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Drawing on the minimization of worst-case maximum likelihood
(ML) estimation, this article develops a robust inverse clutter-plus-
noise covariance matrix (CNCM) estimator for space—time adaptive
processing against Gaussian clutter background atlow sample support
without any prior knowledge. Leveraging the nonconvex uncertainty
set for CNCMs, we formulate a distributionally robust optimization-
based ML estimation problem with the Wasserstein metric. We vali-
date that the resulting nonconvex problem is algorithmically tractable.
To achieve this, we reformulate the problem as a finite-dimensional
semidefinite program. To pursue lower computational complexity, we
establish a closed-form solution framework by imposing the rotation-
equivariant property. We theoretically prove the existence and unique-
ness of the solution and address the challenge of adaptively choosing
the uncertainty set size. Importantly, the solution composes a nonlin-
ear shrinkage estimator that inherently preserves the order of sample
eigenvalues without additional operations. Experiments with both
simulated and measured clutter data confirm the superiority of the
proposed estimator in terms of estimation accuracy and robustness.
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[. INTRODUCTION

Space-time adaptive processing (STAP) is a powerful
technology for moving platform radar systems, designed
to suppress strong clutter and enhance weak target detec-
tion [1], [2], [3], [4], [5], [6]. Clutter-plus-noise covariance
matrix (CNCM) estimation is crucial for implementing
adaptive filtering in STAP. Generally, the sample covariance
matrix (SCM) also well known as the maximum likeli-
hood (ML) estimator for Gaussian clutter is employed.
However, the Reed—Mallett—Brennan rule demonstrates its
limitations, showing that the number of independently and
identically distributed (IID) training samples should be at
least twice the system degrees of freedom (DoFs) to ensure
that the output signal-to-clutter-plus-noise ratio (SCNR)
loss s less than 3 dB [7]. This poses significant challenges in
actual clutter environments, especially when the number of
available samples is further diminished due to the removal
of outliers [8]. Consequently, developing robust estimators
in uncertain and heterogeneous clutter environments with
finite samples is a key research point for STAP.

To mitigate the dependence on the number of training
samples, a series of suboptimal STAP methods has been pro-
posed, which can be primarily categorized into three groups:
reduced-dimension (RD) STAP [2], [9], [10], [11], [12],
[13], [14], reduced-rank (RR) STAP [15], [16], [17], [18],
and direct data domain (D3) STAP [19], [20]. RD-STAP and
RR-STAP utilize well-designed transformation matrices to
convert full-dimensional data into local-dimensional data or
low-dimensional subspaces, respectively, so that the num-
ber of training samples is reduced to twice the local system
DoFs or clutter rank. However, for conformal arrays or
nonside-looking arrays, designing and selecting favorable
auxiliary channels and accurately estimating the clutter
rank remain challenges in practical applications. D3-STAP
addresses the issue of limited samples by using only the
data from the cell under test (CUT). However, this approach
faces challenges, such as reduced system DoFs, sensitivity
to channel errors, and the risk of target self-cancellation.

To improve CNCM estimation accuracy with limited
samples, regularized ML estimators modify the SCM by
incorporating prior information [21], [22], [23], [24], [25],
[26], [27], [28]. Knowledge-aided STAP enhances detec-
tion performance by loading the prior CNCM onto the
SCM [29], [30], [31], [32]. Naturally, the performance
of these estimators is significantly influenced by the as-
sumptions made about the structured model, the quality
of prior knowledge, and the choice of the loading factor.
Recently, shrinkage estimators have garnered significant
attention due to their precise estimation performance and
lower computational complexity. They can be classified
into two categories: linear shrinkage estimators [33], [34],
[35], [36], [37] and nonlinear shrinkage estimators [38],
[39], [40], [41], [42], [43]. Linear shrinkage estimators
aim to modify the sample eigenvalues by utilizing identical
shrinkage density, while the nonlinear shrinkage estimators
modify the sample eigenvalues by leveraging individualized
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shrinkage density, thereby offering more opportunities to
enhance the accuracy of CNCM estimation [39]. Besides,
sparse recovery STAP and intelligent STAP can accurately
reconstruct CNCM with very few samples, even with just
one sample [38], [44], [45], [46], [47], [48], [49], [50],
[51]. However, their application in practical radar systems
is constrained by computational complexity and feasibility
issues.

For uncertain and heterogeneous clutter environments,
although the aforementioned methods improve the hetero-
geneous clutter suppression performance to some extent,
their development often relies on prior information, such as
prior CNCM, clutter rank, dictionary learning matrix, etc.
However, in uncertain clutter environments, the reliability
of such prior information is difficult to maintain, signif-
icantly compromising the robustness of these methods.
Considering the powerful ability of distributionally robust
optimization (DRO) theory in addressing uncertain opti-
mization models [52], along with its successful applications
in machine learning [53], automatic control [54], adaptive
beamforming [55], and other fields, this article introduces
the DRO theory into STAP and develops a precise and robust
inverse CNCM estimator for Gaussian clutter background
at low sample support without any prior information, named
DRO-STAP.

Drawing inspiration from [56] and leveraging the ad-
vantages of the Wasserstein metric, such as tractability,
finite sample support, and robust out-of-sample perfor-
mance guarantees [54], we formulate a Wasserstein DRO
problem that minimizes worst-case ML estimation within
a nonconvex uncertainty set for CNCMs. To address the
resulting nonconvex problem, we reformulate it into a finite-
dimensional convex program and subsequently recast it
into a tractable semidefinite program (SDP). To improve
computational efficiency, we derive a closed-form solu-
tion framework using rotation equivariance, theoretically
prove the existence and uniqueness of the solution, and
address the challenge of choosing the uncertainty set size.
The closed-form solution amounts to a nonlinear shrinkage
estimator, which inherently preserves the order of sample
eigenvalues without additional operations. Finally, we con-
duct a series of numerical experiments using both simulated
and measured clutter data to validate the effectiveness and
robustness of DRO-STAP.

The rest of this article is organized as follows. Section 1T
denotes the signal model, STAP criterion, and problem
formulation. Section III derives the DRO-based ML esti-
mation framework, recasts it into a tractable form, presents
a closed-form solution, discusses the choice of uncer-
tainty set size, and examines the computational complexity.
Section IV provides the numerical experiments to verify
the effectiveness and robustness of DRO-STAP. Finally,
Section V concludes this article.

Notations: In this article, we use lightface for scalar a,
lower case boldface for vector a, and upper case for matrix
A. Tr(A) and A" denotes the trace and inverse of matrix
A, respectively. diag(a) is the diagonalization of the vector
a. a~ CN(0, A) means that the random vector a follows
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a circularly symmetric complex Gaussian distribution with
zero-mean and covariance A. a' and a' indicate that the
elements in a are arranged in descending and ascending
order, respectively. Double line body C means the complex
numbers domain. (-)*, ()7, ()¥, ®, and E{-} denote the con-
jugate, transpose, conjugate transpose, Kronecker product,
and statistical expectation operators, respectively. Iy is the
N-dimensional identity matrix. | - | represents the absolute
value of a scalar or the determinant of a matrix. || - ||, is
the />, norm. HY (HY, ) denotes the cone of N-dimensional
positive semidefinite (definite) Hermitian matrix. A > B
(A > B) indicates that A — B is positive semidefinite (def-

inite). Pr{-} represents the probability of an event. a>b
denotes that a converges to b in probability. &« means that
the quantities on its both sides are directly proportional.

