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A Novel Method for Beampattern Synthesis With Auto-Determined Minimum
Mainlobe Width

Tianyuan Gu“, Xuejing Zhang", Kejiang Wu", Kangning Li*“, Wei Cui*, and Qing Shen

Abstract—This communication presents a beampattern synthe-
sis method with auto-determined minimum mainlobe width named
reweighted domino norm and spectral factorization (RD-SF). To improve
the computational efficiency, a RD-/; norm is constructed to solve mono-
tonic sparse optimization problems without monotonicity constraints.
In addition, a spectral factorization (SF)-based method without rank
1 constraint is also used to solve the nonconvex constraints of shaped
beampattern. On the basis of RD-SF method, we utilize a two-step spatial
response variation (SRV) scheme to synthesize frequency-invariant (FI)
broadband beampattern. It is regarded as the broadband version of the
RD-SF method, named RD-SF-broadband (RD-SF-B). This scheme avoids
redundant SRV constraints while maintaining an undistorted mainlobe.
Moreover, the approximation error does not need to be set. Simulation
results are shown to verify the effectiveness of our proposed algorithm.

Index Terms—Auto-determined minimum mainlobe width, frequency-
invariant (FI), reweighted domino norm, shaped beampattern, spectral
factorization (SF), two-step spatial response variation (SRV).

I. INTRODUCTION

Antenna array pattern synthesis plays an important role in various
fields, such as radar, navigation, wireless communication, and so
on [1]. For instance, the classical Chebyshev algorithm is proposed
in [2] and the connection between array element and beampattern
was revealed in [3]. These methods can give the closed-form solu-
tions but are limited by some specific array geometries. With the
development of optimization theory, a stream of methods based on
global-optimization emerged [4], [5], [6]. The common disadvantage
of these methods is that they are time-consuming. Since the intro-
duction of convex optimization [7], numerous algorithms leveraging
convex optimization are developed. Assisted by convex programming,
beampattern level was constrained in [8].

To ensure the mainlobe direction in high-speed motion scenarios,
comparing to focused beampattern, shaped beampattern makes a
huge difference in radar and wireless communication because of the
improvement it brings to system capacity and convergence. With the
application of convex optimization theory in the synthesis of shaped
beampattern, the mainlobe ripple level and sidelobe level are usually
needed to be constrained. However, the lower bound constraint of the
mainlobe ripple level is nonconvex. To transform the lower bound
constraint into a convex one, the semidefinite relaxation (SDR) [9] is
utilized in [10], where the response of the beampattern is relaxed
by constructing a symmetric positive semidefinite matrix of rank
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one. Moreover, shaped beampattern synthesis can be constructed as a
convex optimization model through linear programming method [11]
and sequential convex optimization [12].

With the increasing need for signal bandwidth in radar and com-
munication systems, the research on broadband array [13], especially
the study of frequency-invariant (FI) beampattern which may avoid
mainlobe distortion when the array receives broadband signals, has
attracted widespread attention [14], [15]. There have been some
methods for synthesizing FI beampattern [16], [17]. These methods
have limitations in controlling sidelobe levels and dependence on the
reference pattern. With the help of convex optimization, the spatial
response variation (SRV) method was proposed in [18].

Mainlobe width is a necessary parameter in beampattern design.
It has a trade-off relationship with mainlobe and sidelobe level [19].
The beampattern design problem can also be regarded as a magnitude
filter design problem [20]. When designing beampattern synthesis,
it is usually necessary to set the angular region of mainlobe and
sidelobe to apply different constraints. The width of these angular
regions are usually set relied on experience. Moreover, for diverse
shaped beampatterns, the width of mainlobe is even more difficult to
calculate. Improper setting of mainlobe width can result in unsolv-
able or unsatisfactory beampattern performance. Therefore, based
on relaxation optimization, there have already emerged some beam-
pattern synthesis methods with auto-determined minimum mainlobe
width [21], [22], [23], [24], [25], [26], [27] recently. Building upon
existing relaxation-variable techniques and inspired by finite impulse
response filter design principles in [28], this communication proposes
the reweighted domino-norm and spectral factorization (RD-SF)
method for beampattern synthesis with minimum auto-determined
mainlobe width. The spectral factorization (SF) approach transforms
the nonconvex lower bound constraint on mainlobe ripple level into
a convex formulation, enabling reference-free shaped beampattern
synthesis.

