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Minimizing Excitation Quantization Bits in Pattern
Synthesis via Mixed-Integer Programming

Xuejing Zhang , Xue Shi , Cheng Liu , and Xuepan Zhang

Abstract—This article addresses the problem of minimizing
excitation quantization bits in pattern synthesis to reduce costs
while meeting performance requirements on the beampattern.
To achieve this task, we propose a framework leveraging
mixed-integer programming (MIP), which models problems by
introducing both continuous and discrete variables. The proposed
method is applicable to various pattern synthesis scenarios
and general array geometries, with the capability to minimize
the quantization bits for both excitation phase and excitation
amplitude. In addition, the method supports joint optimization,
allowing for optimal beampattern performance while minimizing
quantization bits. The optimality of the proposed MIP model
is theoretically guaranteed, and it can be efficiently solved
using off-the-shelf solvers. Our approach differs from existing
methods that predetermine quantization bits, as it obtains the
minimal excitation quantization bits under the given beampattern
specifications. Extensive simulations are presented to demonstrate
the effectiveness and superiority of the proposed method.

Index Terms—Array pattern synthesis, excitation quantization,
mixed-integer programming (MIP), phased array, quantization
sidelobe.

I. INTRODUCTION

PATTERN synthesis, as one of the fundamental problems
in array signal processing, plays a pivotal role particularly

in radar and wireless communication. It involves the deliberate
design of specific radiation patterns to optimize performance
criteria like directivity, resolution, and interference mitigation
[1], [2], [3]. In radar applications, pattern synthesis enables the
precise control of beam shapes for enhanced target detection
and tracking capabilities. In wireless communication, a well-
designed beampattern facilitates efficient spectrum utilization
and minimizes interference among users.

Due to its significant applications, pattern synthesis has
attracted considerable research interest, leading to the devel-
opment of numerous techniques over the past few decades [4],
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[5], [6], [7]. For example, several classical algorithms [8], [9],
[10] can offer closed-form expressions for specific radiation
patterns. However, their applicability is limited to certain array
geometries, such as uniform linear arrays (ULAs). To achieve
pattern synthesis for general arrays, evolutionary algorithms
were proposed to seek optimal excitations through stochastic
approaches [11], [12], [13]. However, these methods are gener-
ally time-consuming, which limits their practical applications.

With the development of convex optimization theory [14],
it has been successfully applied to pattern synthesis in recent
years [15], [16], [17], [18], [19]. For instance, Lebret and
Boyd [20] have illustrated how convex programming (CP)
can be employed to design optimal patterns for arbitrary
antenna arrays. Fuchs and Rondineau [21] presented simple
and efficient procedures for synthesizing array patterns while
controlling the excitations, by utilizing CP and norm mini-
mization. Wang et al. [22] addressed magnitude control and
robust design in array pattern synthesis and formulated the
synthesis task as semidefinite programming problems. Fuchs
[23] presented a general procedure for efficiently solving
nonconvex array synthesis problems based on the semidefinite
relaxation (SDR) technique [24]. Different from convex opti-
mization methods, another type of pattern synthesis algorithm
designs beampatterns with the aid of adaptive array theory
[25]. Although having the ability to precisely control the array
response as presented in [26], [27], and [28], they exhibit
limited flexibility in controlling mainlobe width and mainlobe
level. In addition to the aforementioned methods, there are also
several works that achieve pattern synthesis using different
approaches, such as utilizing the beam superposition [29],
Fourier–Bessel series expansion [30], and spectral factoriza-
tion (SF) [31].

It is worth noting that the aforementioned pattern synthesis
algorithms do not consider the quantization effects on excita-
tion phase and amplitude. In practice, phased array systems
often employ digital phase shifters and digital attenuators
to control the excitation phase and excitation amplitude,
respectively. Since the digital devices have finite resolution, it
results in quantization on the excitations and deteriorates the
overall performance on the radiation pattern [32], [33], [34].
To achieve pattern synthesis under the constraint of excitation
phase quantization, Ismail and Hamici [35] proposed a quan-
tized particle swarm optimization (PSO) algorithm. It searches
for the optimal phase solutions within quantized values to
minimize the sidelobe level while preserving the main beam.
A binary differential evolution algorithm is introduced in
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[36] to design a low-sidelobe beampattern with quantized
excitation phase. Considering phase quantization or amplitude
quantization, Keizer [37] proposed a low-sidelobe pattern syn-
thesis algorithm based on quantized iterative Fourier transform
(QIFT). Although the sidelobe level can be improved, this
method is only applicable to arrays with specific geometries.
Apart from the aforementioned work, there are also studies
that discuss phase round-off methods to reduce beam pointing
errors caused by quantized phases, as detailed in [38], [39],
and [40].

It should be pointed out that the above pattern synthesis
algorithms with quantized excitations require a predetermined
number of excitation quantization bits, which then guides the
design of the radiation pattern for the given quantization level.
In practice, increasing the number of quantization bits leads
to higher costs and increased complexity in the hardware
system. Therefore, a balance needs to be achieved between
performance and practicality. Provided that the performance
of the radiation pattern (e.g., sidelobe level and accuracy
of mainlobe axis) can be satisfied, it is usually desirable
to minimize the number of quantization bits as much as
possible. To our knowledge, the problem of minimizing the
number of excitation quantization bits in pattern synthesis
has received limited attention. Thompson et al. [41] proposed
a quantized phase bit allocation algorithm, which employs
simulated annealing (SA) to minimize the phase quantization
bits. However, only phase quantization is considered in [41],
while the excitation amplitude must be preassigned. Moreover,
the employed SA algorithm may suffer from drawbacks such
as slow convergence and sensitivity to parameters. The report
in [42] presented design rules for determining the number of
quantization bits required for excitation phase and amplitude.
Nevertheless, the conclusions drawn from [42] are only appli-
cable to the Taylor taper.

In this article, we discuss how to minimize the number of
excitation quantization bits in pattern synthesis, in order to
reduce the cost while meeting the performance requirements
on the beampattern. We found that the problem of minimizing
quantization bits can be effectively modeled via mixed-integer
programming (MIP) [43], [44], [45]. The MIP problem typ-
ically includes both continuous and discrete variables, and it
can be efficiently solved using general-purpose off-the-shelf
solvers, such as GUROBI [46] and CPLEX [47]. In this
article, we study the problem of minimizing quantization bits
in different pattern synthesis scenarios. Apart from purely
minimizing the quantization bits, the proposed scheme can
also be extended to joint optimization scenarios, aiming to
achieve optimal beampattern performance while minimizing
the quantization bits. The main contributions of this article
can be summarized as follows.

1) We propose a framework to achieve the minimization of
excitation quantization bits in pattern synthesis, utilizing
MIP. Our work is applicable to different scenarios of
pattern synthesis and is suitable for general array geome-
tries (e.g., linear arrays, planar arrays, and conformal
arrays), with the capability to minimize the quantization
bits for both excitation phase and excitation amplitude.

2) Different from existing methods that often predetermine
the excitation quantization bits, the proposed method can
obtain the minimal excitation quantization bits under
the given beampattern specifications. Furthermore, the
proposed method can be extended to joint optimization
scenarios, enabling the achievement of optimal beam-
pattern performance while minimizing the excitation
quantization bits.