[I. PRELIMINARIES
A. Signal Model and STAP Principle

For the sake of illustration, we consider a side-looking
airborne radar equipped with N-element uniform linear
array, the interspacing is d = A/2, and X represents the
radar wavelength. The platform flies horizontally at height
H with constant velocity v,. During a coherent processing
interval, M pulses with identical pulse repetition frequency
f; are emitted to detect targets in areas of interest. After
preprocessing, such as down-conversion, analog-to-digital
conversion, and matched filtering (MF), the received base-
band snapshot data z € CMV for a given range cell can be
mathematically formulated as

Z=0S + 2.+ 2, (D

where o, s, denotes the potential target, ¢, is the unknown
complex amplitude, and s, denotes its space—time steering
vector. z, represents the signal-dependent clutter echo, with-
out considering the range ambiguity, and it can be formu-
lated via the classical discrete integral clutter model [1]

N N,
7, = Z(stc,j = Zajas(fcx,j) ® ad(fgj) )

Jj=1 Jj=1

where N, is the number of IID clutter patches. «; and s, ; are
complex amplitude and space—time steering vector of the
Jth clutter patch, respectively. a(f; ;) and a,( f;‘f ;) denote
the spatial and Doppler steering vectors of the correspond-
ing clutter patch, respectively. Having

1 . 5 : s T
a,(fS ) = —=I1,eei, ..., TV (3a)
c, \/N
ai(fl) = =1, ePf, P =0iyT (3h)

S =dsing;sing;/x and f¢; = 2v,sin0; sin@; /A f,, re-
spectively, denote the normalized spatial frequency and nor-
malized Doppler frequency of the jth clutter patch. 6; and
@; are the elevation and azimuth angles of the corresponding
clutter patch. z, represents the zero-mean complex Gaussian
white noise with variance matrix §2Iy, and 8? is the noise
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power. The ideal CNCM R can thus be computed by
R = E{(ze +2,)(2 +2)")

Ne
=Y Eflo;j s st + 87w (4)
j=1

By maximizing the output SCNR, the optimal STAP filter
weight vector can be derived through the minimum variance
distortionless response rule, giving

w =R s, (3)

where n = 1/s¥R's, represents the normalized factor.

B. Problem Formulation and Analysis

Note that achieving the optimal STAP filter in (5) is
extremely challenging, as R is unknown in practice. The
widely adopted approach is estimating R through L IID
target-free training samples {zl}lel. This estimate R is then
used to implement a suboptimal STAP filter w for target de-
tection. The detection probability is monotonic related to the
estimation accuracy of R [7]. For STAP applications, {z; }IL:1
is generally modeled as a zero-mean circularly symmetric
complex Gaussian distribution [41], i.e., z ~ CN (0, R).
The SCM also well known as the unconstrained ML
estimation can be denoted as

L
R 1
Rsem = I IZI: 7z . (6)

However, in scenarios with low samples (L < 2MN
or even L < MN), fixed-dimensional asymptotics become
inapplicable, resulting in significant performance degrada-
tion with ﬁSCM. Thereby, to improve covariance estimation
performance with finite samples, some prior knowledge,
including noise power, clutter rank, and covariance struc-
ture, is often incorporated into existing estimators [41], [42],
[43]. However, these methods may lack robustness when
there are errors in the prior information or the assumed co-
variance model does not hold anymore. Moreover, existing
methods typically derive the STAP filter through the follow-
ing steps: covariance estimation, inversion of the covariance
matrix, and filter design. In contrast, directly estimating the
inverse covariance matrix with limited samples may be more
effective for enhancing STAP performance.

[ll. DRO-BASED INVERSE CNCM ML ESTIMATION
FOR STAP

In this section, we develop a precise inverse CNCM
ML estimation method for STAP at low sample support. It
is derived from a DRO-based ML estimation model, which
we call DRO-STAP. Particularly, DRO-STAP does not rely
on any prior knowledge and covariance structure, making
it more robust in clutter suppression. To pursue computa-
tional efficiency, we also present the closed-form solution
for DRO-STAP, and it appertains a nonlinear shrinkage
estimator. Finally, the choice of uncertainty set size and
the computational complexity are discussed, guiding the
practical application of DRO-STAP.

11422

A. Inverse CNCM ML Estimation

With the zero-mean complex circular Gaussian clutter
assumption, the joint probability density function (PDF) of
L 1D samples Z = [z;, 75, ..., Z] is given by

L
1
Z;R)= ——exp| — 2Rz
p( ) T[MNL|R|L p( IXZ; 1 l)
o [R| " exp (—LTr(R™'Rscwm)) - (7)

To estimate R, for the sake of clarity, we firstlet X = R,
and the joint PDF p(Z; R) evolves to

P(Z;R) £ p(Z; X) o [X|" exp (—LTr(XRscn)) .~ (8)

Maximizing the logarithm of the likelihood function
p(Z; X), one can access the ML estimation of inverse
CNCM X. This is equivalent to solving the following
unconstrained convex optimization problem:

Xy = arg 1)?1{)1 Tr(XRsem) — In X 9
>

If L > MN, that is to say, ﬁSCM is nonsingular. Then,
(9) can be minimized in a closed-form solver Xve = Ry
However, if L < MN, Rgcym is singular and (9) becomes
unbounded.

To solve problem (9) efficiently at L < MN, various
regularized (constrained) ML estimation algorithms have
been developed [21], [22], [23], [24], [25], [26], [27], [28].
Among these methods, the core idea is also to incorporate
prior information, such as noise power, clutter rank, and the
prior covariance matrix, to regulate problem (9). Indeed,
these approaches enhance the convergence performance
of STAP. Similarly, the robustness of these methods has
deteriorated.

B. Problem Formulation for DRO-Based Inverse CNCM
ML Estimation

In contrast to the aforementioned ML estimation al-
gorithms, our approach does not incorporate any prior in-
formation about clutter and noise. Instead, we reformulate
problem (9) based on DRO theory to enhance the robustness
of the estimator. Given that the true distribution of the
sample z € {z}/_, is T = CN(0, R), the optimal estimate
of X =R~! can be obtained by solving the following
optimization problem:

Xopt = arg min Ep, {2"Xz} —In[X]. (10)

Optimization model (10) represents the conditional expec-
tation ML estimation under true distribution T. Since true
distribution T is unknown, we cannot access the optimal
estimate Xopt by minimizing (10). It is important to note
that the ML estimation in (9) is equivalent to replacing
T with the empirical distribution T = CN(0, Rscm), thus
simplifying problem (10). To achieve a precise and robust
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inverse CNCM estimator, we aim to constrain the statisti-
cal distance between the empirical distribution T and true
distribution T.

