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In this article, we consider the array synthesis with low sidelobe
level using two-way array factor (AF), which is defined as the prod-
uct of the factors in transmit and receive AFs. Utilizing the integer
modeling techniques, we reformulate and simplify the nonconvex
constraint on sidelobe level, and the coupled variables are linearized
according to the characteristics of binary vectors. This allows us to
derive a mixed-integer programming (MIP) two-way array synthesis
formulation with sidelobe suppression, which can be solved by MIP
solvers. Compared to existing algorithms, which rely on uniform trans-
mit array or complex excitation distribution, the proposed algorithm
yields more flexible arrays with uniform excitation. Moreover, the
main lobe width of the two-way AF can be added to the constraints and
adjusted as desired at the cost of an acceptable longer running time. In
addition, our algorithm can be extended to more scenarios due to the
flexibility of the two-way array structure. Representative simulations
are provided to demonstrate the effectiveness and superiority of the
proposed algorithm in various scenarios.
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I. INTRODUCTION

The presence of unwanted sidelobes decreases radia-
tion efficiency [1], making low peak sidelobe level (PSL)
a critical concern in antenna array design, especially for
applications, such as radar and communication systems.
Due to the importance of reducing PSL in antenna arrays,
numerous techniques have been proposed over the past
decades. Typically, antenna arrays can reduce PSL by de-
signing amplitude and phase excitation [2], [3], [4], [5] or
element positions [6], [7], [8], [9], [10], [11], [12], [13], as
well as various recent methods, such as partially controlled
elements [14], clustered subarrays [15], and compressive
sensing arrays [16]. Commonly, only the PSL of the transmit
beam or the receive beam is considered, depending on the
specific application. In radar systems, the transmit antenna
and the receive antenna can be shared, which provides
benefits in terms of simplicity and efficiency. The shared
transmit–receive antenna leads to the concept of two-way
array factor (AF) [17], [18], which comprehensively con-
siders both the transmit beam and the receive beam. Various
two-way array systems have attracted research works, such
as colocated MIMO radar [19], [20] and full-duplex com-
munication arrays [21], [22].

Over the past few years, a number of sidelobe reduc-
tion strategies have been proposed based on the concept
of two-way AF [23], [24], [25], [26], [27], [28], [29],
[30], [31], [32], [33], [34]. Brock [23] investigated three
different methods for sidelobe suppression, including the
Taylor-weighted transmit array, split and steering uniformly
excited transmit array, and quadratic phase adjusted uniform
transmit array. The receive arrays in the above-mentioned
methods are all Taylor-weighted. However, the transmitted
power loses to concentrate over the main beam effectively.
The introduction of two/three-weighted amplitude distribu-
tion for antenna arrays is also a way by which sidelobe
suppression can be achieved in linear or rectangular ar-
rays [24], [25], [26], [27], [28], and circular arrays [29].
The number of elements excited with higher weights or
the relation between the sizes of transmit and receive arrays
was found from various test sets, and the arrays were accord-
ingly designed. Nevertheless, only approximate suboptimal
solutions can be obtained. In addition, all the abovemen-
tioned methods would cause a large dynamic range ratio
(DRR), which is defined as the proportion between the
maximum and minimum amplitude of element excitation.
Excessive DRR causes the RF components to exceed the
linear working interval, and hardware needs to be modified
to avoid uncontrollable distortion, hence being costly and
complicated.

To reduce the DRR in two-way arrays, low sidelobe
two-way AFs have been designed with uniformly weighted
elements utilizing uniform transmit and thinned receive
arrays [29], [30], [31], [32], [33], [34]. The authors of [29],
[30], and [31] achieved the uniformly thinning of the receive
array; the determination of the thinned receive array size is
by matching the first peak sidelobe of the transmit AF to the
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first null point of the receive AF in linear, rectangular, or
circular arrays. On the basis of this method, a nonuniform
receive array arrangement is designed in [32] by introducing
the extended coprime array structure. However, the above
methods can only obtain a suboptimal solution. As an
improvement of the above algorithms, in order to obtain
the optimal receive array structure, the genetic algorithm in
receive elements selection is utilized in [33] and [34]. The
idea of receive elements selection improves the degree of
freedom in two-way array synthesis to some extent, yet still
loses to achieve the flexibility of the transmit array structure.