3) The optimality of the proposed MIP model is theo-
retically guaranteed, and it can be efficiently solved
using off-the-shelf solvers. We conduct performance
evaluations of the proposed method in different scenarios
through simulations. The results confirm the effective-
ness and superiority of the proposed method.

The rest of the article is organized as follows. In Section II,
we introduce some preliminaries on excitation quantization
in pattern synthesis. In Section III, we present the proposed
method by using the minimization of phase quantization bits
as an example. Extensions to other scenarios and further
explorations are presented in Section IV. Simulation results
are shown in Section V and conclusion is drawn in Section VI.

A. Notations

We use bold upper case and lower case letters to represent
matrices and vectors, respectively. In particular, we use 1 and 0
to represent an all-one vector and all-zero vector, respectively,
where the vector dimension is specified by the subscript or
inferred from the context. (·)T denotes the transpose operation,
|·| calculates absolute value and ∠(·) returns the argument of the
input. The real part of a complex number is denoted by <(·).
We use R, C, Z+, and {0, 1} to denote the set of real numbers,
the set of complex numbers, the set of positive integers, and
the set of binary elements (where each element can only take
either 0 or 1), respectively. ⊗ denotes the Kronecker product.
Ψ1 $ Ψ2 indicates that Ψ1 is a proper subset of Ψ2. We use
the notation � to represent elementwise comparison between
matrices. For example, A � B implies that each element of
A is not greater than the corresponding element of B in the
same position.

II. PRELIMINARIES

We first introduce some preliminaries on pattern synthesis
and excitation quantization. Take a 1-D linear array as an
example, although our method can be readily generalized to
arbitrary array geometries (e.g., planar and conformal arrays).
Let the number of array elements be N. Under the assumption
of far field and narrowband, the array radiation pattern can be
expressed as

f (θ) =
ˇ̌
wT a (θ)

ˇ̌
(1)

where w = [w1, . . . ,wN]T represents the complex excitation
vector, a(θ) is the steering vector for the spatial angle θ and
is defined as

a (θ) =
�
g1 (θ) e− jωτ1(θ), . . ., gN (θ) e− jωτN (θ)�T

(2)

where gn(θ) represents the element pattern of the nth antenna,
ω is the operating frequency, and τn(θ) is the time delay
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between the nth antenna element and the reference one,
n = 1, . . . ,N. For a given antenna array, the purpose of pattern
synthesis is to design the excitation vector w to meet specific
requirements, such as achieving desired directivity, reducing
peak sidelobe level (PSL), or synthesizing the beam with a
specific shape.

For practical phased arrays, the excitation phase (i.e., ∠wn,
n = 1, . . . ,N) is typically controlled by the digital phase
shifter. Considering the finite resolution of the digital phase
shifter, for Q-bit quantization, the excitation phase is required
to take values from the following finite set:

ΨQ ,
˚
0, δQ, 2δQ, . . . ,

�
2Q − 1

�
δQ
	

(3)

where δQ = 2π/2Q represents the phase resolution correspond-
ing to the Q-bit phase quantization.

The excitation amplitude (i.e., |wn|, n = 1, . . . ,N) of an
antenna array is typically controlled by digital attenuators. For
U-bit quantization, the excitation amplitude is required to take
values from the following finite set [42]:

ΥU ,
n
α(U)

1 , α(U)
2 , . . . , α(U)

2U

o
(4)

where α(U)
2U (in decibels) represents the given dynamic range

of the digital attenuator and the elements of ΥU are calculated
as follows:

α(U)
i =

(i − 1) · α(U)
2U

2U − 1
, i = 1, . . . , 2U . (5)

It should be noted that the elements of ΥU are all described
in decibels. For example, assuming the dynamic range is
35 dB, for a 3-bit amplitude quantization, we have Υ3 =

{0, 5, 10, 15, 20, 25, 30, 35}, where the unit is in decibels.

III. MINIMIZING PHASE QUANTIZATION BITS VIA MIP

In this section, we investigate the minimization of phase
quantization bits in pattern synthesis. We formulate the
problem using MIP and discuss dimensionality reduction tech-
niques for accelerated solving.

A. Minimizing Phase Quantization Bits for Single
Focused-Beam Synthesis

For simplicity, we consider focused-beam synthesis with a
single beam. The problem of pattern synthesis under Q-bit
excitation phase quantization can be formulated as follows:

find w (6a)

s.t. <
�
wT a

�
θ̄0
��

= 1 (6b)ˇ̌
wT a (θ)

ˇ̌
≤ ρ (θ) , θ ∈ Θ (6c)

∠wn ∈ ΨQ, n = 1, . . . ,N (6d)

where θ̄0 is the mainlobe axis, Θ represents the sidelobe region,
and ρ(θ) sets an upper bound for the sidelobe level. In problem
(6), the constraint (6d) indicates that the excitation phase must
be selected from a given set ΨQ, as defined in (3). It is
precisely due to the discrete constraint on the excitation that
we have taken the real part of the mainlobe beam response, as
shown in constraint (6b), to prevent the problem from being
infeasible.

Fig. 1. Illustration of cM and c̄M when M = 3.

Considering that lower quantization bits can reduce system
costs, our focus is on minimizing the phase quantization bit
Q, given the parameters θ̄0, Θ, and ρ(θ). This corresponds to
the following problem:

min
w,Q

Q (7a)

s.t. <
�
wT a

�
θ̄0
��

= 1 (7b)ˇ̌
wT a (θ)

ˇ̌
≤ ρ (θ) , θ ∈ Θ (7c)

∠wn ∈ ΨQ, n = 1, . . . ,N (7d)
Q ∈ Z+. (7e)

Unlike problem (6) where we have preassigned the quantiza-
tion bit, in the above problem (7), the quantization bit Q is an
optimization variable. This increases the difficulty of problem
(7), because the candidate set of excitation phase is discrete
and undetermined. It should also be noted that the excitation
amplitude can take continuous values. Therefore, problem (7)
involves both continuous and discrete variables.

Before addressing problem (7), we first notice that the
set of a higher bit quantization includes all sets of lower
bit quantization. Specifically, assuming M1 and M2 are two
quantization bit levels, and M1 < M2, then the phase candidate
set ΨM1 must be a proper subset of the set ΨM2 , i.e.,

ΨM1 $ ΨM2 . (8)

In other words, a lower bit quantization phase candidate set
can be formed by selecting some elements from a higher bit
one.

To facilitate the description of the set relationship in (8) and
to model the problem of minimizing phase quantization bits
described in (7), we consider a general phase quantization bit
M. We can then define the following 2M-dimensional vector
cM by enumerating the complex exponentials of the candidate
phases corresponding to the M-bit quantization

cM ,

�
1, e j2π

ı
2M
, . . . , e j(2M−1)·2π

ı
2M
�T

. (9)

By appropriately reordering the elements of vector cM

(denoted as c̄M after reordering), we can ensure that the first
2m elements of c̄M correspond exactly to the candidate phases
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Fig. 2. Schematic of calculating ri using reverse binary operation
when M = 3.

for m-bit quantization, m = 1, . . . ,M. Taking M = 3 as an
example, we reorder vector c3 into the following vector c̄3:

c̄3 =

�
1, e jπ, e jπ

ı
2, e j3π

ı
2, e jπ

ı
4, e j5π

ı
4, e j3π

ı
4, e j7π

ı
4
�T

.