REMARK 1 It is known that various statistical distances,
for example, Kullback—Leibler divergence, relative entropy,
and the Wasserstein metric, can quantify the cost of trans-
forming one distribution into another. Among these sta-
tistical distances, the Wasserstein distance has garnered
significant attention due to numerous advantages, such as
tractability, finite sample support, and robust out-of-sample
performance guarantees [54].

Drawing on the analysis from Remark 1, we take the
Wasserstein distance into account for heterogeneous and
uncertain clutter environments, defined as follows.

DEFINITION 1 (WASSERSTEIN DISTANCE) The Wasserstein
distance of order p between any two distributions z; ~ T}
and z, ~ T, supported on Z C CV is defined as follows:

Wp(Ty, T2)

1
P
- {(f ||zl—Z2||Pdr(z1,zZ>)} (11)
€T (T1.Ts) 2z

where 7 (T, T,) denotes the joint distribution of z; and z,
with marginals T; and T,, respectively. || - || could be an
arbitrary norm defined on Z.

By incorporating the Wasserstein distance constraint
between the empirical distribution T and the true distri-
bution T, the modified ML estimation problem (10) can be
re-expressed as

X= in Bz {z7Xz] —In|X
argr)?il(} (T){z z} n | X]

s.t. W (T, T) < p. (12)

Optimization model (12) represents the conditional expec-
tation ML estimation under the empirical distribution T
within the Wasserstein distance constraint, and p denotes
the Wasserstein distance control factor. Especially, when
p = 0, problem (12) reduces to problem (10). Likewise,
directly optimizing problem (12) remains infeasible since
T is unknown, rendering WP(’]T, T) uncomputable.

To overcome this challenge, following the approach
in [56], let us first assume that the true distribution T is
included in a distribution set D of all reference complex
Gaussian distribution with different CNCMs, that is

T CD e CAN™ (13)

where CNJ™V denotes the family of all MN-dimensional
zero-mean complex circular Gaussian distribution. Based
on a given empirical distribution T and an appropriate
uncertainty set size p, we can construct the distribution set
D as follows:

Pr{T C D} =1
S={DecCcN Em) {R} = 0
W,(T,D) < p

(14)
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Since the empirical distribution T is close to the true
distribution T, we can ensure that the true distribution T is
always contained within the well-constructed distribution
set D, that is, Pr{T € D} = 1. At this point, we can only
guarantee the inclusion of T in ID but do not know its exact
form. To address this uncertainty, we can achieve a robust
inverse CNCM estimation by minimizing the worst-case
(maximum) ML estimation within the distribution set DD,
thereby circumventing the challenge of the unknown T.
Ultimately, given L samples, it is natural to formulate a
DRO-based ML estimation problem for the inverse CNCM
as follows:

. H
rrgn m]Da)lx Emy {Tr(Xzz )} —In |X]

st. DeS, X > 0. (15)

REMARK 2 With the Gaussian clutter assumption, op-
timization model (15) minimizes the maximum (worst-
case) conditional expectation ML estimation within the
uncertainty set D to achieve a precise and robust estima-
tor without any prior information. It is important to note
that optimization model (15) can also be further extended
to non-Gaussian clutter backgrounds. In short, we can
model heavy-tailed non-Gaussian clutter by the complex
elliptically symmetric distributions [57], use normalized
SCM [58] or Tyler’s estimator [59] to construct the em-
pirical distribution T, and then construct the minimax con-
ditional expectation ML estimation model similar to (15)
within the corresponding uncertainty set ). The problem of
estimating the inverse CNCM under non-Gaussian clutter
remains further investigated but is beyond the scope of this
article.

Clearly, the DRO problem (15) is challenging to solve
for two primary reasons. First, the distributional uncertainty
set constraint D € S is nonconvex, and directly evaluating
the Wasserstein distance between two arbitrary distributions
is often impractical, especially with limited samples [60].
Second, problem (15) involves an infinite-dimensional min-
imax optimization, which is NP-hard. To overcome these
issues, the following section reveals that the DRO prob-
lem (15) is tractable and can be reformulated as a finite-
dimensional SDP problem by leveraging the duality theory.

C. Convex Reformulation for DRO-Based Inverse

CNCM ML Estimation

To reformulate the DRO problem (15), the central steps
involve approximating the Wasserstein distance metric, re-
expressing, and solving the inner maximum (worst-case)
conditional expectation optimization problem. First, we
propose employing the Gelbrich bound as a practical al-
ternative for finite samples. The Gelbrich distance pro-
vides a lower bound for the type-2 (p = 2) Wasserstein
distance with the Euclidean norm and applies to any nominal
distribution. It is defined as follows.

DEFINITION 2 (GELBRICH BOUND [61]) For any two nom-
inal distributions T, and T, with mean vectors g, i, €
CV and covariance matrices Ry, R, € HY, the Gelbrich
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distance is defined as follows:

G(T1. T2) = Il — mall3 + By (R, Ry)
< Wa(Ty, T>)

(16)

where
1 N3
B%V(Rl,Rz)zTr<R1+R2—2(R22R1R22)2> (17)

represents the squared Bures—Wasserstein distance. Fur-
thermore, the inequality in (16) holds with equality if T; and
T, are elliptical with the same density generator. It is evident
that G(Ty, T,) is real and remains bounded, irrespective of
the deterioration of T or T, (i.e., R or R, is rank deficient).

Herein, we consider zero-mean clutter, that is, u; =
1, =0, and then the Gelbrich distance simplifies to the
Bures—Wasserstein distance (hereinafter referred to as
Wasserstein distance). Leveraging the empirical distribu-
tion T = CAN(0, Rgcm), the distribution set D is redefined
as follows:

Pr{T C D} =1
D € CNY™ |Em) R} =0
By (Rscem, Emy {R}) < p

To proceed, disregarding irrelevant variables, the inner
maximization expectation problem can be expressed as

max [, {Tr(Xzz")} st DeS. (19)

S = (18)

By introducing an auxiliary variable Y > 0, we find that
solving problem (19) is equivalent to solving the following
optimization problem:

m‘a{lx Tr(XY)

s.t. Y > 0, By(Rsem, Y) < p. (20)

By adding a penalty parameter ¢ > 0 for the Wasser-
stein distance constraint, we can formulate the Lagrangian
problem for (20) as follows:

max min L(Y, ¢)
Y £
s.t. Y>>0, >0. 21

Using the equality in (17), the Lagrangian function £(Y, ¢)
is denoted as

L(Y, &) = Tr(XY) + e(p® — B:, (Rsem, Y))
= Tr(Y(X — elyy)) + &(p* — Tr(Rscm))

N L1oN3
+26Tr ((RSZCMYRSZCM) 2) . (22)
Further, the dual problem for (21) is cast as
min max Ly, + L,
£ Y
s.t. Y>>0, > 0. (23)

For notational simplicity, let X, = X — eIy, where

A

1Al \3
Ly. = Tr(YX.) + 26Tr ((R;CMYR§CM) ) (24a)
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L. = e(p* — Tr(Rscm)). (24b)

The strong duality between (21) and (23) holds for any p >
0 in terms of the result for moment problems [56], [62]. At
this point, the following proposition is executed to establish
the basis for reformulating the convex form of the DRO
problem (15).