Without the rank-one constraint, the SF method can achieve higher
computational efficiency than comparable algorithms (e.g., SDR).
Moreover, Huan et al. [25] proposed the domino-/, norm to avoid
monotonicity constraints when synthesizing a 3-D beampattern. By
transforming the domino-/, norm to a 2-D version, we construct
the RD-/; norm to achieve sparse optimization. In the broadband
FI case, methods based on SRV constraints [18], [23], [27] rely
on an empirically determined angular region that encompasses the
mainlobes to approximate at different frequencies.

Typically, the angular region corresponds to the initial relax-
ation region. However, overly broad relaxation regions necessitate
excessive SRV constraints. Critically, while the two-step method
[26] precisely defines mainlobe boundaries, it omits mainlobe level
constraints which can ensures mainlobe undistorted. To leverage
the complementary strengths of both approaches, we implement
a two-step SRV scheme: first, the RD-SF method determines the
minimum achievable mainlobe width. Subsequently, SRV constraints
are applied to mainlobe regions across other frequencies, leading
to the RD-SF-Broadband (RD-SF-B) method. This hybrid approach
enables stable and efficient synthesis of FI broadband beampatterns.
Notably, the second-step objective function is the approximation
error of cross-frequency mainlobe level which enable it to generate
nonempirically. Highlights are summarized as follows.
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Fig. 1. Illustration for the shaped beam.

1) Narrowband beampattern synthesis (RD-SF):
a) Using SF method to transform nonconvex lower bound
constraint avoids rank one constraint.
b) RD-/; norm enhances the sparsity of [, norm without
complex monotonicity constraints.
2) Broadband FI beampattern synthesis (RD-SF-B):
a) Two-step SRV scheme prevents mainlobe distortion and
redundant SRV constraints simultaneously.
b) Minimum mainlobe approximation error can be obtained
automatically.

IT. PRELIMINARIES
In this section, we will show the basic optimization model of
beampattern synthesis. For a uniform linear array (ULA) with N
elements, the steering vector is given as

ej(N—l)rb]T (1)

where @ = 2ndsin(0)/A, d is the element spacing and A is the signal
wavelength. The beampattern of this antenna array can be expressed
as

ad) =17, ..,

F(6) =w"a(0) 2
where
W = [wo, Wiy ..., wy_1]T 3)
is weight vector. Then, the shaped beampattern synthesis is given
find w (4a)
st. 1) < wha@)P <u@®), 0eQ, (4b)
wla(@P <p@©, 6eQ, (4c)

As proven in [29], [wHa(0)* > I(6) in (4b) is nonconvex.

To highlight the advantages of SF algorithm, we take the shaped
beampattern as the example. If a focused beampattern needs to be
synthesized, just replace constraint (4b) with

wla () = 1. @)

As shown in Fig. 1, Q,, stands for the angular region of the shaped
mainlobe, and Q; denotes the angular region of the sidelobe. p(6)
is the upper bound of the region €, while u(6) and /(6) are the
upper and lower bound of the €, region, respectively. However,
there are two transition regions Q,;, Q,, whose width are usually
set by experience. It is our target to synthesize beampattern with ,
automatically, ignoring the effect of Q,; and Q,,.

III. PROPOSED ALGORITHM

In this section, we will provide a detailed introduction to our
proposed RD-SF and RD-SF-B method, including the beampattern
synthesis method based on SF, the minimum mainlobe synthesis
method based on relaxation optimization, and the FI broadband
beampattern synthesis method based on two-step SRV strategy. As
the focused beampattern represents a special case of the shaped
beampattern, we focus on the shaped beampattern optimization model
in the subsequent analysis.
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A. Beampattern Constraints via SF

The constraint in (4b) is inherently nonconvex. In order to solve
this problem, a new vector with length of 2N — 1 is introduced

b (0) = [e‘-“N‘”‘D, e e ,ej(N‘l)‘I’]T. (6)
Then, the following relationship is obtained, that is,
IF @) = [w"a@®)][w'a@®] =ryb(®) @)
where
r,=[r(-N+1),...,r0), ..., (N=D]" )
with

N-|n|-1

&
z WiWiip»
i=0

Here, r,,(n) denotes the autocorrelation function of w, and holds the
following properties:

n=-N+1,...,0,...,.N-1. (9)

ry (n) =

(10)
(1)

So, the rTb(6) in (7) can be further expanded into a polynomial

ry (=n) =1}, (n)
rw (0) > 0.

