techniques, rather than merely depending
upon the training data contaminated by the desired sig-
nal. This leads to the so-called robust quasi-adaptive beam-
former (RQAB). In this approach, a two-step procedure
is carried out. More specifically, all possible directions of
interferences are first determined according to the beam-
pattern of the conventional sample matrix inversion (SMI)
beamformer. On this basis, the multipoint accurate array
response control (MA2RC) algorithm [35] is applied to
obtain the beamformer weight vector, which can be analyt-
ically expressed. Simulation results show that the proposed
RQAB approach results in a beampattern as expected and
achieves higher output signal-to-interference-plus-noise ra-
tio (SINR) than those of existing methods.

The paper is organized as follows. In Section II,
the problem of robust adaptive beamforming is formu-
lated and the MA2RC algorithm is briefly introduced.
The proposed RQAB method is specified in Section III.
In Section IV, numerical examples are conducted to demon-
strate the excellent performance and effectiveness of the
proposed method. Conclusions are drawn in Section V.

II. PRELIMINARIES

A. Robust Adaptive Beamforming Formulation

Let us consider a array with N isotropic sensor elements.
Without loss of generality and for the sake of clarity, we
focus on herein the problem of one-dimensional scenario.
The steering vector in direction θ can be written as

a(θ) = [
e−jωτ1(θ), e−jωτ2(θ), . . . , e−jωτN (θ)]T (1)

where (·)T stands for transpose, j = √−1 denotes the imag-
inary unit, τn(θ) represents the time-delay between the nth
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element and the reference point, and ω denotes the operat-
ing frequency. The output of a narrowband beamformer is
given by

y(t) = wHx(t) (2)

where (·)H stands for the conjugate transpose, t is the
time index, w is the N × 1 complex vector of beamformer
weights. x(t) in (2) is the array observation vector which
is composed of the components of signal, interference and
noise, and is expressed as

x(t) = a(θ0)s(t) + i(t) + n(t) (3)

where θ0 is the nominal DOA of the desired signal, s(t) is
the signal waveform, i(t) and n(t) denote the components
of interference and noise, respectively. The optimal weight
vector wopt, which maximizes the SINR, is given by

wopt = αR−1
n+i a(θ0) (4)

where α is the normalization factor that does not affect the
output SINR, a(θ0) is the signal steering vector, and Rn+i

denotes the N × N noise-plus-interference covariance ma-
trix as

Rn+i = E
{
(i(t) + n(t)) (i(t) + n(t))H

}
. (5)

In practical applications, Rn+i is not exactly available. Usu-
ally, the following sample covariance matrix is used:

R̂x = 1

L

L∑

l=1

x(l)xH(l) (6)

where L is the number of training snapshots. In this case,
the beamformer weight vector, which is commonly referred
to as the SMI, is given by

wSMI = R̂−1
x a(θ0). (7)

It is known that in the case of signal-free training
samples, the use of weight vector (7) provides rapid
convergence of the output SINR to its optimal value. How-
ever, this is no longer true if the training snapshots are
contaminated by the signal component. Another shortcom-
ing of the SMI algorithm is that it cannot provide sufficient
robustness against DOA mismatch, which will cause a sub-
stantial performance degradation when the presumed DOA
(i.e., θ0) of the desired signal is deviated from the actual
one. In this mismatch case, the actual steering vector a(θ̃0)
can be denoted as

a(θ̃0) = a(θ0 + �θ) (8)

where θ̃0 = θ0 + �θ is the actual direction of signal, �θ

stands for the direction mismatch which is unknown or im-
precisely known in practice. As a result, the beamformer
described in (7) tends to interpret the desired signal as
interference and attempts to suppress it by means of adap-
tive nulling rather than maintaining undistorted response
toward θ̃0. Therefore, numerous robust beamforming algo-
rithms have been developed to improve its performance,
see, e.g., [28]–[33] and related references therein.