PROPOSITION 1 When X, < 0, the inner maximization
subproblem in (23), i.e.,

max Ly st. Y>0 (25)
can be re-expressed as a convex problem, its optimal so-
lution of Y can be obtained via the first-order optimality
condition given by

Y* = &’X; 'ReemX; ! (26)

and the corresponding maximum of (25) is equivalent to

Ly- o = —&>Tr(X; '"Rscm). 27)

PROOF See Appendix A. |

Ultimately, the infinite-dimensional problem (15) can
be converted into the following finite-dimensional convex
optimization problem via proposition 1, that is:

min L. — & Tr(X; 'Rsem) — In [X]
,€

s.it. X>0,X,<0,¢e>0. (28)

Since the objective function of problem (28) includes
inverse matrix X!, the nonlinear term &>Tr(X;'Rscm)
is difficult to be solved directly. To do so, we intro-
duce another auxiliary matrix variable Q and ensure that
1 1
Tr(Q) > &°Tr(—X; 'Rscm), i€, Q > —eRZ X 'Rioye.
By Schur’s complement, problem (28) can be recast as the
following SDP problem:

i T —In|X
Jnin Le +Tr(Q) — In [X]

AL

_ 2

s.t. |: A)fs 8RSCM:| >0
eRgem Q

X>0X,<0Q>0,e6>0. (29)

Similarly, the SDP problem (29) can be solved by off-
the-shelf solvers, such as SDPT3, SeDuMi, and MOSEK.
Specifically, this process involves solving for X, Q, and
&, resulting in a total of MN(MN + 1) + 1 optimization
variables. The computational complexity of solving SDP
(29) by the above interior point solvers is O(M®N®) per
iteration. Therefore, the solution of (29) obtained through
the above solvers cannot be applied in real time, especially
for large MN. Alternating direction multiplier method-
based approach [63] may provide a lower computational
complexity of solving problem (29), but its convergence
and the choice of regularization parameter remain open
challenges [64]. To pursue a lower computational complex-
ity and a more stable solution, for any preset p > 0, the
closed-form solution framework for penalty parameter &
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and inverse covariance matrix X will be introduced in the
following section.

D. Closed-Form Solution for DRO-Based Inverse CNCM
ML Estimation

Initially, note that without prior knowledge about the
orientation of eigenvectors of X, it is challenging to derive
a closed-form solution for X directly. Fortunately, if X
belongs to the rotation-equivariant estimator, optimizing
(28) in closed form over this class becomes possible. The
rotation-equivariant estimator is defined as follows.

DEFINITION 3 (ROTATION-EQUIVARIANT ESTIMA-
TOR [40]) For any unitary matrix, also referred to as
a rotation matrix, V.€ CMN>*MN ' A is termed a rotation-
equivariant estimator if A(VRscnV?) = VA(Rgem) VY.

This definition reveals that rotation-equivariant estima-
tors share identical eigenvectors with SCM. Apparently,
shrinkage estimators are rotation-equivariant. As discussed
in Section I, unless otherwise stated, this article focuses
on the research of nonlinear shrinkage estimators. These
eistimators begin with performing eigendecomposition on
Rsem

ﬁSCM = Udiag(K] s K2y ooty KMN)UH (30)

where U = [uj, u,, ..., uyy] represents the eigenvec-
tor matrix of Rgcm, and k = [ky, ko, - .., kun]?, where
k1 < Kk < --- < kyy denotes the corresponding eigenvalue
vector.

As L,MN — oo together, leveraging a proxy (i.e.,
Frobenius loss metric) to simplify the SCNR metric, the
optimal shrinkage eigenvalues are derived by [40], [41]

k =uRu;, i=1,2,...,MN (31)
and the optimal (or Oracle) shrinkage estimator is
Ror = Udiag(k}, k3, ..., kg )U". (32)

Likewise, Roy, is also unavailable because R is un-
known. Thus, several suboptimal individualized shrinkage
schemes to obtain the shrinkage eigenvalues k from k are
designed [38], [39], [40], [41], [43], they all can be formu-
lated as follows:

k]’ (33)

where F,(-) is the mapping function of the corresponding
shrinkage scheme. Finally, shrinkage estimators construct
the covariance matrix through U and &

Ry, = Udiag(t)U".

k= Fulk) =k, Kk, ..

(34)

This class of shrinkage estimators is exactly what we
are interested in this article for deriving the closed-form
solution of DRO-STAP, and inverse CNCM estimation X
can thus be written as

X = Udiag(kx.1, x 25 - - - » Rx.pan )U? (35)

where kx;,i=1,2,...,MN, are the eigenvalues to be
solved of X.
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Subsequently, the connection (i.e., F,,(-)) between the
DRO-based ML estimator and the shrinkage estimator is
established, and Ky ; is then attained effectively. Recall the
re-expressed convex form of the DRO-based ML estimation
problem (28), let

F(X, &) = &(p> = TrRsem) — In[X|
— &’ Tr((X — elyn) 'Rsem)  (36)

represents its objective function. Leveraging the eigenvector
matrix U [as shown in (30)] shared with Rgcy, the optimal
solution of X can be calculated by the first-order optimality
condition

AF(X, £)/0X
= 2(X* — elyy) ' Riy (X — elyy) ™' — (X!

MN - 2
. Z eKikx,i — (Kx,i — &) , 71

(kx.i — €)°kx.i it

i=1

=0 (37

and the optimal solution of ky; satisfies the following

relationship:
el = (kx;—€) ,i=1,2,...,MN.  (38)

Obviously, we need to determine the optimal penalty
parameter ¢. Similar to (37), by utilizing the equality (38),
the optimal solution of ¢ can be attained by the first-order
optimality condition

0F (X, ¢e)/0e
= p” — Tr(Rsom + 2¢X; 'Rsem + £°X; 'RsemX; )

il 2ek; &k;
2 i i
= p° - Ki + + )
; ( Cokxi—e (xi—e)
MN -
— 2y X
=r Z g2
i=1
=0 39)
and the optimal solution of ¢ satisfies
My
i
P= (40)

i=1
At this point, leveraging the property of the rotation-

invariant estimator, the closed-form solution of inverse co-
variance X is obtained, as summarized in Proposition 2.