All the aforementioned strategies are limited to a uni-
form transmit array structure. Therefore, the number of
elements is not flexible to specify under the condition of
determined array aperture, and the main lobe width (MLW)
of the obtained two-way AF is inconvenient to adjust. In this
article, drawing inspiration from the two-way AF sidelobe
suppression in previous works, we propose a mixed-integer
programming (MIP) algorithm. We set up the scheme of
selecting the transmit and receive arrays from the original
uniform array and provide uniform excitation; the flexi-
bility of the array structure is therefore guaranteed. By
introducing binary variables and using the integer modeling
techniques, the PSL suppression problem with the required
MLW can ultimately be solved as an MIP problem by
MIP solvers. Compared to existing algorithms, the proposed
algorithm obtains a satisfactory PSL suppression effect with
uniform excitation, and the two-way AF can be designed
according to the required MLW. Moreover, our algorithm
can be extended to more scenarios due to the flexibility of
the two-way array structure. Representative simulations are
conducted to show the effectiveness and superiority of the
proposed algorithm.

The rest of this article is organized as follows. In
Section II, the model of two-way AF is described and the
array synthesis problem using two-way AF is elicited. The
MIP algorithm for the PSL minimizing problem of the
two-way AF is presented in Section III. In Section IV,
two extensions of the MIP algorithm for the array synthe-
sis problem with low PSL constraint using two-way AF
are introduced. Representative simulations are presented in
Section V. Finally, Section VI concludes this article.

II. PROBLEM FORMULATION

Consider a transmit array composed of Nt elements lying
along the x-direction at arbitrary but known locations pm

with m = 1, 2, . . . , Nt . Contained in the transmit array, Nr

elements (Nr ≤ Nt ) located at qn with n = 1, 2, . . . , Nr are
used as the receive array simultaneously. The transmit AF
is written as

AFt (θ ) =
Nt∑

m=1

tme− j 2π
λ

pmsinθ = tT at (θ ) (1)

while the receive AF is written as

AFr (θ ) =
Nr∑

n=1

rne j 2π
λ

qnsinθ = rT ar (θ ) (2)

Fig. 1. Example of a two-way array.

where t = [t1, t2, . . . , tNt ]
T and r = [r1, r2, . . . , rNr ]

T are the
transmit excitation vector and the receive excitation vector,
respectively. (·)T denotes the transpose operation, and at (θ )
and ar (θ ) are the steering vectors of the transmit array and
receive array, respectively, defined as

at (θ ) = [e− j 2π
λ

p1sinθ , e− j 2π
λ

p2sinθ , . . . , e− j 2π
λ

pNt sinθ ]
T

(3)

ar (θ ) = [e j 2π
λ

q1sinθ , e j 2π
λ

q2sinθ , . . . , e j 2π
λ

qNr sinθ ]
T

(4)

where λ stands for the wavelength and θ denotes the azimuth
angle from broadside.

Multiplying the transmit and receive AFs results in the
two-way AF

AF2(θ ) = AFt (θ ) · AFr (θ ). (5)

The synthesis target is to improve the performance of the
two-way AF by optimizing the positions of transmit and
receive antennas. To address the problem, a uniform re-
ceive array thinning (URAT) method is introduced in [31],
and a genetic receive array thinning (GRAT) algorithm is
introduced in [33], which is limited to a uniform transmit
array structure and an inflexible number of elements, and
the sidelobe range of the obtained two-way AF is change-
less. Sahalos [24] introduced a two-weighted amplitude
distribution method with a thinned receive array (TWTR),
while Rajender et al. [28] utilized a complete receive array
(TWCR). In addition to the above defects, the complex exci-
tation distribution also increased the hardware complexity.
Therefore, we propose a new formulation of two-way array
synthesis with low sidelobe level via MIP.

III. MIP ALGORITHM

In this section, we describe a new modeling approach
for the element position optimization problem, and an MIP
algorithm for the PSL minimizing problem of the two-way
AF is proposed. The proposed algorithm guarantees the flex-
ibility of the array and the elements are uniformly excited.

A. Modeling of Element Position Optimization Problem

In order to yield more flexible array structure, it is
specified to select the elements from a uniform N-element
array with interelement spacing d . Nt elements are selected
as the transmit array (other elements are turned OFF), while
Nr elements contained in the transmit array are selected
simultaneously as the receive array. An example is given
as reference in Fig. 1. The Nt -dimensional transmit vector
t and the Nr-dimensional receive vector r can be therefore
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expanded to N-dimensional and should satisfy⎧⎨
⎩

tn = 1, rn = 1 element transmit and receive
tn = 1, rn = 0 element transmit only
tn = 0, rn = 0 element turned off

(6)

and the l0 norms of t and r should be Nt and Nr , respectively.
Note that tm = 1 or rn = 1 not only represents that the
element is selected but also implies that the elements turned
ON are uniformly excited. Since the receive array is selected
from the transmit array, when a certain bit of t is equal to 1,
the same bit of r can be equal to either 0 or 1, and when a
certain bit of t is equal to 0, the same bit of r must be equal
to 0.