N-1

Z r (n) e,

n=-N+1

r'b () =T (/) = (12)
Then, construct a new polynomial P(e/®) by multiplying ¢/¥~® and
T(e/®), given by

N-1

Z e (n) N1

n=-N+1

P (e%) = V0T (o1?) = (13)

Denote o as a zero of P(e/®), that is, P(c) = 0. Property (10)
directly implies T(e™/®) = T*(e/®). Then, we have

Ple) = T (o) = T @) =0, (14)

1

In other words, o' is also a zero point of P(e/*). Denote

01,02,...,0n.1 as the N — 1 roots of P(e/®) which are
inside the unit circle. The roots exhibit conjugate symmetry:
1/07,1/0%,...,1/oy_,. Then we can factorize P(e/®) into

N-1
e’q’ /Jl—[ 0' el 1) (15)

i=

where u is a positive constant, and T'(e/®) can be factorized into

N-1
T (&) = e /N VP (/) = ;11_[ (1-ce®) (o7’ -1). (16)
i=1
Finally, we define the spectral factor as
N-1
S () = va] [(1-cue ). (17)
n=1
However, we have a relationship as following:
b (@) = T () = S (/%) § () (18)

where S (e/®) = wy 4+ w1 e/® + wre2® + - 4 wy_1e/N D stands for
the beampattern function.

Hence, we are able to construct the weight vector w which consists
of the coefficients of S(e/?). More detailed principles of SF can be
found in [26]. Therefore, with the properties in (10) and (11), the
constraints (4b) and (4c) can be rewritten

1O <rTb(®) <u@®)),
r'b@) <p®, 6eQ,.

feQ, (19a)

(19b)
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It is worth mentioning that the constraint (19a) is a convex constraint
applied in FIR filter design [28] which can also be used to synthesize
shaped beampatterns. To recover the weight vector w, we can first
construct the polynomial in (12) with the obtained r,,. Then, find
the roots of the polynomial T'(e/*) within the unit circle. Finally,
construct the polynomial S (e/®) in (17) and take the coefficients of
each term as the weight vector w.

B. Sparse Optimization for Relaxation Variables

It is known that many existing algorithms rely on experience to
set the width of the transition region. The difference of our proposed
algorithm is that we minimize the width of the initial relaxation region
by iteratively optimizing the relaxation variables in it. After iterations,
the relaxation region we get is the narrowest transition region.

To begin with, we introduce relaxation variables onto Q,;,€Q,,
shown in Fig. 1. Different from the strict constraints in (4c), the
constraint in the relaxation region is written as

rb©) <p©®)+y©),

where y(6) > 0.

To generate a smooth transition band, the monotonicity of y(6)
also needs to be considered. According to the shape of a beampattern
(e.g., Fig. 1), y(6) should be monotonically nondecreasing in €, ; and
monotonically nonincreasing in Q, .

First, we might as well discretize the angle in Q,; and Q,,

0e Qr,l U Qr,Z (20)

Qr,l = {91’1, 91’2, ey 01,R}

21
Q2 = {0og. Orpots-. .. 001} @h

where R, and R, denote the endpoint of Q,; and Q,, separately.
Denote the relaxation variable as

T=[y(011)s 7 (612) 7 (628) -,y (621)]"-

Satisfying monotonicity implies that as the number of zero-value
relaxation variables increases, the dashed line (initial relaxation
region) in Fig. 1 approaches the solid line (desired transition band).
Hence, we are able to transform the transition bandwidth minimiza-
tion problem into a sparse optimization problem of I'

(22)

(23)

min ||l
T

where ||-||p is the [y norm operation.

In order to avoid numerous monotonic constraints, inspiring by the
domino norm proposed in [25], we modify a 2-D version. To satisfy
the knocking down order of domino norm, we should arrange the
elements of relaxation variable from outside to inside in pairs like

T

U= {y(6u) .y (020)}- - 1y (612) 7 (620) }

Y1 YR

(24)

Then, calculate the maximum value of each pair of elements in I’

(25)

Subsequently, construct the so-called domino vector G(I')

gr)

3 gy +g0n)

G()= (26)

| :
E(g(71)+g(72)+-~-+g(71e))

Since the different optimization priorities corresponding to ele-
ments in G(I'), the sparse optimization problems with monotonicity
can be denoted as

min |G () l. (27

10903

Algorithm 1 Proposed RD-SF Algorithm
1: Imput: u(6),1(6), p(0), N, €, Q,,.