PROPOSITION 2 Given Rgcy with its eigenvectors U and
eigenvalues {i;}MY, {k;}¥ are sorted in ascending or-
der. For any preset uncertainty set size p > 0, the DRO-
based inverse covariance matrix ML estimator for R™! is

constructed via

Rppo = Udiag(k} 1, k% 5. ... k3 )UT (1)

where

1
Kxi=¢" (1 + Efs*,K(/q)> ,i=1,2,...,MN (42a)
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JT-.S',K(Ki) = S*Ki - (8*[(,’)2 + 45*Ki

&* > 0 denotes the unique positive solution that satisfies
equality (40), which can be re-expressed as

| My | My
2 X * _ * )2 *p —
(,0 —ng,>5 +2;\/(8 ki)~ + 4de*i; = MN

43)

(42b)

and &* can be effectively attained by the bisection
method [65]. The solution for &* and the proof of
the existence and uniqueness of kg, can be seen in
Appendix B. |

As we can see, the closed-form solution of the DRO-
based ML estimator functions as a nonlinear shrinkage es-
timator, as ﬁ];llzo and Rgcy share common ei genvectors, and
K% ; is the nonlinear mapping result of «;. More importantly,
owing to

BKX 0F ¢+ K(K) | &'k +2 -0
d dK V(e ki) + deri;

(44)

Fe (k) monotonically decreases when «; < ki, =
1,2,...,MN (that is, {K,}M | are sorted in ascending or-
der). Thereby, for any preset p > 0, {(k} )~ "YMN maintain
ascending order, that is

(kg ) < (kg) ™ <o < (kgam) (45)

In other words, ﬁDRo shrinks the eigenvalues of RSCM
in a way that guarantees order preservation without any
extra step, such as pool adjacent violators (PAV) algorithm
in [66]. As discussed in Section IV, Rpgro is asymptotic
consistent, and

| Fus (s, Rppos R) — 1] 50 (46)
as MN, L — oo together, where
N HR—1s,)’
Fus(s, R R) = (&R <) @7)

(s"R-'RR~!s,)(s"R~s,)

denotes the normalized SCNR. Similar proof of (46) can
refer to [41, Appendix D].

REMARK 3 One can observe that the estimation process
of ﬁséo mainly consists of two parts: the eigenvalue de-
composition of Rgcm and solving &* via the bisection
method. The corresponding computational complexities
are O(M?N?) and O(log,(1/8.)), respectively, where &,
is the convergence parameter. The overall computational
complexity of the closed-form solution framework is about
OM3N? +log,(1/8,)), which is less than that of employ-
ing CVX solvers.

It should be noted that the inverse CNCM estimation
accuracy of the proposed DRO-STAP method depends on
the statistical distance metric, empirical distribution T, and
uncertainty set size p. For the given statistical distance
metric and empirical distribution (where this article adopts
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the Wasserstein distance and CA(0, Rscm), respectively),
a smaller p may result in Pr{T C D} # 1, whereas a larger
p may lead to an overly conservative estimation, both of
which will affect the estimation accuracy. As a consequence,
choosing an appropriate uncertainty set size p based on
training data is attractive for its applications. In the fol-
lowing section, we will briefly introduce a leave-one-out
cross-validation (LO2CV) method for selecting uncertainty
set size.

E. Choice of the Uncertainty Set Size p

Based on the ideal R, the optimal uncertainty set size
p* can be attained by minimizing output clutter power, that
is

N A1
FRDllzo(P)RRDRo(P)St
A 2 N

(51" Rpro(0)s1)

Since it depends on the ideal R, p* is unavailable. Given

training data {z;}lL:l, we employ the LO2CV strategy to
modify (48), i.e.,

p*(s;) = arg min (48)

p>0

L

1
p(s) = argmin - Z

SHRSéo 1(P)

2
Z) (49)
DRO 1 (0)s;

where IA{];];O ,(p) denotes the DRO-based inverse covariance
matr%x ML est[imation by using {z;}5_, e Leveraging the
matrix inversion lemma, for the /th split, we can use the
following relationship to calculate R];ll{o ,(p) with lower
computational complexity, that is:

DRo(:O)ZIZl DRO(p)
{IRDR()()O)ZI -

and p can be solved via the numerical search.
For the sake of clarity, we summarize the proposed
DRO-STAP method, as shown in Algorithm 1.

(50)

DRO 1(p) = RBRo(p) -

F. Computational Complexity

In this section, we briefly conclude the computational
complexity of the DRO-STAP method and compare it with
several classical STAP methods: fast ML (FML) estima-
tor [22], modified Ledoit—Wolf (LWD?2) estimator [41],
and random matrix theory (RMT)-based estimator [43]. For
DRO-STAP, the computational complexity of the closed
form (see Proposition 2) reduces that of the SDP-form (29)
from O(MON®) to O(M>N? + log,(1/$.)). For three com-
parison methods, the main computation lies in the CNCM
eigendecomposition, which is O(M>N?). Among these
methods, LWD?2 yields an extra computational complexity
of implementing the PAV algorithm, which is O(MN).

V. NUMERICAL EXPERIMENTS

In this section, we verify the performance advantages
of the proposed DRO-STAP method through simulated and
measured clutter data, respectively. It is important to note
that DRO-STAP is derived from the DRO-based ML estima-
tion model. Furthermore, it composes a nonlinear shrinkage
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Algorithm 1: DRO-STAP.

Input:Training samples A{Zl },L: 1

1:  Compute the SCM Rgcy via (6) and perform
eigen decomposition on Rscm via (30)

2: Initialize the uncertainty set size p

3:  Obtain £*(p) via (43) and the bisection
method [65]

4:  Compute ky ,(p),i =1,2,..., MN via (42)

Construct R}, (p) via (41)

6: Obtain a suboptimal uncertainty set size p and
corresponding inverse CNCM estimation
Rpao(P) via the LO2CYV strategy (49) and (50)

Output:Inverse CNCM estimation R},

hd

estimator, as detailed in Proposition 2. Accordingly, we
take the FML estimator [22] (one of the classic regularized
ML estimators) and two state-of-the-art nonlinear shrinkage
estimators LWD?2 [41] and RMT [43] for comparison. For
clarity, the working mechanisms of these three estimators
are briefly summarized as follows.

1) FML: The FML belongs to a class of regularized ML
estimators. It aims to threshold the eigenvalues in SCM from
below by the noise power §2. Generally, 82 is assumed to be
known or estimated.

2) LWD2: The LWD?2 thresholds the individualized
shrinkage eigenvalues from below by the noise power §2.
Under the large-dimensional assumption, that is, L and MN
go to infinity together at the same rate, the LWD?2 is claimed
to be optimal. Likewise, §7 is assumed to be known or
estimated.

3) RMT: Drawing on the spiked covariance model, the
RMT designs a shrinkage framework for clutter-related
eigenvalues and estimates noise-related eigenvalues by the
noise power §2. Similarly, the clutter rank ¢, and §2 are
assumed to be known or estimated.