B. MA2RC Algorithm

The MA2RC algorithm is a pattern synthesis approach
to accurately controlling the response levels at multiple
directions [35]. More precisely, this algorithm simultane-
ously control the responses at M directions θ1, . . . , θM , by
designing a weight vector w satisfying

L(θm, θ0) = |wHa(θm)|2
|wHa(θ0)|2 = ρm ∀m ∈ {1, . . . , M} (9)

where ρm is the desired response level at θm. In order to
solve (9), a series of weight vectors w̄(θ1), . . . , w̄(θM ) are
first obtained as

w̄(θm) = a(θ0) + μma(θm), m = 1, . . . , M (10)

where μm is determined by the A2RC algorithm [36] under
the following condition as

|w̄H(θm)a(θm)|2
|w̄H(θm)a(θ0)|2 = ρm. (11)

To proceed, let us assume θm �= θ0 and define H(θm) as

H(θm) � [U2(θm) w̄(θm)] (12)

where U2(θm) spans the left null space of [a(θ0) a(θm)].
More exactly, suppose that the singular value decomposi-
tion (SVD) of [a(θ0) a(θm)] is denoted as

[a(θ0) a(θm)] = U(θm)�(θm)VH(θm) (13)

where U(θm) and V(θm) include the left-singular vectors and
right-singular vectors, respectively, and �(θm) includes the
singular values. U2(θm) can thus be obtained by partitioning
U(θm) as

U(θm) = [u1 u2︸ ︷︷ ︸
U1(θm)

u3 · · · uN︸ ︷︷ ︸
U2(θm)

]. (14)

Moreover, from (10), (13) and (14), it is known that

a(θ0) ∈ R⊥(U2(θm)) (15)

w̄(θm) ∈ R⊥(U2(θm)) (16)

where R(·) returns the column space of a matrix, (·)⊥ gives
the orthogonal complement of a subspace. With the above
notations, a closed-form expression of the weight vector w
satisfy (9) is finally obtained as [35]

w = cH(θ1)

[
−F†q + fn

1

]

, c �= 0 ∀fn ∈ N (F) (17)

where N (·) represents the null space, † denotes the pseudo-
inverse of a matrix, F and q are, respectively, given by

F(θ1, θ2, . . . , θM ) =

⎛

⎜⎜
⎜
⎜
⎝

[
I − H(θ2)H†(θ2)

]
U2(θ1)

[
I − H(θ3)H†(θ3)

]
U2(θ1)

...
[
I − H(θM )H†(θM )

]
U2(θ1)

⎞

⎟⎟
⎟
⎟
⎠

(18)
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and

q(θ1, θ2, . . . , θM ) =

⎛

⎜
⎜⎜
⎜
⎝

[
I − H(θ2)H†(θ2)

]
w̄(θ1)

[
I − H(θ3)H†(θ3)

]
w̄(θ1)

...
[
I − H(θM )H†(θM )

]
w̄(θ1)

⎞

⎟
⎟⎟
⎟
⎠

. (19)

Note that the input variables of F and q, i.e., θ1, . . . , θM ,
have been omitted in (17) for notational simplicity. The
expression of w in (17) gives the solution to (9) and plays
an important role in the proposed RQAB algorithm.

III. ROBUST QUASI-ADAPTIVE BEAMFORMING

As mentioned earlier, the training data is usually con-
taminated by the desired component, thus deteriorating
the performance of conventional beamformers, especially
when the array suffers DOA mismatch. This motivates us
to introduce a novel robust quasi-adaptive beamforming
scheme in the sequel. From the interference rejection abil-
ity of the SMI beamformer, it is found that all possible
angles of the interferences can be collected according to
the beampattern of SMI. On this basis, the MA2RC algo-
rithm can be adopted to synthesize a quasi-adaptive pattern
with the same normalized response levels as SMI at all po-
tential angles of the interferences, meanwhile, achieve a flat
response in the ROI.