2. Inmitialize: Q,,Q,,y® =[1,1,...,1]".

3: Construct g (y1), g V(y2),..., 8" V(yp).

4: while no convergence do

5 AD = [a/(li),a(zi), .. ,a/g)]T with a/(,i) =
(L) + g+ + g+ €)

6: Solve problem (29) and obtain desired r,,.

7. end while

8: Recover w through the SF method.

9: Output: F(0) = wHa(6).

Given that the /; norm minimization is nonconvex and hard to
solve, a common alternative is the minimization of /; norm
min |G D) (28)

where ||-||; denotes the /; norm operation.

To further enhance the sparsity of I', we use the reweighted /
minimization in [30] which can bring the weighted /; criterion as
close as possible to the /y criterion. Moreover, the larger coefficients
are penalized more heavily than smaller coefficients for /; norm.
Then, we have the algorithm model by combining constraints in (10),
(11), (19), and (20) as

R
min A0 G () (29a)
v r=1
st. 1@ <r'b@) <u@, 6cQ, (29b)
r'b@) <p@, 0ecQ (29¢)
b)) <p@+y®)., 0€Q,,UQ, (29d)
r'b(6) >0 (29e)
rn(-n)y=ri(m), n=1,....N—-1 (291)
1y (0) >0 (29g)
y(©) =0 (29h)
with A = [, a),...,aPT", and o = 1/ (y) +

gV (y2)+- - -+g"D(y,))+€)7!, where € denotes a positive parameter
and i stands for the ith iteration. © denotes the Hadamard product.
Compared to the iterative optimization process, the complexity of
recovering w can be ignored. Using the specific interior-point method,
namely the primal-dual path-following method [31] (i.e., the SDPT3
CVX solver), the worst-case complexity of proposed RD-SF method
in a single iteration is O(max{P,2N — 1}>’N"/2log(1/n)). P is the
number of constraints and n > 0 denotes the solution accuracy.
Algorithm flow of RD-SF is summarized in Algorithm 1.

C. Broadband Beampattern Synthesis via Two-Step SRV

For broadband beampattern synthesis, steering vectors a(f;, 6) are
different at different frequency bins

P . . P _ . . T
a (ﬁ(’ 9) — [1, e_/ankdsm(H)/r, o e_/ank(N l)dsm((-?)/z,]

(30)
with k = 1,2,..., K. Naturally, vector in (6) is also be rewritten

€1y

b (fi,0) = [e—j27rfk(N—l)dsiu(H)/c 1 ej27rfk(N—1)dsin(6)/c]T'

Thus, our purpose is to obtain r,(f;) and w(f;).

According to the SRV-class methods [18], [23] and the two-step
method [26], we utilize a two-step SRV strategy to synthesize FI
broadband beampattern. By combining the synthesis strategy of two-
step method and the constraints of SRV, our proposed RD-SF-B
method can avoid the mainlobe distortion that may occur in the two-
step method, while reducing redundant SRV constraints.
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Algorithm 2 Proposed RD-SF-B Algorithm
1: Set working frequency band [f;, fy] and divide it into

fok=1,2,...,K.
Select fy = f1 as the reference frequency.
Do Algorithm 1 and obtain the beampattern at reference
frequency fy.
Obtain F(f07 9)» Qmina Qside'
Input: u(6), {(6), p(0), Qs Qunins Qside-
for k=1—- K do

Solve problem (32) and obtain desired r,,(f;).

Get w(f;) through the SF method.
end for
10: Output: F(f;,0) = wi(f)a(f, 0).

D A

Fig. 2. Illustration for the broadband FI beam.