One of the effective methods can be used to estimate the
clutter rank [27], and 85 is then assessed via

MN —c,

Y«

i=1

o !

= — 51
" MN —c, b

Besides, the Oracle estimator [as shown in (32)] and SCM
are employed to provide the performance upper and lower
bound of these estimators for reference.

A. Simulated Data

In this section, we evaluate the clutter suppression
performance and robustness of DRO-STAP by simulation
analysis. The simulated clutter data are generated by the
signal model as illustrated in Section II-A, and detailed
simulation parameters are listed in Table I.

We employ the output SCNR loss and average SCNR
loss to quantify the clutter cancellation performance with
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TABLE I
Simulated Airborne Radar System Parameters

Parameters Values
Platform height 8 km
Platform velocity 150 m/s
Azimuth angle of main lobe 0°
Elevation angle of main lobe 85°
Pulse repetition frequency 2 KHz
Bandwidth 5 MHz
Wavelength 0.3 m
Pulse number 4
Element number 4
Noise power 0 dB
Clutter patch number 361
Clutter-to-noise ratio 40 dB

TABLE 11
Execution Time (Measured in Milliseconds) Comparison of
Different DRO-STAP Methods Under Varying CNCM Dimension

MN
DRO-STAP method ‘ MN=4 MN=16 MN =36
SDP form 1033.245 3636.188 27895.615
Closed form 0.021 0.039 0.171
TABLE III

Execution Time (Measured in Milliseconds) Comparison of
Different Methods With MN = 16

Method | DRO FML LWD2 RMT

Runtime ‘ 0.041 0.029 0.051 0.048

different estimators, where the SCNR loss is defined as

82| whs,
SCNR loss = —1 ™ 11 (52)
MN - wHRwW

where W = R™'s,/s’R~'s, denotes the estimated STAP
filter and the average SCNR loss is the mean of SCNR
loss within entire normalized Doppler frequency range. The
following simulation results are attained by averaging 1000
independent Monte Carlo trials.

To begin with, we assess the computational complexity
of DRO-STAP. All simulations are conducted on the same
software (MATLAB R2021b) and hardware configuration:
CPU: Intel Core 17-10700 at 2.90 GHz; RAM: 32 GB.
Table II presents the estimated execution time (measured
in milliseconds) of SDP-form and closed-form DRO-STAP
methods under varying MN, where the SDP-form DRO-
STAP is solved by the general-purpose interior point solver
SDPT3. As given in Table II, the execution time of SDP-
form DRO-STAP significantly exceeds that of closed-form
DRO-STAP, particularly as MN increases. The results vali-
date the aforementioned analysis. Unless otherwise stated,
we evaluate the performance of closed-form DRO-STAP in
the subsequent experiments. Table III compares the runtime
of DRO, FML, LWD2, and RMT when MN = 16. As we
can see from Table II1, the runtime of DRO is comparable to
that of the other three state-of-the-art methods, with FML
exhibiting the shortest execution time. The results indicate
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samples in the ideal case.

that the proposed DRO-STAP is applicable to practical
systems.

Drawing on the exact clutter rank, noise power, and
uncertainty set size p*(s,) [as indicated in (48)], we first
verify the performance upper bound of each algorithm.
Fig. 1(a) and (b) presents the output SCNR loss curves in the
ideal case with L = MN and L = 2MN, respectively. The
black curve shows the optimal performance with known
R. As we can see, in the low sample case (L = MN), DRO
owns better clutter suppression performance compared with
RMT, FML, and LWD?2. When the samples go to sufficient
(L =2MN), except for SCM, the performance of other
estimators is close to Oracle, and RMT performs best at
this time.
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nonideal case. (a) L = MN. (b) L = 2MN.

Fig. 2 depicts the average SCNR loss versus the number
of training samples in the ideal case. Four estimators show
faster convergence performance than SCM, and DRO owns
obvious advantages under small sample support. When the
number of samples increases, the performance of DRO is
second only to RMT. Meanwhile, the performance of LWD2
gradually becomes better than that of FML. However,
LWD?2 has performance loss in finite-dimensional cases,
thus it is slightly worse than DRO and RMT.

Taking into account the gain-phase error and intrinsic
clutter motion (ICM) encountered in practical airborne
radar scenarios, Fig. 3(a) and (b) provides the output SCNR
loss curves in the nonideal case with L = MN and L =
2MN, respectively. Similarly, DRO performs best in the
low sample case. In contrast to Fig. 1(b), when samples are
sufficient, DRO is better than RMT in the nonideal case.
This outcome arises from ICM causing an augmentation
in clutter DoFs, thereby impacting the spiked covariance
model assumption of RMT and leading to performance
degradation.

Fig. 4 shows the average SCNR loss versus the number
of training samples in the nonideal case. It is evident that
nonideal factors cause the deterioration of the output SCNR
by each estimator. As we expected, DRO presents the most
robust performance under nonideal conditions. Based on the
aforementioned analysis, different from Fig. 2, the clutter
suppression performance of RMT is no longer prominent
as the number of samples increases.

To analyze the clutter DoFs on the performance of each
estimator, Fig. 5 presents the average output SCNR loss
versus the carrier velocity v, under different sample sizes.
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From Fig. 5, we can see that as v, increases, the clutter DoFs
increase and the clutter suppression performance decreases.
Regardless of whether the samples are sufficient or not, the
performance advantage and robustness of DRO are satis-
factory. Interestingly, DRO and RMT perform better than
Oracle in some cases, which is reasonable since Oracle is de-
rived under the asymptotical case, and in finite-dimensional
cases, the Frobenius loss metric is not directly relevant to
STAP applications [41]. In Fig. 5(d), we can see that DRO
is converging toward Oracle when L increases, indicating
DRO maybe Oracle consistent. Besides, the performance of
FML is stable with the change of v,,, while the performance
of RMT fluctuates greatly. The performance of LWD?2 is
poor at L = MN, and the performance improves and is
relatively stable at L = 2MN.

To further analyze the spiked covariance model and
large-dimensional assumption on the performance of each
estimator, Fig. 6 plots the average output SCNR loss versus
MN. Considering the performance advantage of DRO with
low sample support. Meanwhile, from Figs. 2, 4, and 5, it is
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worth noting that the performance of LWD2 suddenly dete-
riorates when L = M N [41]. For a fair comparison, these es-
timators are conducted with L = 1.125M N . InFig. 6,as MN
increases, the performance of SCM seriously deteriorates,
while the other four estimators are asymptotic consistent
with the OPT. In finite-dimensional cases, DRO achieves
a better performance than the other estimators. In high-
dimensional cases, RMT achieves the best performance
due to the additional exploit of the information on clutter
DoFs, followed by DRO, and LWD2 gradually surpasses
FML. This is reasonable since the spiked covariance model
assumption strengthens with ¢,/ MN — 0as MN — +o0.
However, as previously analyzed, the performance advan-
tage of RMT and LWD?2 heavily depends on this assumption
and may not necessarily be robust for uncertain clutter envi-
ronments. Certainly, this motivates us to undertake further
efforts in the future to enhance the performance of DRO in
large-dimensional cases.