A. Analysis of SMI Beamformer in Interference
Suppression

When training samples are contaminated by desired sig-
nal, the array covariance matrix Rx can be expressed as

Rx = σ 2
s a

(
θ̃0

)
aH

(
θ̃0

) +
Q∑

q=1

σ 2
q a

(
θq

)
aH

(
θq

) + σ 2
n I (20)

where θ̃0 = θ0 + �θ is the actual direction of signal, and
θ0 denotes the presumed one, Q denotes the total number
of interference, σ 2

s , σ 2
n , and σ 2

q stand for the signal power,
noise power, and power of the qth interference, respectively.
Let the eigendecomposition of Rx be

Rx =
N∑

q=1

λqvqvH
q (21)

where λq and vq (q = 1, . . . , N) stand for the eigenvalues
and the corresponding eigenvectors of Rx , respectively, the
eigenvalues are arranged in descending order. Thus, the cor-
responding weight vector, which is a mismatched version
of wopt in (4), is given by

we = R−1
x a(θ0) =

N∑

q=1

vH
q a(θ0)

λq

vq . (22)

Let us first consider the common case that the interfer-
ences are sufficiently stronger than powers of both signal
and noise. In this case, we have

λ1 ≥ · · · ≥ λQ 	 λQ+1 ≥ · · · ≥ λN (23)

and we can be approximated as

we ≈
N∑

q=Q+1

γqvq ∈ R⊥ ([
a(θ1), . . . , a

(
θq

)])
(24)

where γq � vH
q a(θ0)/λq . The other common scenario is that

the powers of interferences and desired signal are compa-
rable but much stronger than that of the noise. Therefore,
one can similarly obtain that

λ1 ≥ · · · ≥ λQ ≥ λQ+1 	 λQ+2 ≥ · · · ≥ λN. (25)

and accordingly, we have

we ≈
N∑

q=Q+2

γqvq ∈ R⊥ ([
a

(
θ̃0

)
, a(θ1), . . . , a

(
θq

)])

⊆ R⊥ ([
a(θ1), . . . , a

(
θq

)])
. (26)

From (24) and (26), it is noticed that we is approximately
perpendicular to the interference steering vectors in either
case. In other words, the beampattern includes notches at
the directions where the interferences come from. Further-
more, it is known from (26) that we becomes approximately
perpendicular to the actual signal steering vector a(θ̃0). As
a result, the resulting we will null the desired signal and
accordingly degrade the performance of beamformer espe-
cially in a high SNR scenario.

Based on the above observations, we propose to de-
sign a quasi-adaptive pattern to improve the robustness of
the conventional SMI beamformer. Specifically, this quasi-
adaptive pattern produces the same response levels as the
SMI method at the directions where interferences exist. On
the other hand, the mainbeam response of the synthesized
pattern should be nearly constant over the ROI to prevent
the desired signal from being suppressed. Furthermore, to
make the beamformer insensitive to the contamination of
the training data by the desired signal, data-independent
beamforming is incorporated into the design procedure.

B. Determination of Potential Directions of Interferences

In the previous section, the basic concept of the quasi-
adaptive beamformer is briefly introduced. Prior to giving
the detailed designing procedure of quasi-adaptive weight
vector, we first propose a simple but effective strategy to
determine all potential directions where interferences may
exist and, meanwhile, obtain the corresponding response
levels at those directions. Let the normalized response of
wSMI be

Le(θ) =
∣
∣wH

SMIa(θ)
∣
∣2

max
{|wH

SMIa(θ)|2} (27)

then any direction where Le(θ) shapes a notch is probably
the DOA of an interference. Therefore, we can obtain the
set �S that contains all potential directions of interferences
by finding out all sidelobe notches of Le(θ) as

�S =
{
θ

∣
∣∣Le(θ) < min{Le(θ − ξ ), Le(θ + ξ )}, θ ∈ �S

}

= {
θ̆1, θ̆2, . . . , θ̆D

}
(28)
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where �S denotes the sidelobe region, ξ is a small positive
constant, and D is the number of notches in the sidelobe
region. Since Le(θ) is able to suppress interferences sat-
isfactorily, we choose to set the desired levels of the ex-
pected quasi-adaptive beampattern L(θ, θ0) at the potential
directions of interference, as their corresponding outputs at
Le(θ), i.e.,