Within our concerned frequency bins [f;, fy], it is known that the
higher the frequency, the narrower the mainlobe. Naturally, let the
lowest frequency f; be the reference one f;, broadening mainlobe of
other frequencies can lead to a constant beamwidth. After the first
step of solving (29) at fy, we obtain the r,(fy) and the minimum
mainlobe angular region Q,,;, and the rest of angles are sidelobe
region (4., both regions are shown in Fig. 2. The second step is to
apply SRV constraints on the mainlobes at other frequencies. With
this scheme, the optimization model of the second step is

min 7 (32a)

rw(fi)

st 1@ <1l (f)ob(fi,0) <u(@, 6eQ, (32b)
L (fOb(fi) <p(6), 6 € Qe (32¢)
IET(fob (fio6) =L ()b (/0.0 <70 6€Qun  (32d)
r. (fo b (fi.6) > 0 (32e)
re (fo,—n) =715 (fi,n), n=1,...,N—-1 (32f)
7 (fis 0) 2 0 (32g)

where 7 is the error of the SRV constraints on mainlobe. And it is
worth mentioning that the SRV-class methods need rely on experience
to set the error. However, due to its two-step synthesis scheme, RD-
SF-B method can automatically obtain this error as the objective
function for optimizing the second-step. Meanwhile, this scheme can
also ensure the consistency of the mainlobe as much as possible.
Algorithm flow of RD-SF-B is given in Algorithm 2.

IV. SIMULATIONS

In this section, we will demonstrate the performance of our
proposed method. Taking a ULA with N = 20 elements with spacing
of d = 1/2 into consideration, simulation results are given to show
the feasibility of RD-SF and RD-SF-B algorithms.

A. Focused Beampattern With Different Iterations

For clearly demonstrating the convergence process of the proposed
algorithm, in this section, we use our proposed algorithm to syn-
thesize a focused beampattern with mainlobe pointing at 20° and
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Fig. 3. Focused beampattern. (a) Beampatterns at the first iteration. (b) Second
iteration. (c) Third iteration. (d) Beampatterns by different methods.
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Fig. 4. Flat-top beampattern. (a) Flat-top beampattern using different methods.
(b) Flat-top beampattern with different ripple level. (c) Shaped beampattern
with nonuniform mainlobe and sidelobe level.

sidelobe upper level of —30 dB. The initial relaxation region is set
as [0°,40°]. Beampatterns at different iterations are shown in Fig. 3.

As the number of iterations increases, the synthesized pattern
gradually approaches the ideal pattern and stabilizes after the third
iteration, highlighting the convergence performance of our proposed
algorithm. In addition, we also compare with Chebyshev method,
Taylor method, and A?RC [32] method whose simulation results are
given in Fig. 3(d). In this situation, performance of these methods
are almost identical. This also proves that the proposed method can
successfully achieve the synthesis of the minimum mainlobe width.

B. Shaped Beampattern Synthesis

In this section, we simulate the shaped beampatterns separately
under uniform and nonuniform mainlobe and sidelobe levels. As a
comparison, we simulated the SDR method [10] under two different
widths of relaxation intervals, and also simulated the proposed
algorithm under a wider relaxation region.

1) Flat-Top Beampattern With Uniform Sidelobe Level: The
flat-top width is set as 60° ([-30°,30°]) with ripple level of 0.1 dB.
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TABLE 1
MAINLOBE WIDTH AND RUNNING TIME FOR DIFFERENT METHODS

Uni.Shape Non-Uni.Shape
Methods Width Time Width Time
SDR (width:10°) 79.56° | 159.96s | 59.48° | 210.95s
SDR (width:20°) 94.96° | 110.92s | 74.93° | 135.72s
RD-SF 78.36° 63.23 s 56.66° 68.70 s
TABLE II

MAINLOBE WIDTH AND RUNNING TIME FOR
DIFFERENT METHODS

Methods Width Time
Two-Step Method 13.72° 516.86 s
loo-SRV Method 13.66° | 1616.47 s
RD-SF-B Method 13.72° 514.38 s

For comparison, SDR method with transition region widths of 10°
and 20° are considered. Simulation results are shown in Fig. 4(a), and
mainlobe width and running time are given in Table I (Uni.Shape).

It is easily to find that under this simulation condition, the
transition region width of 10° is more suitable for the SDR method
than 20°. This further indicates the SDR method requires proper
setting of the mainlobe width to obtain the ideal pattern. Setting the
mainlobe width too wide can result in a synthesized beampattern that
does not meet the requirements. On the contrary, the RD-SF method
can still converge to the minimum mainlobe width and obtain an ideal
pattern even when the initial width is set too wide. Additionally, our
proposed algorithm also has significant advantage in running time.