For practical STAP applications, we take nonideal fac-
tors into account and employ the estimated clutter rank,
noise power [as shown in (51)], and uncertainty set size
p(s;) [as shown in (49)] to construct each estimator with
L = 1.125M N samples. Herein, the estimate of noise power
is related to clutter rank c,. Fig. 7 provides the performance
analysis on practical STAP application of various estima-
tors. In Fig. 7(a), we can see that the proposed DRO-STAP
method still achieves satisfactory clutter suppression perfor-
mance and performs better than the benchmark estimators.
Importantly, in Fig. 7(b), the output performance of RMT,
LWD2, and FML changes dramatically with clutter rank
c,. However, for DRO-STAP, the change of uncertainty set
size p has arelatively little effect on the output performance.
The above simulation results validate the effectiveness and
robustness of the proposed DRO-STAP method.

To evaluate the performance of the proposed DRO-
STAP method under sample mismatch conditions, we ana-
lyze the impact of the non-Gaussian setting on the choice of
p and clutter suppression performance. For a fixed scale pa-
rameter vk, itis well known that the K-distribution gradually
reduces to a Gaussian distribution as the shape parameter
g — +oo [67]. Therefore, we employ the K-distribution
as an example to demonstrate the degree of sample mis-
match. Fig. 8(a) illustrates the impact of the choice of p
on the performance of the proposed method under different
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TABLE IV
Measured Airborne Radar System Parameters

Parameters Values
Platform height 3988 m
Platform velocity 107 m/s

Azimuth angle of main lobe 0°

Elevation angle of main lobe 89.4°
Pulse repetition frequency 250 Hz
Pulsewidth 0.0002 s
Wavelength 0.67 m
Pulse number 16
Element number 16
Number of range cells 7590
62107 05 85
El ) 75
Z3 £
<E N % 70
1 E &
z
0 -0.5 60
0 2000 4000 6000 7590 -0.5 0 0.5

Range cell

(@) (®)

Normalized spatial frequency

Fig.9. Measured airborne radar clutter data. (a) Signal amplitude versus
the range cell at pulse 1 of element 1 after MF. (b) Capon spectrum.

degrees of sample mismatch (i.e., ux =5, 2, 1, 0.8, labeled
DRO-K) when vg = 1. It can be observed that as the degree
of sample mismatch increases (i.e., as pug decreases), p*
gradually shifts leftward. Meanwhile, the influence of the
choice of p on the output performance becomes significant,
leading to a slight reduction in the robustness of DRO-STAP.
Compared to the sample matched scenario (labeled DRO-
Gaussian), the optimal clutter suppression performance of
DRO-STAP decreases under sample mismatch conditions.
To further analyze the impact of sample mismatch on the
clutter suppression performance of DRO-STAP, Fig. 8(b)
shows the curves of optimal average output SCNR loss
versus ug, where g € [0.5, 100]. Itisevident thatas (g in-
creases, the degree of sample mismatch gradually decreases,
and the output performance progressively approaches that
of the sample matched scenario.

B. Measured Data

In this section, we confirm the target detection perfor-
mance and robustness of DRO-STAP by measured clutter
data. The clutter data are collected by a side-looking air-
borne pulsed-Doppler radar, and detailed system parameters
are listed in Table IV.

Fig. 9(a) and (b) presents the signal amplitude versus
the range cell at pulse 1 of element 1 after MF and the
Capon spectrum of the measured clutter data, respectively.
In Fig. 9, we can see that the clutter power distribution
versus the range cell is quite nonuniform, and the clutter
spectrum is folded due to the low pulse repetition frequency,
resulting in increased clutter DoFs.

For convenience, we select subaperture data consist-
ing of M = 6 consecutive pulses and N = 4 consecutive
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elements for subsequent target detection. To improve the
reliability of statistical analysis, the processing window is
from the 200th range cell to the 600th range cell, including
401 range cells. A synthetic target with normalized spatial
frequency O and normalized Doppler frequency —0.3 is
added in the 400th range cell. For each CUT, four samples
symmetrically adjacent to it are regarded as the guard cells.
Meantime, we utilize the covariance similarity metric [68]
to select L near-homogeneous samples from 2.5M N candi-
date range cells.

Employing the sliding window method, Figs. 10-12
present the STAP output range—Doppler spectrum (ampli-
tude) of various methods with L = MN, 2M N, respectively.
From Figs. 10(a) and 11, when L = M N, SCM cannot effec-
tively detect the target due to insufficient training samples.
The proposed DRO-STAP method achieves better target
detection performance, followed by FML. RMT exhibits a
higher false alarm, and LWD?2 shows relatively poor clutter
suppression performance in some range—Doppler regions.
From Figs. 10(b) and 12, when L = 2MN, all methods
can effectively detect the target and reduce false alarms,

WANG ET AL.: DISTRIBUTIONALLY ROBUST OPTIMIZATION FOR STAP WITH FINITE SAMPLES

and LWD?2 exhibits improved clutter suppression perfor-
mance in the specific range—Doppler regions, as shown in
Fig. 11(d). In both cases, the proposed DRO-STAP method
presents satisfied target detection performance, demonstrat-
ing its effectiveness and robustness in practical application.

Considering that the adaptive matched filter (AMF) [1]
owns the constant false alarm rate property, we further use
AMF for a quantitative comparison of various methods
similar to [69], having

» |sHR 1z 53)
AME sHR-1s,

Figs. 13-15 present the normalized AMF output power
versus the range cell of the proposed method and other
estimators with L = MN, 2MN, respectively. If the target
can be detected (which has the largest output power within
the processing window, as indicated by the circle), we assess
the target detection performance by two metrics: the peak
sidelobe level (PSL), defined as the output power difference
between the target-detected range cell and the range cell
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with the second largest output power except the guard range
cell, and the statistical output SCNR, defined as the ratio of
the target output power to the average output power of all
range cells except both the target-detected and guard range
cells.

From Figs. 13(a) and 14, SCM cannot detect the tar-
get since the training samples are insufficient. RMT ex-
hibits comparable PSL performance to LWD2; however,
its output SCNR is approximately 3 dB lower than that
of LWD2. Although LWD?2 has a lower average clutter
output power, the PSL is high, resulting in a large false
alarm. FML outperforms both RMT and LWD?2 in terms
of PSL and output SCNR. In contrast, the proposed DRO
method achieves the best overall performance, with PSL
and output SCNR approximately 4 and 5 dB better than
those of FML, respectively. From Figs. 13(b) and 15, SCM
can detect the target when the samples become sufficient,
but its PSL and output SCNR performance are both worse
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than those of the other four methods. At this point, the PSL
performance of the proposed method improves by 3.76 dB,
while the enhancement in output SCNR is not significant.
The PSL and output SCNR of the other three methods all
improve, with the LWD2 exhibiting the most significant
enhancement. However, its PSL and output SCNR are still
1.29 and 0.49 dB worse than those of the proposed method,
respectively. The above experimental results confirm the
effectiveness and robustness of the proposed DRO-STAP
method.