Take the focused two-way array synthesis problem for
example, the minimization of PSL is taken as the synthesis
target. Since the numbers of transmit and receive elements
have been determined and the weights are uniform, the
main lobe of the two-way AF directed to θ0 = 0◦ is assured
and the level is a constant, i.e., Nt Nr . The problem can be
expressed as

min
t,r,ρ

ρ (7a)

s.t. |tT at (θs)aT
r (θs)r| ≤ ρ, θs ∈ �S (7b)

1T
N t = Nt (7c)

1T
N r = Nr (7d)

r � t (7e)

t, r ∈ {0, 1}N (7f)

where ρ represents the PSL, and �S denotes the sidelobe
region, where 1k denotes a k-dimensional all-one column
vector. Elements in t and r can only take the values of 0
or 1 as indicated in (7f). In (7c) and (7d), the numbers of
elements selected by the transmit array and receive array are
constrained. It is implicated in (7e) that when a certain bit
of t is equal to 0, the same bit of r must be equal to 0, i.e.,
the receive elements are selected from the transmit array.
It should be noted that the beampattern synthesis problem
formulation can be completed similarly when utilizing non-
isotropic elements and introducing element patterns. It only
requires to multiply the element patterns to the AF and add
necessary constraints.

REMARK 1: In the case of uniform excitation, as the ob-
tained t and r are real-valued, the main lobe of the syn-
thesized two-way AF can only direct to 0◦. On this ba-
sis, by taking Hadamard product of the obtained t and r
with Vandermonde phase adjustment vectors related to the
desired main lobe direction, beam translation, i.e., beam
scanning, can be achieved. It should be noted that since
beam translation would cause the grating lobe problem, the
sidelobe region should be appropriately widened in the form
of the sine value.

B. Two-Way Array Synthesis Via MIP

The main challenge for the optimization problem (7)
lies in the product form of two optimization variables in
constraint (7b), which makes solving the problem very

complicated. Before addressing the two-way array synthesis
problem (7), to handle the intricate constraint (7b), it is
essential to observe the following equality:

tT at (θs)aT
r (θs)r = (r ⊗ t )T vec[at (θs)aT

r (θs)] (8)

where we have vec(B1B2B3) = (BT
3 ⊗ B1)vec(B2) in which

B1, B2, and B3 are multiplicable matrices, ⊗ denotes the
Kronecker product, and vec(·) represents vectorization.

Then, by introducing new optimization variable v � r ⊗
t , where v = [v1, v2, . . . , vN2 ]T , problem (7) can be readily
re-expressed as

min
t,r,v,ρ

ρ (9a)

s.t. |vT vec[at (θs)aT
r (θs)]| ≤ ρ, θs ∈ �S (9b)

1T
N t = Nt (9c)

1T
N r = Nr (9d)

r � t (9e)

v = r ⊗ t (9f)

t, r ∈ {0, 1}N . (9g)

Through the aforementioned operations, the complicated
constraint (7b) has been transformed into the form of a
tractable constraint (9b). However, it should be noted that
the operations introduce a new intricate constraint (9f) to
the optimization problem and need to be processed.

Considering the definition of Kronecker product, on the
condition of 1 ≤ m, n ≤ N (this condition is guaranteed in
the following text), each element in v is equal to the product
of the elements in t and r of the corresponding bits

vN (n−1)+m = tm · rn. (10)

Since t and r are binary vectors, v should be a binary vector,
and according to the properties, an equivalent replacement
of (10) can be written as

tm + rn − 1 ≤ vN (n−1)+m ≤ tm (11a)

tm + rn − 1 ≤ vN (n−1)+m ≤ rn (11b)

vN (n−1)+m ∈ {0, 1} (11c)

which assures that vN (n−1)+m = 0 when tm = 0 or rn = 0
and vN (n−1)+m = 1 when tm = rn = 1. Therefore, problem
(9) can be rewritten as follows:

min
t,r,v,ρ

ρ (12a)

s.t. |vT vec[at (θs)aT
r (θs)]| ≤ ρ, θs ∈ �S (12b)

1T
N t = Nt (12c)

1T
N r = Nr (12d)

r � t (12e)

v � r ⊗ 1N (12f)

v � 1N ⊗ t (12g)

v � r ⊗ 1N + 1N ⊗ t − 1N2 (12h)

v ∈ {0, 1}N2
(12i)

t, r ∈ {0, 1}N (12j)
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where (12f)–(12i) is an equivalent replacement of constraint
(9f); the equivalence of the replacement is proved as de-
scribed above. The problem (12) is an MIP problem, where
some variables (see vectors t , r, and v) can only take on
integer values, while others (see ρ) can take on continuous
values. The model is tractable and the optimal solution can
be found theoretically. Note that in large-scale problems,
suboptimal solutions can be considered to reduce running
time. In fact, we can solve problem (12) using MIP solvers,
such as GUROBI [35] and CPLEX [36].