L(θ, θ0) = Le(θ) ∀θ ∈ �S. (29)

In the mainlobe region, i.e., ROI, a nearly constant
response is desirable for improving the robustness of the
beamformer against the pointing errors. According to the
LCMV approach [12], we can restrict the response levels
at several discrete directions in the ROI. The set describing
those discrete directions can be expressed as

�M = {
θ̃1, θ̃2, . . . , θ̃M

}
, θ̃m ∈ �M (30)

where �M stands for the mainlobe region, M is the number
of discretizations in mainlobe region.

C. Designing Quasi-Adaptive Beamformer via MA2RC

Once the potential directions of interferences have
been determined, the problem of designing a robust
quasi-adaptive beamformer against DOA mismatch can be
expressed as

find w (31a)

subject to L(θ, θ0) = 1, for θ ∈ �M (31b)

L(θ, θ0) = Le(θ), for θ ∈ �S. (31c)

However, the solution to (31) does not guarantee an op-
timal weight vector which maximizes the output SINR de-
fined as (σ 2

s |wHa(θ̃0)|)/(wHRi+nw). Therefore, the optimal
weight vector should be obtained by solving the following
problem

max
w

σ 2
s

∣
∣wHa

(
θ̃0

)∣∣

wHRi+nw
(32a)

subject to L(θ, θ0) = 1, for θ ∈ �M (32b)

L(θ, θ0) = Le(θ), for θ ∈ �S. (32c)

To proceed, we rewrite the SINR, i.e., the objective
function in the above optimization problem as

σ 2
s

∣
∣wHa

(
θ̃0

)∣∣

wHRi+nw
= σ 2

s

∣
∣wHa

(
θ̃0

)∣∣2

σ 2
n ‖w‖2

2 + ∑Q
q=1 σ 2

q |wHa(θq)|2

= σ 2
s

σ 2
n ‖w‖2

2∣
∣wHa

(
θ̃0

)∣∣2 +
∑Q

q=1

σ 2
q |wHa(θq)|2
∣
∣wHa

(
θ̃0

)∣∣2

︸ ︷︷ ︸
const

(33)

where the term
∑Q

q=1
σ 2

q |wHa(θq )|2
|wHa(θ̃0)|2 is actually a constant

under the conditions in (31). This is because θ̃0 and θ0

are located in the mainlobe region and, hence, achieving
the same response level (i.e., |wHa(θ̃0)|2 = |wHa(θ0)|2).
On the other hand, we have |wHa(θq)|2/|wHa(θ̃0)|2 =

|wHa(θq)|2/|wHa(θ0)|2 = Le(θq), q = 1, . . . , Q, θq ∈ �S .
Obviously, it can be inferred that |wHa(θq)|2/|wHa(θ̃0)|2 is
a constant.

From the above analysis, it is readily known that the
maximization of output SINR is equivalent to the mini-
mization of ‖w‖2

2/|wHa(θ0)|2, i.e.,

max SINR ⇔ min
‖w‖2

2

|wHa(θ0)|2 . (34)

As a result, the quasi-adaptive beamformer can be designed
as

min
w

‖w‖2
2

|wHa(θ0)|2 (35a)

subject to L(θ, θ0) = 1, for θ ∈ �M (35b)

L(θ, θ0) = Le(θ), for θ ∈ �S. (35c)

Combining the weight vector formulation of MA2RC
[i.e., (17)], we can find out the optimal quasi-adaptive
weight vector by solving the problem as

min
w

‖w‖2
2

|wHa(θ0)|2 (36a)

subject to w = cH(θ̃1)
[ (−F†q + fn

)T 1
]T

(36b)

fn ∈ N (F) (36c)

c �= 0 (36d)

where F and q are now short for F(θ̃1, . . . , θ̃M, θ̆1, . . . , θ̆D)
and q(θ̃1, . . . , θ̃M, θ̆1, . . . , θ̆D), respectively. According to
(18) and (19), to determine F and q, the following matrices
should be first obtained

H
(
θ̃m

) = [
U2

(
θ̃m

)
w̄

(
θ̃m

) ]
(37)

H
(
θ̆d

) = [
U2

(
θ̆d

)
w̄

(
θ̆d

) ]
(38)

where w̄(θ̃m) is obtained with the A2RC approach by setting
L(θ̃m, θ0) = 1, w̄(θ̆d ) can be similarly obtained by setting
L(θ̆d , θ0) = Le(θ̆d ).