It can be seen that the first two and the first four elements of
vector c̄3 correspond to the candidate phases for 1- and 2-bit
quantization, respectively, as illustrated in Fig. 1.

For a general phase quantization bit M, we can see from
(9) that the phase of the ith element in cM is 2π(i − 1)/2M ,
i = 1, . . . , 2M . Due to the exchange of element order, we
can always represent the ith element of c̄M as 2π(ri − 1)/2M ,
where ri is the new index of the phase after reordering,
i = 1, . . . , 2M . It can be verified that by performing a reversed
binary operation, we can obtain ri from i, thereby deriving
the vector c̄M . The process can be divided into the following
steps.

1) For a given i ∈ {1, . . . , 2M}, obtain the M-bit binary code
of (i − 1).

2) Reverse the resulting binary code from left to right to
get the reversed binary code.

3) Obtain the decimal value xi corresponding to the
reversed binary code.

4) Let ri − 1 = xi, thus obtaining ri = xi + 1.
To provide an intuitive explanation, Fig. 2 illustrates the

schematic of the above process using M = 3 as an example,
which is related to Fig. 1. In Fig. 2, “Dec2Bin” and “Bin2Dec”
represent decimal to binary conversion and binary to decimal
conversion, respectively, while “Reverse” stands for the M-bit
binary reversal operation.

Based on the above analysis, we can predetermine a suffi-
ciently large M, requiring only that it satisfies

Q∗ ≤ M (10)

where Q∗ represents the optimal value for problem (7). By
introducing an amplitude matrix D, the excitation vector w in
the problem (7) can be expressed in the following form:

w = Dc̄M (11)

where D ∈ RN×2M
is the amplitude matrix to be determined,

c̄M represents the reordered vector corresponding to M-bit
phase quantization.

With (11), we can achieve the selection of quantized excita-
tion phase for each antenna by designing the matrix D. Note
that each row of D must contain precisely one nonzero ele-
ment, representing the amplitude of the corresponding antenna.

Fig. 3. Illustration of matrix D under different quantization bit requirements
when N = 4 and M = 3. (a) 1-bit phase quantization. (b) 2-bit phase
quantization.

To facilitate this, we introduce a binary matrix B ∈ {0, 1}N×2M

and impose the following two constraints:

B1 = 1 (12)
0 � D � η · B (13)

where η represents a positive constant greater than the max-
imum of excitation amplitudes. Constraint (12) ensures that
each row of matrix B has exactly one element equal to 1. In
the presence of constraint (13), it is observed that an element in
D can only take a nonzero value if the corresponding element
in B is 1. The above two constraints guarantee that each row
of D can only have one nonzero element, which corresponds
to the excitation amplitude of the antenna. The column number
where the nonzero element is located corresponds to the index
of the selected excitation phase in c̄M .

To minimize the number of phase quantization bits, it is
necessary to select phases from the front of the vector c̄M

as far as possible. This requires that the nonzero columns of
the amplitude matrix D are located as far forward as possible,
while the zero columns should be arranged toward the end. For
an intuitive explanation, Fig. 3 presents a schematic represen-
tation of matrix D obtained under different quantization bits,
when N = 4 and M = 3. The cross symbol in Fig. 3 denotes
some nonzero elements and the same applies throughout the
subsequent figures. Specifically, Fig. 3(a) corresponds to 1-
bit phase quantization, while Fig. 3(b) corresponds to 2-bit
phase quantization. It can be observed that the fewer phase
quantization bits there are, the less the number of nonzero
columns in D, and their positions are more toward the front.

In fact, by considering the effect of constraint (13) and
applying appropriate constraints to the binary matrix B, we
can effectively control the priority of the nonzero columns in
D, thus preferentially selecting phases that are ranked at the
beginning of c̄M . Specifically, we introduce an M-dimensional
binary vector q and constrain that

BT 1 � N · Fq (14)

where the matrix F is defined as

F ,

2666664
12

12
14

. . .

12M−1

3777775 ∈ R2M×M (15)
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Fig. 4. Illustration of the constraint relationship between q, B, and D when
N = 4, M = 3, and Q = 2.

with 1k standing for the all-one vector of dimension k. For
∀i ∈ {1, . . . ,M}, if the first i elements of q are ones and the
remaining elements are zero, then all the ones in B are located
within its first 2i columns, under the above constraint (14).
This further implies that the required number of bits for phase
quantization does not exceed i. Therefore, if the binary vector
q is monotonically nonincreasing, the number of ones in q
can be used to represent the required number of bits for phase
quantization.

To enforce the monotonically nonincreasing property of
vector q, we impose the following constraint:

GM q � 0. (16)

The matrix GM is defined as

GM ,

26664
−1 1
−1 1

. . .
. . .

− 1 1

37775 ∈ R(M−1)×M (17)

where the subscript M is used to indicate the column number
of GM .

Under the effect of the above constraints (14) and (16), the
resulting vector q has leading elements being ones, while the
remaining elements are zeros. Moreover, the number of ones
in q is equal to the required number of phase quantization bits,
i.e.,

Q = 1T q. (18)

Therefore, we can achieve the minimization of phase quantiza-
tion bit Q by minimizing the sum of the elements in the binary
vector q. To further provide an intuitive explanation, Fig. 4
presents a schematic illustrating the constraint relationship
between q, B, and D, when N = 4, M = 3, and Q = 2.

Based on the above analysis, by substituting (11) into the
problem (7), we can ultimately formulate the problem of
minimizing phase quantization bits as follows:

min
D,B,q

1T q (19a)

s.t. <
�
c̄T

M DT a
�
θ̄0
��

= 1 (19b)ˇ̌
c̄T

M DT a (θ)
ˇ̌
≤ ρ (θ) , θ ∈ Θ (19c)

0 � D � η · B (19d)
B1 = 1 (19e)

BT 1 � N · Fq (19f)
GM q � 0 (19g)

B ∈ {0, 1}N×2M
(19h)

q ∈ {0, 1}M . (19i)

The above formulation (19) is an MIP problem, where some
variables (see matrix B and vector q) can only take on binary
values, while others (see matrix D) can take on continuous
values. Note that if we omit the discrete constraints (19h) and
(19i), we obtain a convex optimization problem. In fact, for
the above problem (19), we can solve it using MIP solvers,
such as GUROBI [46] and CPLEX [47].

Remark 1: In models (6), (7), and (19), we impose the con-
straint <[wT a(θ̄0)] = 1 to fix the gain at mainlobe axis. This
formulation is adopted because the mainlobe response wT a(θ̄0)
in these models may take complex values when excitation
phase quantization is considered, making it impossible to pre-
determine its value. The linear constraint <[wT a(θ̄0)] = 1 can
simplify the optimization model. Moreover, since |wT a(θ̄0)| ≥
<[wT a(θ̄0)], the constraint<[wT a(θ̄0)] = 1 guarantees that the
beam gain at the mainlobe axis satisfies |wT a(θ̄0)| ≥ 1 . The-
oretically, our method could potentially achieve a normalized
PSL lower than the preset one.