REMARK 2: In fact, the running time of the above algorithm
can be reduced by reducing the integer variables. It is not
difficult to find that the inequality constraints (11a) and
(11b) can already guarantee that vN (n−1)+m takes values cor-
rectly when either tm = 1 or rn = 1, just an extra constraint
to guarantee vN (n−1)+m = 0 when tm = rn = 0 is required.
Therefore, to reduce the running time, it is recommended
to convert (11) into an equivalent form

tm + rn − 1 ≤ vN (n−1)+m ≤ tm (13a)

tm + rn − 1 ≤ vN (n−1)+m ≤ rn (13b)

vN (n−1)+m ≥ 0 (13c)

in which vN (n−1)+m is unnecessary to be constrained as an
integer variable and all constraints are re-expressed to linear
form, which benefits in reducing algorithm running time.
That is, (12i) can be converted to the following form:

v � 0N2 (14)

where 0k denotes a k-dimensional all-zero column vector.

IV. MIP ALGORITHM FOR EXTENDED SCENARIOS

Utilizing the above-mentioned MIP algorithm, the PSL
of the two-way AF can be minimized while the numbers of
transmit and receive elements are determined. On this basis,
under the condition of the determined PSL constraint of the
two-way AF, many extensions of the problem can also be
handled. We will give two examples in this section.

A. Minimize the Number of Transmit Elements

In order to achieve the reduction of cost, power con-
sumption, and the simplification of the feeding network,
the synthesis of two-way arrays with minimum number of
elements turned ON is significant, which is equivalent to
minimize the number of elements Nt selected as the transmit
array. Unlike the upper section, since Nt and Nr are variables
to be solved, the main lobe level is no longer constant,
and the PSL should be constrained by limiting the ratio
of sidelobe level and main lobe level. In order to minimize
the number of transmit elements while constraining the PSL
below a certain value ρ, the problem can be expressed as

min
t,r

1T
N t (15a)

s.t.
|tT at (θs)aT

r (θs)r|
|tT at (θ0)aT

r (θ0)r| ≤ ρ, θs ∈ �S (15b)

1T
N r ≥ 1 (15c)

r � t (15d)

t, r ∈ {0, 1}N . (15e)

Combining constraints (15c) and (15d), it can be assured
that the denominator in (15b) is not zero. It can be seen that
(15b) is a complicated constraint and contains a fractional
form.

By utilizing (8), taking operations similar to the previous
section, problem (15) can be re-expressed as the following
form:

min
t,r,v

1T
N t (16a)

s.t. |vT vec[at (θs)aT
r (θs)]| ≤ ρ1T

N2v, θs ∈ �S (16b)

1T
N r ≥ 1 (16c)

r � t (16d)

v � r ⊗ 1N (16e)

v � 1N ⊗ t (16f)

v � r ⊗ 1N + 1N ⊗ t − 1N2 (16g)

v � 0N2 (16h)

t, r ∈ {0, 1}N (16i)

where the fractional form of (15b) is replaced by a tractable
constraint (16b). Through the above operations, the problem
of minimizing the number of transmit elements is trans-
formed into the MIP problem (16) and can be solved by
MIP solvers.

B. Maximize the Min-Spacing Between Transmit Ele-
ments

To mitigate the mutual coupling effect between an-
tennas, it is crucial to increase the min-spacing between
transmit elements while constraining the PSL below a cer-
tain value ρ. On the condition of 1 ≤ m < n ≤ N (this
condition is guaranteed in the following text), it can be
easily found that the spacing between the mth element and
the nth element is δm,n = d (n − m). Due to the min-spacing
is the largest value not greater than the spacing between any
two transmit elements, by introducing a new variable l , the
min-spacing can be expressed as the optimal value of the
following problem:

max
l

l s.t. d (n − m) ≥ l, if tm = tn = 1. (17)