D. Optimal Solution to the Quasi-Adaptive Weight
Vector

An optimization problem with certain constraints [i.e.,
(36)] has been established in the previous section to maxi-
mize the output SINR. In this section, an analytical solution
to this problem will be obtained to complete the proposed
robust quasi-adaptive beamforming method.

For the sake of clarity, we first define

g � −F†q. (39)

It can be derived from (15) that a(θ0) ∈ R⊥(U2(θ̃1)), i.e.,
UH

2 (θ̃1)a(θ0) = 0. Moreover, according to (36b), the weight
vector w satisfies

wHa(θ0) = c∗ [
(g + fn)H 1

]
HH

(
θ̃1

)
a(θ0)

= c∗ [
(g + fn)H 1

] [
U2

(
θ̃1

)
w̄

(
θ̃1

) ]H a(θ0)

= c∗w̄H
(
θ̃1

)
a(θ0). (40)
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Algorithm 1: The RQAB Algorithm.
1: give a(θ0) and the set �M

2: estimate R̂x as (6), obtain wSMI as (7) and
calculate Le(θ) by using wSMI

3: establish the set �S by using (28) and store the
values of Le(θ) for θ ∈ �S

4: for m = 1, 2, . . . , M do
5: calculate μm by A2RC method [36] such that

L(θ̃m, θ0) = 1
6: obtain w̄(θ̃m) = a(θ0) + μma(θ̃m)
7: carry out SVD of A(θ0, θ̃m) to obtain U2(θ̃m)
8: denote H(θ̃m) = [U2(θ̃m)w̄(θ̃m)]
9: end for

10: for d = 1, 2, . . . , D do
11: calculate μd by A2RC method [36] such that

L(θ̆d , θ0) = Le(θ̆d )
12: obtain w̄(θ̆d ) = a(θ0) + μda(θ̆d )
13: carry out SVD of A(θ0, θ̆d ) to obtain U2(θ̆d )
14: denote H(θ̆d ) = [U2(θ̆d ) w̄(θ̆d )]
15: end for
16: obtain F(θ̃1, . . . , θ̃M, θ̆1, . . . , θ̆D) as (18) and

q(θ̃1, . . . , θ̃M, θ̆1, . . . , θ̆D) as (19), respectively
17: output the optimal RQAB weight vector w�

in (51)

In fact, given the weight vector w̄(θ̃1), w̄H(θ̃1)a(θ0) can be
regarded as a constant. As a result, the objective function
(36a) can be rewritten as

‖w‖2
2

|wHa(θ0)|2 =
∥
∥cH

(
θ̃1

) [
(g + fn)T 1

]T ∥
∥2

2∣∣c∗w̄H
(
θ̃1

)
a(θ0)

∣∣2

=
∥
∥H

(
θ̃1

) [
(g + fn)T 1

]T ∥
∥2

2∣
∣w̄H

(
θ̃1

)
a(θ0)

∣
∣2 . (41)

Again, owing to the constant property of |w̄H(θ̃1) a (θ0)|2,
the optimization problem of finding the optimal weight
vector w in (36) can be equivalently reformulated as finding
the optimal fn to the problem as

min
fn

∥
∥H

(
θ̃1

) [
(g + fn)T 1

]T ∥
∥2

2 (42a)

subject to fn ∈ N (F) (42b)

and the optimal weight vector w (denoted as w�) is thus
given by

w� = cH
(
θ̃1

) [ (
g + fn,�

)T 1
]T

, c �= 0 (43)

where fn,� denotes the optimal solution to (42).
To proceed to derive the optimal solution to (42), it is

of importance to notice from (16) that

w̄
(
θ̃1

) ∈ R⊥(
U2

(
θ̃1

))
. (44)