V. CONCLUSION

In this article, we present a DRO-STAP algorithm to
estimate the inverse CNCM for Gaussian clutter with low
sample support. In this algorithm, the robust estimator
is derived from the DRO-based ML estimation problem
with the Wasserstein metric. We reformulate the resulting
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nonconvex problem into the SDP problem and provide a
closed-form solution for low computational complexity.
The existence and uniqueness of the solution have been
proved theoretically. For practical DRO-STAP applications,
a suboptimal choice of the uncertainty set size is discussed
by leveraging the LO2CV method. The resulting closed-
form estimator utilizes the rotation-equivariant property and
composes a nonlinear shrinkage estimator. It shrinks the
sample eigenvalues in a way that guarantees order preser-
vation without any extra step. Compared with other state-of-
the-art estimators, abundant numerical experiments verify
the effectiveness and robustness of DRO-STAP, especially
for small sample, nonideal, and finite-dimensional cases.

For future work, we consider extending DRO-STAP
to non-Gaussian clutter models and try to enhance its
performance in large-dimensional cases while maintaining
robustness.

APPENDIX A
PROOF OF PROPOSITION 1

To begin with, a useful lemma will be introduced for the
subsequent proof.

LEMMA | (TRACE INEQUALITIES) For A, B € HYV, k, and
kg, respectively, denote their eigenvalue vectors. Then, the
following inequality holds:

) k) < Tr(AB) < (k}) &} (54)
and the equality in (54) holds when A and B commute.

Recall that the inner maximization subproblem (25) can
be rewritten as

AL AL 3
max Tr (YXs + 2e¢ (RSZCMYRSZCM) 2) .
>

In the following, our proof based on the assumption
Rscum > 0, even though Rgoy is singular, the same conclu-
sion still holds since the problem (20) is continuous in Ryoum.
For more details, one can refer to [56].

(55)

1

PR
For briefness, let us define Yy = (R§CMYR§CM)2 and

L1 L1
Xk = Ry Xc Ry, then the problem (55) can be simpli-
fied to

max Tr(YzXg) + 26Tr(Yg). (56)
Yz=0

Reformulating Yz and Xy regarding their eigen-
value decomposition is Yy = Uydiag(lcy)U? and Xz =
Uy diag(ky)UY, where Uy and Uy, respectively, are the
eigenvector matrices of Y and Xg, ky and k3 are the corre-
sponding eigenvalue vectors. Both ky and ky are arranged
in descending order.

Using the fact of trace inequalities in Lemma 1, we find

max Tr(Y,zeXR) + 2eTr(Yg)
Yr>0
. 2\ 1H . H
= g% Tr(Uypdiag(x;)Uy Ug diag(kg Uy + 26 Yg)

(57)

T
< max (IC%/) Ky + 281;,”\[[()7
Kylo
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and the equality in (57) holds when Uy = Uy.

It is clear that (57) is bounded only when k3 < 0 (that
is, X, < 0); otherwise, it is unbounded. Leveraging this
constraint, the optimal solution of Yg can be computed via
the first-order optimality condition

ITr(Y2Xg + 26Yp)
IYx

= X5Y 4 YiXG 4 2elyy = 0.
(58)

Thus, the unique maximizer Y} and the maximum of
(56), respectively, are Yy = —8X;1 and —82Tr(X;1) =
—82Tr(X;1ﬁSCM). Correspondingly, we can get Y* =
SZX;IﬁSCMXEI.

This completes the proof.

APPENDIX B
PROOF OF PROPOSITION 2

Recall that the first-order optimality condition of X
satisfies (38), that is

K3, — Q6+ &)xi+67 =0 Yi<MN.  (59)

If there are no constraints on ky ;, it is easy to attain
two candidate solutions of «x; by the quadratic equation
formula, i.e.,

1
Ky =€ (1 +5 (8*/@ — /(e k) + 4e*x,~>> (60a)
*2 * 1 * 2
Ky = €| L+ 5 | €Ki+ (87 + e (60b)

where ¢* > 0 satisfies equality (40). That is to say, * is a
positive solution of the following algebraic equation:

1 MN 1 MN
(pz— 5;“)”5; (e1)* + dek; — MN = 0.
(61)

Let us define F, . (¢) as the left-hand side of (61).
For any p > 0, since F,  .(0) < 0, F, (4+00) > 0, and
0F, cc(6)/0e > 0, F, c(¢) is monotonically increasing
in ¢ > 0, and &* is the unique positive solution of (61).
Meanwhile, we can calculate the upper and lower bounds
of &* similar to [56], giving

MN (MNKmax +2p? — /MANTZ, + 4MN,02Kmax)

(62)

Thereby, ¢* can be effectively obtained by the bisection
method [65].
As for choosing ky'; or ki, since &* > 0 and

1
&~y =¢ (5 ( (*K;)? + de*k; — S*Ki)) >0

(63)

11433

Authorized licensed use limited to: University of Electronic Science and Tech of China. Downloaded on January 26,2026 at 06:23:36 UTC from IEEE Xplore. Restrictions apply.



/c;‘ ; obeys the constraint X, < 0in (28) while K;z ; does not;
thus, K;i is the unique solution of (59) for now. The issue
then evolves to whether K;l,i satisfies X > 0 in (28).

Letusdefine x; = ¢*k; and F(x) = x — +/x2 + 4x, then
Ky'; can be rewritten as

1
=" (1 + zfxui)) . (64)
If k; = 0, then kg ; = ¢* > 0.
If x; >0, then x; > 0, and the derivative of F,(x)
satisfies

dF(x) x+2
Of) X+ (65)
ox VX2 4 4Ax

Thus, F,(x) is monotonically decreasing in x > 0. Let
y= )lu we find

1 1 / 4
(1 + —]:x(x)) =1+ Iim —x(|1—,/1+-
2 x—>+00 2 X

1 1
£ 1+ lim Ex— lim Ex\/1+4y

X—>+00 y—07T

lim
X—>—+00

.1 >
~1+XETOOEx(2y —2y)
)
-—1
X

where the approximate equality in (66) holds by leveraging
the second-order Taylor expansion of /1 + 4yaty = 0, i.e.,

VI+dy~ 142y -2y

Then, it is natural to attain

=14+ lim

X——+00

— 0"

(66)

(67)

1
lim K;IJ- x ‘liril (1 + EFX(X)> >0 (68)

X—>—+00 X
and

Ky, >0 Vi< MN. (69)

According to (63) and (69), we can see that /c;‘ ; satisfies
all constraints in (28), thereby K)*([i is the unique reasonable
solution of (38).

This completes the proof.
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