However, since the locations of the transmit elements cannot
be predetermined, it is critical to filter out and constrain the
spacing between transmit elements, which can be achieved
by introducing a sufficiently large constantγ . The constraint
in (17) can be re-expressed as

d (n − m) + γ (2 − tm − tn) ≥ l (18)

where the choice of γ can be specifically selected from
the range γ > d (N − 1). It is not difficult to find that when
tm = tn = 1, the upper formula is equivalent to the constraint
in (17). Otherwise, the constraint would have no effect on
the problem. The constraint (18) can be rewritten in the form
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of a matrix to achieve a more compact form as follows:

dHg + 2γ 1 N (N−1)
2

− γ |H|t � l1 N (N−1)
2

(19)

where the N-dimensional vector g = [1, 2, . . . , N]T , and the
N (N − 1)/2 × N-dimensional matrix H is defined as H �
[H1

T , H2
T , . . . , HN−1

T ]T , where H i is an (N − i) × N-
dimensional matrix defined as

H i � [0(N−i)×(i−1), −1N−i, EN−i],

i = 1, 2, . . . , N − 1 (20)

where 0k1×k2 denotes a k1 × k2-dimensional all-zero matrix
and being an empty matrix when k2 = 0, and Ek represents
the identity matrix of dimension k.

On the basis of the aforementioned, taking operations
similar to the previous section utilizing (8), the problem can
be rewritten as follows:

max
t,r,v,l

l (21a)

s.t. |vT vec[at (θs)aT
r (θs)]| ≤ ρ1T

N2v, θs ∈ �S (21b)

dHg + 2γ 1 N (N−1)
2

− γ |H|t � l1 N (N−1)
2

(21c)

1T
N r ≥ 1 (21d)

r � t (21e)

v � r ⊗ 1N (21f)

v � 1N ⊗ t (21g)

v � r ⊗ 1N + 1N ⊗ t − 1N2 (21h)

v � 0N2 (21i)

t, r ∈ {0, 1}N (21j)

where the min-spacing constraint (21c) is tractable. The
problem of maximizing the min-spacing between transmit
elements is expressed as the MIP problem (21) through the
above operations and can be solved by MIP solvers.

REMARK 3: Note that all the above-mentioned scenarios
can be extended to a planar array form. Take maximizing the
min-spacing between transmit elements as an example, con-
sider a 2-D rectangular planar array with M and N isotropic
antennas in the x- and y-directions, and the interelement
spacings are dx and dy, respectively. The MN-dimensional
transmit excitation vector of the planar array is defined
as t = [t1,1, t2,1, . . . , tM,1, . . . , t1,N , t2,N , . . . , tM,N ]T . Except
for transforming the various vectors into 2-D forms accord-
ingly, the min-spacing constraint (21c) should be modified
to a 2-D form as follows:

‖z(n) − z(m)‖2 + γ (2 − tm − tn) ≥ l,

1 ≤ m < n ≤ MN (22)

where ‖ · ‖2 denotes the l2 norm, γ can be specifically
selected from the range γ > ‖[dx(M − 1), dy(N − 1)]‖2,
and z(i) stands for the position coordinate of the ith element
defined as

z(i) =
[

dx

(
i − 1 − M

⌊
i − 1

M

⌋)
, dy

⌊
i − 1

M

⌋]
,

1 ≤ i ≤ MN (23)

where 
·� stands for the round down operation. The problem
can finally be solved similarly as the previous ones.

V. NUMERICAL RESULTS

To demonstrate the effectiveness and superiority of
the proposed algorithm, representative simulations are pro-
vided in various scenarios in this section. The URAT method
in [31], the GRAT method in [33], the TWTR method
in [24], the TWCR method in [28], and the classic Cheby-
shev window (ChebW) method are tested for comparison
if applicable. In this article, we define MLW as the width
of the nonconstrained angle range. In our simulations, the
proposed MIP models are solved by GUROBI [35]. Mutual
coupling effect is taken into consideration in the case of
element spacing less than λ/2; following the coupled model
established in [37], the channel coupling level is set as
ξ = 0.3. Full-wave simulations are conducted with dipole
antennas using the full-wave simulation toolbox, operating
at a center frequency of 2.5 GHz.

In order to ensure the fairness of the comparison simu-
lations, we ensure that the array aperture of each algorithm
is set to be the same. The array structure of the contrast
methods are performed as described below. The transmit
array is uniformly distributed at λ/2 spacing within the
aperture in all contrast methods. The URAT and GRAT
methods ensure uniformly excited, and the receive array in
URAT is uniformly thinned while that in GRAT is thinned
by a genetic algorithm, following the condition Nt ≈ 1.4Nr .
The receive array in TWTR is uniformly thinned at a ratio
of Nt ≈ 1.33Nr and the DRR is 2. Neither TWCR nor
ChebW requires a thinned receive array, and the obtained
DRR is 2.17 in TWCR. The AFs depicted in all figures are
normalized.