Remark 2: From a theoretical perspective, the model (19)
is inherently a nonconvex optimization problem due to the
presence of binary variables. This nonconvex characteristic
leads to the possible existence of multiple global optimal solu-
tions that typically achieve identical quantization bit numbers
while exhibiting different weight vector solutions. Although
computationally challenging, the model remains tractable, and
the MIP solvers can guarantee finding at least one optimal
solution under proper configurations. In practical implemen-
tations, particularly for large-scale arrays, we must balance
solution optimality against computation time. Our simulation
results demonstrate that for moderate-scale arrays, the pro-
posed method reliably obtains optimal solutions (as verified
by solver termination status) within a reasonable time. For
more complex scenarios, it efficiently produces high-quality
suboptimal solutions.

B. Dimensionality Reduction for Accelerated Solving

For a MIP problem, a common method to accelerate its
solving is to reduce the dimensionality of the optimization
variables, including both integer and continuous variables. In
fact, we can equivalently halve the variable dimensionality of
problem (19), thus obtaining a more simplified MIP formula-
tion.

To reduce the dimensionality of variables, we first observe
that for any quantization bit M, the phase candidates can be
divided into two groups, where the phases of one group can
be obtained by shifting the phases of the other group by π.
Equivalently, this implies that half of the elements in vector
cM or c̄M can be obtained through multiplying the other half
of the elements by negative one, due to the fact that e jπ = −1.
Take M = 3 as an example, we can rewrite c3 as

c3 =

�
1,e jπ

ı
4,e jπ

ı
2,e j3π

ı
4,−1,−e jπ

ı
4,−e jπ

ı
2,−e j3π

ı
4
�T

.

It can be observed that by introducing negative signs, we can
equivalently represent vector c3 using only half of its elements.
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TABLE I
COMPARISON OF MATRIX DIMENSIONS

In fact, for any phase quantization bit M, it is sufficient to
retain only the first half of the elements in cM , as all the
remaining elements of cM can be represented by introducing
negative signs to this subset. This further allows us to reduce
the dimensionality of variables D, B and q, by utilizing a
shortened cM or c̄M .

Specifically, by eliminating elements with argument angles
belonging to [π, 2π) from c̄M , we obtain a 2M−1-dimensional
vector c̆M . Similar to (11), we can express the excitation vector
w as

w = D̆c̆M (20)

where D̆ ∈ RN×2M−1
is the generalized amplitude matrix, and

its elements can take negative values. It should be clarified
that when an element of D̆ takes a negative value, the actual
excitation amplitude corresponds to the absolute value of that
element, while the excitation phase is the selected phase plus
π.

To further minimize the number of phase quantization bits,
we introduce a binary matrix B̆ ∈ {0, 1}N×2M−1

. Similar to
constraints (12)–(14), we impose the following constraints:

B̆1 = 1 (21)

−η · B̆ � D̆ � η · B̆ (22)

B̆T 1 � N · F̆q (23)

where

F̆ ,

2666664
1

1
12

. . .

12M−2

3777775 ∈ R2M−1×M . (24)

It should be noted that, unlike constraint (13), in the aforemen-
tioned constraint (22), we allow the elements of matrix D to
take negative values. With the constraint (16), the formulation
in (18) can be retained.

Clearly, compared with the model in Section III-A, the
dimensions of matrices and optimization variables have been
reduced. For clarity, Table I compares the dimensions of
various matrices before and after dimensionality reduction,
for a generalized M. Ultimately, we obtain the following
formulation for minimizing phase quantization bits:

min
D̆,B̆,q

1T q (25a)

s.t. <
h

c̆T
M D̆T a

�
θ̄0
�i

= 1 (25b)ˇ̌̌
c̆T

M D̆T a (θ)
ˇ̌̌
≤ ρ (θ) , θ ∈ Θ (25c)

− η · B̆ � D̆ � η · B̆ (25d)

B̆1 = 1 (25e)

B̆T 1 � N · F̆q (25f)
GM q � 0 (25g)

B̆ ∈ {0, 1}N×2M−1
(25h)

q ∈ {0, 1}M . (25i)

The above formulation (25) is an MIP problem. Compared
with (19), due to the approximately halved variable dimen-
sion, the solving of formulation (25) using an MIP solver is
expected to be faster.

IV. EXTENSIONS AND FURTHER EXPLORATIONS

In Section III, we considered how to minimize the phase
quantization bits for single focused-beam synthesis and dis-
cussed how to reduce the model dimension for accelerated
solution finding. Notably, our proposed method can be
extended to address a wider range of scenarios. Next, we
present several extensions for our approach.

A. Minimizing Phase Quantization Bits for Phase-Only
Reconfigurable Beampattern Synthesis

Let us first explore the minimization of phase quantization
bits for phase-only reconfigurable beampattern synthesis. In
phase-only reconfigurable arrays, the beam direction or beam
shape can be changed solely by adjusting the excitation phase.
In this case, we need to jointly design the common excitation
amplitude and the distinct excitation phases corresponding
to each beam under phase quantization, with the goal of
minimizing the required number of phase quantization bits.

Taking the focused-beam scanning as an example and
denoting the number of beams as K, we can formulate the
problem as follows:

min
{wk}

K
k=1,α,Q

Q (26a)

s.t. <
�
wT

k a
�
θ̄k
��

= 1 ∀k ∈ K (26b)ˇ̌
wT

k a (θ)
ˇ̌
≤ ρk (θ) , θ ∈ Θk ∀k ∈ K (26c)

∠wk,n ∈ ΨQ, n = 1, . . . ,N ∀k ∈ K (26d)
|wk | = α ∀k ∈ K (26e)
Q ∈ Z+ (26f)

where the subscript k corresponds to the kth beam, and the
set K is defined as K , {1, 2, . . . ,K}. We use θ̄k, Θk, ρk(θ),
and wk to represent the mainlobe axis, the sidelobe region, the
sidelobe level, and the excitation vector corresponding to the
kth beam, respectively. Additionaly, wk,n in (26d) represents
the nth entry of wk, α in (26e) denotes the common excitation
amplitude vector, and the set ΨQ is the candidate phase set for
Q-bit phase quantization as defined in (3).

In the above problem (26), the optimization variables
include the common excitation amplitude vector α, the exci-
tation vectors {wk}

K
k=1 corresponding to each beam, and the

phase quantization bit Q. It should be noted that the excitation
amplitude vector α can take continuous values, while the
phase of the excitation vector and the phase quantization bit
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Q can only take a finite number of discrete values. To address
problem (26), we follow (11) and define the excitation vector
of each beam as

wk = Dk c̄M , k = 1, . . . ,K (27)

where Dk ∈ R
N×2M

is the amplitude matrix corresponding to
the kth beam and M is a predetermined number of quantization
bits, similar to what we have done in (10).