On this basis, we can obtain
∥
∥H

(
θ̃1

) [
(g + fn)T 1

]T ∥
∥2

2

= ∥
∥U2

(
θ̃1

)
(g + fn) + w̄

(
θ̃1

)∥∥2
2

= ∥
∥U2

(
θ̃1

)
(g + fn)

∥
∥2

2 + ∥
∥w̄

(
θ̃1

)∥∥2
2. (45)

Since ‖w̄(θ̃1)‖2
2 is fixed, one gets

fn,� = arg min
fn∈N (F)

∥
∥U2

(
θ̃1

)
(g + fn)

∥
∥2

2. (46)

It should be noted that the columns of U2
(
θ̃1

)
are perpen-

dicular with each other, and we have

UH
2

(
θ̃1

)
U2

(
θ̃1

) = I. (47)

More importantly, notice that g and fn actually locate in
two orthogonal subspaces [37]. Specifically, we have g ∈
R(FH) and fn ∈ N (F) = R⊥(FH), and

gHfn = 0. (48)

From (47) and (48), it can be concluded that
∥∥U2

(
θ̃1

)
(g + fn)

∥∥2
2 = ‖g‖2

2 + ‖fn‖2
2. (49)

Then, fn,� in (46) can be given by

fn,� = arg min
fn∈N (F)

‖fn‖2
2 = 0. (50)

Recalling (43), the optimization problem (36) has been
solved. Consequently, according to (39) and (50), we can
analytically express the optimal quasi-adaptive weight vec-
tor w� as

w� = c
[

U2
(
θ̃1

)
w̄

(
θ̃1

) ] [ (
g + fn,�

)T 1
]T

= c
[−U2

(
θ̃1

)
F†q + w̄

(
θ̃1

)]
(51)

where c can be any nonzero constant. Finally, the main
steps of the proposed RQAB algorithm are summarized in
Algorithm 1.

REMARK 1 As discussed in the previous work [35], at
most N − 1 points can be simultaneously controlled by
the MA2RC algorithm. Hence, the total number of dis-
cretizations in mainlobe region and selected potential di-
rections of interferences should be no larger than N − 1,
i.e., D + M ≤ N − 1.

E. Computational Complexity

We now analyze the computational complexity of the
proposed algorithm and compare it with several exist-
ing works. For briefness, we denote M̄ = M + D in the
sequel. Recalling (13) and (14), for a fixed m, U2(θm)
can be actually obtained via Givens QR decomposition
[38], which requires (12N − 8) flops. Taking the flops of
calculating w̄(θm) [with a number of (6N + 7)] into ac-
count, the flops of computing H(θm) is (18N − 1). Since
the columns of U2(θm) are orthogonal, it is known from
[38] that H†(θm) can be calculated by Householder QR
algorithm, and that the computation of I − H(θm)H†(θm)
requires 4(N + (N − 1)2/3) flops once H(θm) has been
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TABLE I
Complexity Comparison

RAB algorithms Flops

RCB [17] 2N3 + 11N2

Worse-case [20] O(N3.5)
LOCSME [23] 4N3 + 3N2 + 20N

CMR [24] O(max(SN2, N3.5))
OKSPME [27] N3 + (4k + 11)N2 + (3k2 + 5k + 20)N
Proposed 11(N − 2)3/3 + 24N2 − 33N + 7

Fig. 1. Flops versus element number.

obtained. Combining the low-rank property of F in
(18) and q in (19), the total flops of calculating w�

in (51) is (18N − 1)M̄ + 4(N + (N − 1)2/3)(M̄ − 1) +
(M̄ − 1)(N − 2)2 + (M̄ − 1)3/3 + N . As a consequence,
the worst-case (i.e., setting M̄ = N − 1) flops of our algo-
rithm is 11(N − 2)3/3 + 24N2 − 33N + 7.