A. PSL Minimization

In the first example, we perform simulations of the
scenario that minimizes the PSL with determined element
numbers in the transmit array and receive array.

1) Two-Way AF Comparison: Various algorithms are
simulated to study the performance of the proposed algo-
rithm in PSL minimization. In the proposed algorithm, the
element numbers of the arrays are constrained the same as
in the URAT and GRAT methods, selected from a uniform
array with a spacing of λ/4 within the array aperture.

When the array aperture set as 5λ and the MLW con-
straint is set to be MLW=20◦, smaller than the other al-
gorithms. The obtained transmit and receive AFs by the
proposed algorithm are shown in Fig. 2, and the two are
multiplied to obtain the two-way AF. As shown in Fig. 3(a),
the PSLs obtained via the proposed algorithm (running
time is 198 s), URAT, GRAT, TWTR, TWCR, and ChebW
are -33.89, -30.76, -31.84, -38.69, -44.69, and -36.00 dB,
respectively, and the element position of each algorithm is
shown in Fig. 3(b). Under the condition that the maximum
excitation of the transmit arrays and the Euclidean norm
of the receive arrays are specified, the gain of two-way
arrays obtained by each algorithm is presented in Table I.
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Fig. 2. Obtained transmit and receive AFs by the proposed algorithm
with 5λ aperture and MLW=20◦.

TABLE I
Gain Obtained by Different Algorithms as 5λ Array Aperture

TABLE II
Position of Transmit Elements (pm) and Receive Elements (qn)

TABLE III
Gain Obtained by Different Algorithms as 7.5λ Array Aperture

Fig. 3(c) shows the beam-scanning results under the afore-
mentioned constraints; we consider three beams pointing
toward θ0 = 5◦, θ0 = 15◦, and θ0 = 25◦, respectively. The
obtained PSL is -31.85 dB, a slight improvement occurs due
to the widened sidelobe region in the form of a sine value.

The two-way AFs with the aperture size set within 7.5λ

while the MLW constraint is set to be MLW=13.6◦ are
compared in Fig. 4(a). The PSLs obtained via the proposed
algorithm (running time is 2384 s), URAT, GRAT, TWTR,
TWCR, and ChebW are -38.18, -29.82, -31.71, -41.68, -
45.84, and -37.00 dB, respectively, and the element position
obtained by the proposed algorithm is shown in Fig. 4(b)
and is listed in Table II numerically. Table III presents the
gain of two-way arrays obtained by each algorithm. It can
be found that although the PSLs obtained by TWTR and
TWCR are lower, this comes at the cost of a larger MLW and

Fig. 3. Two-way AF comparison for PSL minimization as 5λ array
aperture. (a) Two-way AFs obtained by different algorithms. (b) Position

of transmit elements and receive elements of each algorithm.
(c) Beam-scanning results by the proposed algorithm.

complex excitation distribution, while our algorithm can
guarantee uniform excitation. It is evident that the proposed
algorithm obtains satisfactory PSL and gain with elements
work at uniform excitation. For this scenario, we further
perform mutual coupling effect and full-wave simulation,
the results are generally good as shown in Fig. 4(c), but it
can be discovered that the sidelobe level far from the normal
direction is slightly elevated in full-wave simulation.
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Fig. 4. Two-way AF comparison for PSL minimization as 7.5λ array
aperture. (a) Two-way AFs obtained by different algorithms. (b) Position

of transmit elements and receive elements obtained by the proposed
algorithm. (c) Two-way AF obtained by the proposed algorithm with

results of mutual coupling effect and full-wave simulation.

TABLE IV
Resulting PSLs and Running Times Obtained With Various MLW

Constraints

2) PSL Minimization With Different MLW: To evaluate
the influence of MLW constraint on two-way AF PSL
minimization, consider selecting 11 transmit elements and
eight receive elements from 21 uniformly spaced elements
with a spacing ofλ/4. In Fig. 5(a), the results of the proposed
algorithm under various MLW constraints are presented,
and the obtained element position is shown in Fig. 5(b).
The resulting PSLs and running times obtained with various
MLW constraints are presented in Table IV. It indicates that
the MLW can be adjusted as desired utilizing the proposed
algorithm.

Fig. 5. PSL minimization of two-way AF via the proposed algorithm
with different MLW constraints. (a) Two-way AFs obtained with

different MLW constraints. (b) Position of transmit elements and receive
elements obtained with different MLW constraints.