Following the modeling approach in Section III-A, we
can formulate the problem of minimizing phase quantization
bits for phase-only reconfigurable beampattern synthesis as
follows:

min
{Dk ,Bk}

K
k=1,α,q

1T q (28a)

s.t. <
�
c̄T

M DT
k a
�
θ̄k
��

= 1 ∀k ∈ K (28b)ˇ̌
c̄T

M DT
k a (θ)

ˇ̌
≤ ρk (θ) , θ ∈ Θk ∀k ∈ K (28c)

0 � Dk � η · Bk ∀k ∈ K (28d)
Dk1 = α ∀k ∈ K (28e)
Bk1 = 1 ∀k ∈ K (28f)

BT
k 1 � N · Fq ∀k ∈ K (28g)

GM q � 0 (28h)

Bk ∈ {0, 1}N×2M
∀k ∈ K (28i)

q ∈ {0, 1}M . (28j)

Clearly, the above formulation is an MIP problem. Note that
in constraint (28e), the common excitation amplitude vector α
is modeled as a dummy variable to ensure that

D11 = D21 = · · · = DK1. (29)

This guarantees that each beam has the same excitation
amplitude, thereby satisfying phase-only control. Furthermore,
it is evident that when considering a single beam (i.e., K = 1),
the formulation (28) degrades to (19). In addition, for problem
(28), we can similarly employ the method presented in Sec-
tion III-B to reduce the dimension of optimization variables,
thereby accelerating its solving using an MIP solver.

Remark 3: In model (28), we treat α as an optimization
variable primarily because we have explicitly limited the
mainlobe gain of each beam [see constraint (28b)]. By setting
α as an optimization variable, we allow for the optimized
design of antenna power, while permitting unequal power
allocation across antennas. The vector α obtained in model
(28) represents the normalized amplitude coefficients. The
actual power of each antenna can be obtained by scaling
these coefficients accordingly. On the other hand, the proposed
model can also be applied to scenarios with given antenna
power. In this case, we use ᾱ to denote the predetermined
power of each antenna. The beam gains should now be treated
as variables. The constraints (28b), (28c), and (28e) should be
modified as

<
�
c̄T

M DT
k a
�
θ̄k
��

= βk ∀k ∈ K (30a)ˇ̌
c̄T

M DT
k a (θ)

ˇ̌
≤ βk · ρk (θ) , θ ∈ Θk ∀k ∈ K (30b)

Dk1 = ᾱ ∀k ∈ K (30c)

where βk denotes the newly introduced optimization variable,
with k ∈ K.

B. Minimizing Amplitude Quantization Bits for
Amplitude-Only Low-Sidelobe Synthesis

As the second extension, we now investigate the problem
of minimizing the quantization bits for amplitude-only low-
sidelobe synthesis. Unlike the phase-only scenario discussed in
Section IV-A, here we design only the excitation amplitude to
achieve the desired low-sidelobe beampattern with the minimal
number of amplitude quantization bits.

Following (7), which is used to optimize the quantization
bits of excitation phase, we can similarly formulate the prob-
lem for minimizing the quantization bits in the amplitude-only
low-sidelobe synthesis scenario as follows:

min
w,U

U (31a)

s.t. <
�
wT a

�
θ̄0
��

= β (31b)ˇ̌
wT a (θ)

ˇ̌
≤ β · ρ (θ) , θ ∈ Θ (31c)

wn ∈ ΥU , n = 1, . . . ,N (31d)
U ∈ Z+. (31e)

In (31), β stands for the desired beam gain at the mainlobe
axis θ̄0, and ΥU represents the set of excitation amplitudes for
U-bit amplitude quantization, as defined in (4).

To solve the problem (31), we predetermine a sufficiently
large J, requiring only that it satisfies

U∗ ≤ J (32)

where U∗ represents the optimal value for problem (31).
Essentially, the role of J is similar to the role of M in (10).
With the preassigned J, we can further enumerate all candidate
excitation amplitudes that do not exceed J bits, thereby obtain-
ing the following vector z for excitation amplitude candidates:

z =
h
α(1)

1 , α(1)
2 , α(2)

1 , α(2)
2 , α(2)

3 , α(2)
4 , . . . , α(J)

1 , . . . , α(J)
2J

iT
.

It is easy to verify that z is a P-dimensional vector, where

P = 2J+1 − 2. (33)

In addition, it should be pointed out that, unlike excita-
tion phase, the excitation amplitude candidates for low-bit
quantization may not be fully covered by those for high-bit
quantization.

In the amplitude-only and amplitude quantization scenario,
the weight vector coefficients can only be selected from the
elements of z. Naturally, we can express the weight vector w
as follows:

w = Bz (34)

where B is an N × P binary matrix to be determined.
To select a unique excitation amplitude for each antenna,

we constrain B to satisfy

B1 = 1. (35)

Furthermore, with the binary matrix B, we can control the
priority of excitation amplitude selection, thereby minimizing
the number of quantization bits for excitation amplitude.
Specifically, we first note that if l-bit amplitude quantization
is used, all the one elements in B should appear between the
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(2l − 1)th column and the (2l+1 − 2)th column, l = 1, . . . , J.
Then, similar to constraint (14) in the phase quantization
scenario, we introduce a J-dimensional binary vector h and
impose the following constraint:

BT 1 � N · Yh (36)

where the matrix Y is defined as

Y ,

266666664

12 − 12
14 − 14

18 − 18
. . .

. . .

12J−1 − 12J−1

12J

377777775 ∈ R
P×J .

Similar to the vector q in (16), we impose the following
monotone nonincreasing constraint on h in (36):

GJ h � 0. (37)

Under the above constraints (35)–(37), we can use the number
of ones in h to represent the required number of amplitude
quantization bits. In other words, we have

U = 1T h. (38)

Taking the case where 3-bit amplitude quantization is
required as an example, we have h = [1, 1, 1, 0, . . . , 0]T and
Yh = [0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 0, . . . , 0]T . Recalling
constraint (36), all the one elements of matrix B are located
between the 7th and 14th columns, which exactly corresponds
to 3-bit amplitude quantization.

Finally, the problem of minimizing amplitude quantization
bits for amplitude-only low-sidelobe synthesis can be formu-
lated as

min
B,h

1T h (39a)

s.t.
ˇ̌
zT BT a (θ)

ˇ̌
≤ ρ · <

�
zT BT a

�
θ̄0
��
, θ ∈ Θ (39b)

B1 = 1 (39c)

BT 1 � N · Yh (39d)
GJ h � 0 (39e)

B ∈ {0, 1}N×P (39f)

h ∈ {0, 1}J . (39g)

It should be noted that, since all the candidates for excitation
amplitude have already been given, we use constraint (39b)
to automatically determine the beam gain at mainlobe axis θ̄0.
This provides more flexibility for minimizing the amplitude
quantization bits. The problem (39) is an integer programming
problem, which can also be solved using an MIP solver.

C. Minimizing Total Quantization Bits for Excitation Phase
and Excitation Amplitude

In the aforementioned scenarios, we assumed the presence
of quantization in either the excitation phase or excitation
amplitude. In the third extension, we discuss how to minimize
the total number of quantization bits when both excitation
phase and excitation amplitude are quantized simultaneously.