Following the result shown in [27], we have listed the
flops comparison of the proposed method and several ex-
isting ones in Table I. To have an intuitive perspective, we
also depict the curves of flops versus element number in
Fig. 1. In this test, we use S = 10 · 2N for the CMR method
[24]. Additionally, instead of setting k as a fixed number
(see [27]), for the OKSPME method we set k =
ceil(N/2) + 1, where ceil(·) rounds the input number to-
ward positive infinity. From Fig. 1, it can be observed that
the required flops of the proposed algorithm is a bit greater
than that of RCB method, but less than the other four ap-
proaches.

IV. NUMERICAL RESULTS

In this section, representative simulations are carried
out to demonstrate the effectiveness of the proposed ro-
bust quasi-adaptive beamforming scheme. We assume a
nonuniformly spaced linear array of N = 16 omnidirec-
tional sensors. The element positions are specified in Ta-
ble II. There are one desired signal and two interfering
sources. The interferences impinge on the array from the
directions −60° and 25°, and the interference-to-noise ra-

TABLE II
Element Positions of the Nonuniform Linear Array

n xn(λ) n xn(λ) n xn(λ) n xn(λ)

1 0.00 5 2.36 9 4.03 13 5.78
2 0.46 6 2.66 10 4.47 14 6.27
3 1.19 7 3.36 11 4.78 15 6.54
4 1.72 8 3.72 12 5.48 16 7.27

tios (INR) are 30 dB and 25 dB, respectively. It is assumed
that there exists a mismatch between the actual direction of
the desired signal and the presumed one. Unless otherwise
specified, the actual direction of signal is θ̃0 = 2° while its
presumed direction is θ0 = 0°, the SNR is taken as 15 dB
and the training snapshots is L = 30.

To obtain a pattern with nearly constant response in the
ROI, we set M = 2 and prescribe two angles θ̃1 = −1° and
θ̃2 = 1° when implementing the proposed RQAB method.
The response levels at θ̃1 and θ̃2 are forced to 0 dB. The
value of ξ in (28) is set as 0.5°.

For comparison purpose, the simulation results of the
SMI beamformer, RCB beamformer [17], IRCB beam-
former [19], worst-case optimization beamformer [20],
RVO-LCMV method [32], SVE beamformer [22], and
CMR beamformer [24] are presented as well. The norm
bound ε in RCB is taken as 12.6442, which corresponds
to a two-degrees mismatch. The values of ε in worst-case
beamformer and CMR method are set as 0.5

√
N and 0.1,

respectively. Additionally, to have a more comprehensive
demonstration of the superiority of the proposed method,
the performance of the SMI with DOA estimation is com-
pared. For this beamformer, we first estimate the actual
DOA of the desired signal according to the position of the
beampattern null in the ROI. Thus, the SMI beamformer
with DOA estimation can be expressed by replacing the
presumed steering vector a(θ0) with the estimated one.

A. Comparison of the Beampatterns

In this section, the beampattern of the proposed RQAB
method is compared with those of the existing approaches.
As discussed previously, the SMI beamformer is first
applied by using the mismatched steering vector, the cor-
responding beampattern is plotted in dashed line in Fig. 2.
Obviously, it is seen that the SMI beamformer forms nulls
at the directions of interferences. However, it suppresses
the desired signal by forming a null at 2◦ as well.

On the basis of the SMI beamformer, the MA2RC
approach is applied by first determining the directions
of notches in the sidelobe region. In this example, there
are D = 11 nulls in the sidelobe region. Meanwhile, the
corresponding normalized response levels of notches are
collected as the desired levels for MA2RC algorithm. Com-
bining the two constrain directions θ̃1 and θ̃2 in the ROI,
the MA2RC can thus be applied. The resulting beam-
pattern with specific constraints is formed as shown in
Fig. 2, where all constrained points are marked by aster-
isks to have a better illustration. From Fig. 2, it can be seen
that in the sidelobe region, all the response levels at these
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Fig. 2. Simulation results of SMI and RQAB.