3) PSL Minimization With Different Nr: Consider se-
lecting 11 transmit elements from a linear array compris-
ing 21 uniformly spaced elements with a spacing of λ/4
and MLW=20◦. In Fig. 6(a), the results of the proposed
algorithm under various Nr constraints are presented, and
the obtained element position is shown in Fig. 6(b). The
resulting PSLs and running times obtained with various
Nr are shown in Fig. 6(c). It can be seen that the change
curve of PSL with Nr does not change monotonically and
when the number of elements in receive array is set as
Nr = 9, the lowest PSL can be achieved. It indicates that
the performance of the proposed algorithm can be further
optimized by setting the value of Nr .

4) PSL Minimization in Large-Scale Array: To exam-
ine the performance of the proposed algorithm in a large-
scale array, consider selecting 61 transmit elements and
44 receive elements from 121 uniformly spaced elements
with a spacing of λ/4, and the MLW constraint is set to
be MLW=3.6◦. Fig. 7(a) shows a suboptimal two-way
AF obtained after 76 229 s of running time, and it can
be observed that the obtained PSL is -40.17 dB. For this
scenario, we further perform mutual coupling effect and
full-wave simulation; the results are satisfactory as shown.
The element position is shown in Fig. 7(b). This proves
that the proposed algorithm shows satisfactory performance
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Fig. 6. PSL minimization of two-way AF via the proposed algorithm
with different Nr constraints. (a) Two-way AFs obtained with different
Nr constraints. (b) Position of transmit elements and receive elements
obtained with different Nr constraints. (c) Resulting PSLs and running

times obtained with different Nr constraints.

in a large-scale array, and suboptimal solutions can be
considered to reduce running time.

B. Minimize the Number of Transmit Elements

In the second example, we perform simulations of the
scenario that minimizes the number of transmit elements
with a determined PSL constraint.

1) Two-Way AF Comparison: Various algorithms are
simulated to study the performance of the proposed algo-
rithm for minimizing the number of transmit elements. Con-
sider the scenario as the array aperture size set within 7λ.
According to the simulation result of the URAT method, the
number of transmit elements is 15 and the obtained MLW

Fig. 7. PSL minimization of two-way AF via the proposed algorithm in
large-scale array. (a) Two-way AF obtained with results of mutual
coupling effect and full-wave simulation. (b) Position of transmit

elements and receive elements obtained.

of the resulting two-way AF is 14.2◦. The PSL obtained by
the GRAT method is -32.77 dB with the same MLW.

The above data are generated as constraints of the pro-
posed algorithm, and elements are selected from a uniform
array with a spacing of λ/4 . In Fig. 8(a), the resulting
two-way AF obtained by each method is shown. After 1323
s of running time, the obtained number of transmit elements
is 12, and due to the discontinuity of the selected position
and weight of the elements, the obtained PSL of the resulting
two-way AF is -33.33 dB, lower than the constraint. For this
scenario, we further perform full-wave simulation, and the
result is satisfactory as shown. The position of elements
obtained by the proposed algorithm is shown in Fig. 8(b).
The simulations show that a smaller number of transmit ele-
ments can be selected to achieve more satisfactory two-way
AF via the proposed algorithm.

2) Minimize the Number of Transmit Elements With
Different PSLs: Consider a uniform array comprising 21
elements with a spacing of λ/4. The MLW constraint is set
as MLW=20◦. To evaluate the influence of PSL constraint
on two-way AF, the results of the proposed algorithm under
various PSL constraints are shown in Fig. 9(a), and the
obtained position of elements is shown in Fig. 9(b). The
resulting number of transmit elements (i.e., Nt ) and running
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Fig. 8. Two-way AF comparison for minimizing the number of transmit
elements as 7λ array aperture. (a) Two-way AFs obtained by different
algorithms and full-wave simulation result of the proposed algorithm.
(b) Position of transmit elements and receive elements obtained by the

proposed algorithm.

Fig. 9. Minimize the number of transmit elements of two-way array via
the proposed algorithm with different PSL constraints. (a) Two-way AFs
obtained with different PSL constraints. (b) Position of transmit elements

and receive elements obtained with different PSL constraints.

TABLE V
Resulting Nt and Running Times Obtained With Various

PSL Constraints

TABLE VI
Resulting Min-Spacing and Running Times Obtained

With Various PSL Constraints

times obtained with various PSL constraints are presented
in Table V. It is worth noting that the obtained PSLs of
the resulting two-way AFs are -23.69, -28.39, and -33.86
dB, respectively, lower than the constraint. It indicates the
effectiveness of the proposed algorithm in element number
minimization.

C. Maximize the Min-Spacing Between Transmit Ele-
ments

In the third example, we perform simulations of the
scenario that maximizes the min-spacing between transmit
elements with determined PSL constraint.