Considering that the various excitation phase candidates and
excitation amplitude candidates can be combined with each
other, we define the following vector v to represent all possible
candidate states for excitation:

v , c̄M ⊗ z ∈ CV (40)

where V , P · 2M , c̄M ∈ C
2M

and z ∈ RP have been defined
in Sections III-A and IV-B, respectively. By introducing an
N × V binary matrix B, we can express the weight vector as

w = Bv. (41)

Similar to the previous discussion, to select an excitation state
for each antenna, we add the following constraint to B:

B1 = 1. (42)

Following the approach from Section III-A, we introduce
an M-dimensional binary vector q to represent the number of
phase quantization bits. The following constraints can thus be
imposed:

BT 1 � N · Ξq (43)
GM q � 0 (44)

where Ξ , F ⊗ 1P. It is easy to observe that the above
constraint (43) is an extension of the previous constraint (14).
The required number of phase quantization bits (denoted as
Q) can be finally expressed as

Q = 1T q. (45)

Before representing the number of amplitude quantization
bits, we first re-express the vector v as

v = E (z ⊗ c̄M) (46)

and rewrite the weight vector w as

w = BE (z ⊗ c̄M) . (47)

In (46) and (47), E is a permutation matrix satisfying

E =

2MX
j=1

�
eT

j ⊗ IP ⊗ e j
�
∈ RV×V (48)

where e j is a 2M-dimensional vector with its jth element
being one and all other elements being zero, j = 1, . . . , 2M .
Compared with (40), the vector z is placed before c̄M in (46).
This facilitates our model for the required number of amplitude
quantization bits. Specifically, we introduce a J-dimensional
binary vector h, and impose the following constraints:

ET BT 1 � N · Th (49)
GJ h � 0 (50)

where T , Y ⊗ 12M . Note that the above constraint (49) can
be seen as an extension to constraint (36). Ultimately, we can
express the required number of amplitude quantization bits
(denoted as U) as

U = 1T h. (51)
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Combining (45) and (51), the problem of minimizing the
total number of quantized bits can be formulated as

min
B,q,h

1T q + 1T h (52a)

s.t.
ˇ̌
vT BT a (θ)

ˇ̌
≤ ρ · <

�
vT BT a

�
θ̄0
��
, θ ∈ Θ (52b)

B1 = 1 (52c)

BT 1 � N · Ξq (52d)

ET BT 1 � N · Th (52e)
GM q � 0 (52f)
GJ h � 0 (52g)

B ∈ {0, 1}N×V (52h)

q ∈ {0, 1}M (52i)

h ∈ {0, 1}J . (52j)

Similar to problem (39), the above problem (52) is an integer
programming problem that can be solved using an MIP solver.

D. Joint Optimization of Quantization Bits and Sidelobe
Level

In the previous discussions, our sole objective is to mini-
mize the number of quantization bits for excitation amplitude
or phase, under the given upper bound for sidelobe level.
This results in the possibility that, although the number of
quantization bits has been minimized, the resulting PSL may
not be the optimal one. In this section, we take the focused-
beam synthesis as an example and explore how to achieve
the minimization of PSL while also minimizing the phase
quantization bits. This presents a joint optimization problem,
where we prioritize the minimization of phase quantization
bits and subsequently consider the minimization of PSL.

For simplicity, we assume that the upper bound sidelobe
level is uniform along the angle, and denote it as ρ̄. Following
the formulation in (19), we introduce a new variable s and
re-express the constraint (19c) asˇ̌

c̄T
M DT a (θ)

ˇ̌
≤ s, θ ∈ Θ (53)

s ≤ ρ̄ (54)

where s is used as an optimization variable to represent
the obtained PSL. Compared with constraint (19c), although
there seems to be no fundamental change, by introducing the
variable s, we can achieve joint optimization of both phase
quantization bits and PSL.

Specifically, we first note that within the framework of for-
mulation (19), the variable s should be positive and typically
less than the normalized mainlobe gain, which is taken as 1
as indicated by the constraint (19b). Concisely, we have

0 < s < 1. (55)

In addition, the number of quantization bits 1T q varies dis-
cretely with a minimal step size of one. Therefore, if we
minimize the combined objective function defined as

χ (q, s) , 1T q + s (56)

we can achieve the lowest PSL while also minimizing the
phase quantization bits. This is because the reduction in χ(q, s)

due to changes in q is always greater than the variation caused
by s. Thus, it allows us to prioritize minimizing the phase
quantization bits. Moreover, to achieve a lower value on the
objective function, s needs to be adjusted to its minimum
value, which corresponds to the optimal PSL.

Ultimately, the problem of joint optimization for minimizing
quantization bits and sidelobe level can be formulated as

min
D,B,q,s

1T q + s (57a)

s.t. <
�
c̄T

M DT a
�
θ̄0
��

= 1 (57b)ˇ̌
c̄T

M DT a (θ)
ˇ̌
≤ s, θ ∈ Θ (57c)

s ≤ ρ̄ (57d)
0 � D � η · B (57e)
B1 = 1 (57f)

BT 1 � N · Fq (57g)
GM q � 0 (57h)

B ∈ {0, 1}N×2M
(57i)

q ∈ {0, 1}M . (57j)

It is easy to see that the above formulation is an MIP problem,
which can be solved using MIP solvers. It should be pointed
out that the above approach is also applicable to other joint
optimization scenarios, such as simultaneously minimizing
amplitude quantization bits and sidelobe level.

E. Minimizing Quantization Bits for Shaped-Beam Synthesis

In the above studies, we solely considered the focused-
beam scenario. In fact, the proposed approach can also achieve
minimization of the number of quantized excitation bits for
the shaped-beam synthesis scenario. Taking the phase quanti-
zation scenario as an example, it only requires modifying the
mainlobe level constraint to

l (θ) ≤
ˇ̌
c̄T

M DT a (θ)
ˇ̌
≤ u (θ) , θ ∈ Θ̄ (58)

where Θ̄ denotes the constrained interval for the shaped beam,
and l(θ) and u(θ) denote the lower and upper bound level,
respectively. Unlike the focused-beam scenario, the additional
lower bound constraint on the beampattern amplitude (i.e.,
l(θ) ≤ |c̄T

M DT a(θ)|) is nonconvex. To simplify the analysis,
we consider a discretized angle θi ∈ Θ̄ and show how to
reformulate the following constraint into a tractable form:ˇ̌

c̄T
M DT a (θi)

ˇ̌
≥ l (θi) . (59)

Geometrically, the above constraint means that the point
νi , [<(c̄T

M DT a(θi)) =(c̄T
M DT a(θi))]T must lie on or outside

the circle of radius l(θi) in the complex plane. We consider
a regular P-sided circumscribed polygon of the circle with
radius l(θi). Approximately, we allow νi to lie outside the cir-
cumscribed polygon, which leads to the following constraints:

<

h
c̄T

M DT a (θi) e j2π p
P

i
+ ς · f i (p) ≥ l (θi) , p = 1, . . . ,P (60)

1T f i ≤ P − 1 (61)

where ς is a sufficiently large positive constant, and f i is a P-
dimensional binary optimization variable, with f i(p) denoting
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its pth element. It can be observed that when f i(p) = 0, the
inequality <[c̄T

M DT a(θi)e j2π(p/P)] ≥ l(θi) is satisfied, demon-
strating that νi is located exterior to a polygon edge and then
(59) is satisfied. Therefore, we constrain f i to contain at least
one zero element [i.e., constraint (61)], thereby guaranteeing
the validity of constraint (59).

It can be observed that after the aforementioned approxi-
mate reformulation, we can obtain a tractable MIP model for
the shaped-beam synthesis scenario. Moreover, by combining
with the models established in Sections III and IV, we can
achieve quantization bit minimization for different excitation
quantization conditions.