Fig. 3. Beampattern comparison.

asterisks remain unchanged, and the resultant response lev-
els of the two constraint directions in ROI are equal to 0 dB
as prescribed.

Fig. 3 compares the beampatterns of different methods.
It can be clearly found that both RVO-LCMV beamformer
and SMI beamformer with DOA estimation null the actual
signal, mainly due to the insufficient snapshots. Note that
an inaccurate estimation of DOA may also affect the perfor-
mance of SMI beamformer with DOA estimation. Further-
more, it is observed (from the zoomed-in figure at −60°)
that the RCB beamformer, IRCB beamformer, worst-case
approach, and SVE method do not shape deep notches at
the directions of interferences, thus cannot suppress inter-
ferences satisfactorily as the proposed RQAB algorithm.

B. Comparison of the Output SINRs

In this section, the output SINR is considered to further
illustrate the performance of the proposed RQAB method.
In particular, the output SINR versus SNR, number of snap-
shots and mismatch angle will be tested.

Fig. 4. SINR versus SNR for L = 30.

Fig. 5. SINR versus the number of snapshots for SNR = 15 dB.

1) SINR Versus SNR: First, the performance in terms
of the SINR versus SNR is studied. We vary the SNR from
−10 dB to 30 dB and depict the output SINRs of the beam-
formers tested in Fig. 4. It is seen that the proposed RQAB
method substantially outperforms all other beamformers
especially when the SNR is greater than 2 dB. In the lower
SNR scenario, there is not much performance difference
between the proposed RQAB method and other existing
adaptive approaches.

2) SINR Versus Number of Snapshots: In this example,
we study the beamforming performance (i.e., output SINR)
versus the number of training snapshots that are utilized in
estimating the array covariance matrix R̂x . The input SNR
is set to 15 dB. Simulation results are displayed in Fig. 5,
from which it can be clearly seen that the proposed RQAB
method outperforms the other beamformers tested.

3) SINR Versus Mismatch Angle: Now, we investigate
the effect of mismatch angle [i.e., �θ in (8)]. To this end,
we set SNR = 15 and L = 30, and vary the mismatch an-
gle from −3° to 3°. The resultant output SINR curves of
different approaches are displayed in Fig. 6. It is seen that
the proposed RQAB approach is quite robust against the
DOA mismatch and the output SINR is nearly not affected
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Fig. 6. SINR versus mismatch angle (SNR = 15 dB, L = 30).

by the mismatch level. Moreover, the proposed method out-
performs all existing methods we tested. For the existing
approaches, such as the SMI, RCB, worst-case, and RVO-
LCMV algorithms, their performances tend to be worse
when the mismatch angle is getting larger. Additionally, it
is noticed that the SMI algorithm cannot provide satisfac-
tory performance even in the absence of DOA mismatch,
due to the insufficiency of training samples. Finally, the
algorithm of SMI with DOA estimation performs relatively
worse when there is no DOA mismatch because of the
inaccuracy of DOA estimation.

V. CONCLUSION

In this paper, we have devised a novel robust quasi-
adaptive beamforming (RQAB) algorithm against the DOA
mismatch. This method results in a beampattern with flat
response in the mainlobe and suitable response levels at the
angles of potential interferences. This pattern is designed by
first finding out the angles of potential interferences from
the response of the SMI beamformer. Then, the MA2RC
algorithm is applied to adjust the responses in the mainlobe
and sidelobe regions. To further improve the performance
of the proposed method, the weight vector is optimized to
maximize the output SINR. The RQAB method provides an
analytical expression of the weight vector and requires less
computation as compared with conventional approaches.
Representative examples have been provided to validate
the proposed method when the DOA is mismatched and
training samples contain desired signal. Simulation results
show that the devised approach is robust against the DOA
mismatch. Moreover, it is insensitive to SNR, snapshots
number and mismatch angle. As a future work, we shall
extend the proposed quasi-adaptive approach to scenarios
with arbitrary array errors other than DOA mismatch.
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