1) Two-Way AF Comparison: Various algorithms are
simulated to study the performance of the proposed algo-
rithm for maximizing the min-spacing between transmit
elements. Consider the scenario as the array aperture size set
within 6λ. According to the simulation result of the URAT
method, the element spacing is λ/2 and the obtained MLW
of the resulting two-way AF is 16.0◦. The PSL obtained by
the GRAT method is -30.27 dB with the same MLW.

The above data are generated as constraints of the pro-
posed algorithm, and elements are selected from a uniform
array with a spacing of λ/6. In Fig. 10(a), the resulting
two-way AFs obtained by the proposed algorithm and the
RAT method are shown. After 1851 s of running time, the
obtained min-spacing between transmit elements is 2λ/3,
and the obtained PSL of the resulting two-way AF is -30.30
dB, lower than the constraint. For this scenario, we further
perform full-wave simulation; the result is generally good
as shown, but it can be discovered that the sidelobe level far
from the normal direction is slightly elevated. The position
of elements obtained by the proposed algorithm is shown
in Fig. 10(b). The simulations show that larger min-spacing
between transmit elements can be generated to achieve more
satisfactory two-way AF via the proposed algorithm.

2) Maximize the Min-Spacing Between Transmit Ele-
ments With Different PSLs: Consider a uniform array com-
prising 21 elements with a spacing of λ/4. The MLW con-
straint is set as MLW=20◦. To evaluate the influence of PSL
constraint on two-way AF, the results of the proposed algo-
rithm under various PSL constraints are shown in Fig. 11(a),
and the obtained position of elements is shown in Fig. 11(b).

376 IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 62 2026

Authorized licensed use limited to: University of Electronic Science and Tech of China. Downloaded on January 26,2026 at 06:22:55 UTC from IEEE Xplore.  Restrictions apply. 



Fig. 10. Two-way AF comparison for maximizing the min-spacing
between transmit elements as 6λ array aperture. (a) Two-way AFs

obtained by different algorithms and full-wave simulation result of the
proposed algorithm. (b) Position of transmit elements and receive

elements obtained by the proposed algorithm.

Fig. 11. Maximize the min-spacing between transmit elements of
two-way array via the proposed algorithm with different PSL constraints.
(a) Two-way AFs obtained with different PSL constraints. (b) Position of

transmit elements and receive elements obtained with different PSL
constraints.

Fig. 12. Maximize the min-spacing between transmit elements in
planar array. (a) Two-way AF obtained by the proposed algorithm viewed

in ux-direction. (b) Two-way AF obtained by the proposed algorithm
viewed in uy-direction. (c) Two-way AF obtained by the proposed

algorithm viewed in ux-uy direction. (d) Position of transmit elements
and receive elements obtained by the proposed algorithm.
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The resulting min-spacing and running times obtained with
various PSL constraints are presented in Table VI. It is worth
noting that the obtained PSLs of the resulting two-way AFs
are -20.22, -26.41, and -30.30 dB, respectively, lower than
the constraint. It indicates the effectiveness of the proposed
algorithm in min-spacing maximization.

3) Maximize the Min-Spacing Between Transmit Ele-
ments in Planar Array: To validate the performance of the
proposed algorithm in a planar array, consider the scenario
as the array aperture size set within 2.5λ × 2.5λ. The side-
lobe region of the two-way AF is set as ux

2 + uy
2 ≥ 0.352,

where ux = sinφcosθ while uy = sinφsinθ , and φ stands
for the polar angle. The PSL is constrained to below -25.00
dB. The elements are selected from a uniform planar array
with spacing both λ/4 in x- and y-directions. The resulting
two-way AF viewed in various directions and the obtained
position of transmit elements and receive elements are
shown in Fig. 12. After 15 303 s of running time, the
obtained min-spacing between transmit elements is

√
5λ/4.

It indicates that the proposed algorithm can be applied to
the planar array and effectively increase the min-spacing
between transmit elements.

VI. CONCLUSION

In this article, we have proposed a novel approach for
two-way array synthesis with low sidelobe level via MIP.
The proposed algorithm optimizes element positions of
the two-way array to suppress the PSL utilizing integer
modeling techniques. Our algorithm is applicable to differ-
ent scenarios, such as PSL minimization, element number
minimization, and element min-spacing maximization. For
each scenario, we formulated different MIP models that can
be solved using off-the-shelf solvers. The effectiveness and
ease of implementation of our algorithm in PSL suppression
have been proved. Representative simulations are provided
to demonstrate the effectiveness and superiority of the pro-
posed algorithm.
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