Remark 4: In fact, the problem of minimizing the number
of quantization bits for different pattern synthesis scenarios
discussed in this article can also be solved using the exhaustive
method. Specifically, the number of phase/amplitude quantiza-
tion bits is initially specified based on the particular scenario,
and then a generic pattern synthesis method is utilized to
design the beampattern with the given quantization bit number.
By validating whether the design outcomes satisfy the require-
ments and iteratively adjusting the number of quantization bits,
an optimal solution with the minimal number of quantization
bits can ultimately be identified. Evidently, this exhaustive
search method necessitates repeated pattern synthesis designs,
resulting in a longer design time. Different from the exhaustive
method, the proposed method can find the minimal number of
quantization bits in a single solution process.

V. NUMERICAL RESULTS

In this section, simulations are presented to demonstrate the
effectiveness and superiority of the proposed method.1 Unless
otherwise specified, we set η = 20, M = 6 and J = 5 for
the proposed method, and use a linear array comprising 20
uniformly spaced isotropic elements with a spacing of 0.5λ.
Our comparative methods include the Chebyshev taper, Taylor
taper, CP method in [20], SA method in [41], QIFT method in
[37], accurate array response control (A2RC) method in [26],
sequential convex optimization (SCO) method in [18], iterative
approximation (IA) method in [19], and the SF method in [31].
The proposed MIP models are solved by GUROBI [46]. The
simulations are conducted using a computing platform, the
processor is Intel2 Core3 i7-10750H CPU at 2.60 GHz.

A. Minimizing Phase Quantization Bits

In the first example, we consider the problem of minimizing
phase quantization bits in pattern synthesis. For fair com-
parison, all benchmark methods incorporate excitation phase
quantization with the same number of quantization bits as the
proposed method.

1) Single Focused-Beam Pattern Synthesis: In the first
case, we consider the pattern synthesis problem with a single
focused beam, as discussed in Section III-A. The mainlobe
axis is steered to θ̄0 = 20◦, and the mainlobe region is

1The MATLAB codes for the proposed method are available online at
https://zhangxuejing7.github.io/HomePage/

2Registered trademark.
3Trademarked.

Fig. 5. Beampattern and excitation phase results in the scenario of single
focused-beam pattern synthesis. (a) Beampattern comparison of different
methods. (b) Excitation phase distribution of the proposed two models.

TABLE II
RESULTING EXCITATION AMPLITUDES OF THE PROPOSED TWO MODELS

FOR SINGLE FOCUSED-BEAM PATTERN SYNTHESIS

[14◦, 26◦]. We set the desired PSL to −20 dB. To minimize the
phase quantization bits, we solve the proposed model (19) as
well as the model (25) that considers dimensionality reduction.
Simulation shows that the minimal phase quantization bits
obtained from both models are Q∗ = 4, although their
excitation vectors are different. This is because there may be
multiple sets of optimal solutions corresponding to the same
phase quantization bits, as we have mentioned in Remark 2.
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Fig. 6. Illustration of results under different PSL settings for single focused-beam pattern synthesis. (a) Curve of the obtained phase quantization bit versus
PSL setting for the proposed method. (b) Curves of the obtained PSL versus PSL setting for different methods. (c) Beampattern results of the proposed method
with different PSL settings.

TABLE III
COMPARISON OF PSL, DIRECTIVITY, AND HPBW FOR DIFFERENT

ALGORITHMS IN FOCUSED-BEAM SYNTHESIS

TABLE IV

PSL AND RUNNING TIME OF THE EXHAUSTIVE SEARCH METHOD UNDER
DIFFERENT PHASE QUANTIZATION BITS

Fig. 5(a) presents the radiation patterns of the two models.
We can see that both models can achieve satisfactory radiation
pattern results. Fig. 5(b) and Table II provide the resulting
excitation phase and excitation amplitude of the proposed
method, respectively. For the weight vectors obtained from
the two models (denoted as w1 and w2, respectively), we have
|wT

1 a(θ̄0)| = 1.0201 and |wT
2 a(θ̄0)| = 1.0008, which confirms

the prediction in Remark 1 It should be noted that solving
model (25) (with a running time of 112 s) is faster than solving
model (19) (with a running time of 568 s), which is consistent
with theoretical prediction. The model (25) will be adopted
in the subsequent simulations. Fig. 5(a) also presents the
beampattern results of different methods. We have considered
4-bit phase quantization for all the presented results. Compared
with the proposed method, the other four beampatterns exhibit
quantized sidelobes, failing to meet the desired requirement
on sidelobe level. To provide a comprehensive evaluation
of the algorithm performance, Table III compares the PSL,
directivity, and half-power beamwidth (HPBW) obtained by
different algorithms. The results demonstrate the fundamental
performance tradeoffs between these parameters.

In addition, to demonstrate the advantages of the pro-
posed algorithm over the exhaustive search method mentioned
in Remark 4, we minimize the PSL with different phase
quantization bits. Table IV presents the achieved PSL values
across various quantization levels, along with the running
time required by the exhaustive approach. Notably, while the
exhaustive method can obtain the same minimum quantiza-
tion bits (Q∗ = 4) as our algorithm, its total computation
time (approximately 875 s) significantly exceeds that of the
proposed method.

2) Result Comparison Under Different PSL Settings: To
further assess the performance of the proposed method, we
conduct simulations under different PSL settings, with other
parameters remaining unchanged. Fig. 6(a) shows the obtained
phase quantization bits Q∗ of the proposed method with
different PSL settings. It is evident that as the PSL decreases,
the required number of phase quantization bits increases
gradually. Accordingly, Fig. 6(b) compares the resulting PSLs
obtained by different methods. We have considered phase
quantization for the four comparison methods and have used
the same number of quantization bits as the proposed one
[shown in Fig. 6(a)]. As indicated by Fig. 6(b), all four com-
parison methods produce quantization sidelobes. In contrast,
the proposed method can achieve satisfactory sidelobe perfor-
mance when considering phase quantization. As an illustration,
Fig. 6(c) depicts the beampattern results obtained by the
proposed method when the PSL is set to −13, −17, and
−21 dB, respectively. The effectiveness of the proposed
method can thus be verified.

B. Minimizing Amplitude Quantization Bits for
Amplitude-Only Low-Sidelobe Synthesis

In the second example, we consider the problem of
minimizing amplitude quantization bits for amplitude-only
low-sidelobe synthesis, as discussed in Section IV-B. We
assume that the dynamic range of the discrete attenuator is
30 dB and set J = 8. The desired focused-beam is steered to
0◦ with a target PSL lower than −26 dB. The first null width
of the mainlobe is 20◦. For the benchmark methods (whose
original excitation amplitudes may be continuous, such as
Chebyshev and Taylor tapers), we apply additional amplitude
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Fig. 7. Beampattern comparison of different methods for amplitude-only low-
sidelobe synthesis.

TABLE V

RESULTING EXCITATION AMPLITUDES OF THE PROPOSED METHOD FOR
AMPLITUDE-ONLY LOW-SIDELOBE SYNTHESIS

TABLE VI

COMPARISON OF PSL, DIRECTIVITY, AND HPBW FOR DIFFERENT ALGO-
RITHMS IN AMPLITUDE-ONLY LOW-SIDELOBE SYNTHESIS

quantization to their weight vectors, using the same number
of quantization bits as in the proposed method.