Based on our proposed algorithm, with the same initial setting in
Fig. 4(a), the simulation results at different mainlobe ripple levels
is shown in Fig. 4(b). It can be seen that as the mainlobe ripple
level decreases, the mainlobe width of the synthesized patterns in
our proposed algorithm gradually increases, which conforms to the
trade-off relationship of mainlobe width and ripple level.

2) Shaped Beampattern With Nonuniform Mainlobe and
Sidelobe Level: To demonstrate the universality of our proposed
algorithm, this simulation gradually decreases the mainlobe level in
[—10°,30°] (width of 40°), and adds a —40 dB sidelobe notch between
[-70°,-50°]. Simulation results are shown in Fig. 4(c), and the
mainlobe width and running time are given in Table I (Nonuni.Shape).

Results confirm that the mainlobe and sidelobe synthesized by
both the SDR and proposed methods meet the specified requirements.
Similarly, for the SDR method, it is still necessary to set an appropri-
ate mainlobe width. For our proposed method, beampattern with the
narrowest mainlobe width under relatively complex conditions can be
synthesized automatically, and its running time is still much faster.

C. Broadband Beampattern Synthesis

In this section, we concentrate on synthesizing FI broadband
beampattern. Since the two-step SRV scheme of RD-SF-B method
combines the advantages of two-step method and SRV-class methods,
these two methods will be used as comparisons.

1) Focused Broadband Beampattern Comparison: Here, we
will separately simulate the /,-SRV method [23], the two-step method
[26], and our proposed method in the case of synthesizing focused FI
broadband beampattern. Frequency band is set to [f; = 1.4 GHz, fi, =
2.4 GHz] and is discretized to 21 uniform frequency bins. With
mainlobe at 0° and upper sidelobe level at —25 dB, we set the
reference frequency as fy = f; and initial mainlobe width is set as
[-20°,20°]. Simulation results obtained by these three methods are
shown in Fig. 5, and mainlobe width and running time are also given
in Table II.

All three methods synthesize broadband beampatterns with
nearly consistent mainlobe widths (~13.7°). However, the two-
step method exhibits mainlobe distortion with increasing bandwidth,
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Fig. 6. Shaped FI broadband beampattern. (a) Beampatterns with nonuniform
sidelobe at discrete frequencies of RD-SF-B. (b) 3-D FI beampattern with
nonuniform sidelobe of RD-SF-B. (c) Beampatterns with flat-top at discrete
frequencies of RD-SF-B. (d) 3-D FI beampattern with flat-top of RD-SF-B.

as demonstrated in Fig. 5(a). The [-SRV method suffers from
either empirically set or relaxation-region-matched SRV constraints;
excessively broad constraint ranges incur significant computational
overhead (Table II). Our RD-SF-B method synthesizes the advantages
of both approaches while circumventing these limitations, achieving
desired beampattern with enhanced stability and efficiency.
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2) Shaped Broadband Beampattern: To further demonstrate
the effectiveness of RD-SF-B method in synthesizing shaped pattern,
we steer the mainlobe to 10° and add two notches with upper limit
level of =30 dB. One is at frequency range of [2.4,2.8 GHz],
the other is at frequency range of [2.2,3.0 GHz]. In addition, we
also consider the flat-top FI beam, setting 0.1 dB ripple level at
[-10°,10°], =20 dB upper sidelobe level, and initial mainlobe region
as [—30°,30°]. Simulation results of these two conditions are both
shown in Fig. 6.

FI broadband beampatterns were synthesized in 211.50 and
124.46 s for two different conditions, respectively. These results
demonstrate our method’s capability to precisely control beampat-
terns within specified angular and frequency ranges.

V. CONCLUSION

This communication presents the RD-SF algorithm for beam-
pattern synthesis with auto-determined minimum mainlobe width
and its broadband extension RD-SF-B for FI broadband patterns.
The auto-determination capability eliminates potential disadvantages
caused by manual mainlobe specification. The RD-SF method effi-
ciently solves nonconvex optimization problems while significantly
improving computational efficiency. Furthermore, RD-SF-B prevents
mainlobe distortion by eliminating redundant constraints without
requiring empirical error settings. Current implementations focus
on ULA due to SF requirements, with extension to arbitrary array
geometries constituting ongoing research.
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