With the given parameter settings, the proposed method
yields an amplitude quantization of U∗ = 3 bits. Fig. 7
compares the beampatterns obtained by different methods. It
can be seen that the Chebyshev pattern, the Taylor pattern, and
the QIFT method all produce varying degrees of quantized
sidelobes, while the proposed method can effectively meet
the given requirement on sidelobe level. Table V presents
the excitation amplitudes obtained by the proposed method.
Table VI provides a comparative analysis of PSL, directivity,
and HPBW among different algorithms.

To further evaluate the performance of the proposed method
under different PSL specifications, Fig. 8 shows the simulation
results across multiple PSL conditions. Specifically, Fig. 8(a)
illustrates the resulting amplitude quantization bits U∗ obtained
by the proposed method under different PSL settings. It is
evident that a lower PSL requires more amplitude quantization
bits. Fig. 8(b) compares the actual PSLs obtained by different

TABLE VII

ELEMENT LOCATIONS OF NONUNIFORM LINEAR ARRAY

methods when amplitude quantization is considered [with the
same quantization bits as in Fig. 8(a)]. It can be observed
that the obtained PSL matches the set PSL for the proposed
method. As an illustration, Fig. 8(c) presents the beampattern
results obtained by the proposed method under several differ-
ent PSL settings.

To demonstrate the applicability of the proposed algo-
rithm to 2-D planar arrays, we consider a 5 × 5 uniform
rectangular array with half-wavelength element spacing. Let
u = sin(θe)cos(θa) and v = sin(θe)sin(θa), where θe and θa

stand for elevation and azimuth angles, respectively. The beam
steers to (u0, v0) = (0, 0), and the desired PSL is set to
−16 dB. The proposed algorithm achieves a minimum ampli-
tude quantization of U∗ = 2 bits. The resulting PSL is
−16.14 dB, which satisfies the prescribed sidelobe require-
ment. The corresponding radiation beampattern and element-
wise excitation amplitudes are presented in Fig. 9(a) and (b),
respectively.

C. Minimizing Total Quantization Bits for Excitation Phase
and Excitation Amplitude

In the third case, we consider minimizing the total number
of quantization bits for excitation phase and excitation ampli-
tude, as discussed in Section IV-C. In this scenario, we use
a 12-element nonuniform linear array with element positions
{pn}

12
n=1 shown in Table VII. We assume that the dynamic range

of the discrete attenuator is 50 dB. The beam is steered to
25◦, with the desired sidelobes having nonuniform levels, as
indicated by the dashed line in Fig. 10(a). By minimizing
the total number of quantization bits, the proposed method
results in Q∗ = 2 and U∗ = 3. In other words, 2-bit phase
quantization and 3-bit amplitude quantization are sufficient
to meet the given radiation requirements. Fig. 10(a) presents
the radiation patterns obtained by different methods. Under
the same number of quantization bits, CP method and A2RC
method raise the sidelobe levels due to excitation quantization.
In addition, we can see that the A2RC method lacks flexibility
in controlling the mainlobe width. Finally, Fig. 10(b) shows
the resulting excitation phase and excitation amplitude for the
proposed method.

D. Joint Optimization of Phase Quantization Bits and
Sidelobe Level

As an extension, in the fourth example we consider the
joint optimization of phase quantization bits and sidelobe level,
as elaborated in Section IV-D. Specifically, we sequentially
consider pattern synthesis for a phase-only reconfigurable
array, as discussed in Section IV-A, and the shaped-beam
synthesis scenario mentioned in Section IV-E.
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Fig. 8. Illustration of results under different PSL settings for amplitude-only low-sidelobe synthesis. (a) Curve of the obtained amplitude quantization bit
versus PSL setting for the proposed method. (b) Curves of the obtained PSL versus PSL setting for different methods. (c) Beampattern results of the proposed
method with different PSL settings.

Fig. 9. Beampattern and excitation results of the proposed method for
planar array in amplitude-only low-sidelobe synthesis. (a) Beampattern result.
(b) Excitation amplitudes.

1) Pattern Synthesis for Phase-Only Reconfigurable Array:
In this case, we consider three beams steered to 0◦, 10◦,
and 20◦, with the beamwidth between the first nulls set to
16◦. Setting the PSL for each scanning beam to −13 dB,
our objective is to minimize the required number of phase
quantization bits with the lowest PSL for the scanning beams.
Simulation result reveals that we can achieve a PSL of

Fig. 10. Beampattern and excitation results using quantized excitation
phase and amplitude. (a) Beampattern comparison of different methods.
(b) Excitation distribution of the proposed method.

−14.42 dB for the scanning beams with only 2-bit phase
quantization. Fig. 11(a) illustrates the obtained phase-only
reconfigurable patterns. The corresponding excitation phases
for each beam and the common excitation amplitudes are
presented in Fig. 11(b) and Table VIII, respectively.

2) Shaped-Beam Synthesis: In the scenario of shaped-beam
synthesis, we assume that the mainlobe region is [−15◦, 15◦],
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Fig. 11. Beampattern and excitation phase results in the scenario of phase-
only beampattern synthesis. (a) Beampattern result of the proposed method.
(b) Excitation phase distribution of the proposed method.

TABLE VIII

RESULTING COMMON EXCITATION AMPLITUDES OF THE PROPOSED
METHOD FOR PHASE-ONLY BEAMPATTERN SYNTHESIS

and the allowable ripple level in the mainlobe is 0.3 dB. Then,
we constrain the PSL to be below −20 dB and aim to minimize
both phase quantization bits and actual PSL simultaneously.
For the proposed approach as presented in Section IV-E, we
take P = 8. Simulation result shows that we can achieve the
above requirements with 1-bit phase quantization (Q∗ = 1),
resulting in a PSL of −21.86 dB.

With the same phase quantization bit, Fig. 12(a) presents the
shaped patterns obtained by different methods. We can observe
that the SCO method, IA method, and SF method all produce
quantized sidelobes of varying degrees. In addition, the SCO
method and IA method exhibit poor ripple performance. For
the proposed method, the resulting shaped beampattern is
satisfactory. The excitation distribution of our method can be

Fig. 12. Beampattern and excitation results in the scenario of shaped-beam
synthesis. (a) Beampattern comparison of different methods. (b) Excitation
distribution of the proposed method.

TABLE IX
COMPARISON OF PSL, DIRECTIVITY, AND HPBW FOR DIFFERENT ALGO-

RITHMS IN SHAPED-BEAM SYNTHESIS

found in Fig. 12(b). To provide a comprehensive evaluation
of the algorithm performance, Table IX compares the PSL,
directivity, and HPBW obtained by different algorithms.

VI. CONCLUSION

In this article, we have presented a framework for mini-
mizing the number of excitation quantization bits in pattern
synthesis using MIP. The proposed method is versatile, appli-
cable to different pattern synthesis scenarios and general array
geometries. Moreover, our method can minimize the quanti-
zation bits for both excitation phase and excitation amplitude.
Compared with existing methods that often predetermine
quantization bits, the proposed method can determine the
minimal excitation quantization bits required to meet specific
beampattern performance. In addition, we have shown that the
proposed method can be extended to joint optimization scenar-
ios, balancing the need for optimal beampattern performance
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with the minimization of excitation quantization bits. The opti-
mality of our MIP model can be theoretically guaranteed, and
its effectiveness has been demonstrated through simulations
across various scenarios.
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