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Abstract—The standard matched filter (MF) inherently causes
small targets to be masked by range sidelobes of nearby large
targets, posing a fundamental challenge for precise range profile
extraction. In this paper, we develop a generalized matched filter
(GMF) using oblique projection to suppress range sidelobes.
Compared to the standard MF, the proposed GMF can flexibly
create a specified zero correlation zone (ZCZ) within the specified
lag region of interest, while preserving the peak correlation level
without loss. Given a transmit sequence, the GMF is presented
as a closed form. Moreover, it can be applied to various transmit
sequences and exhibits high range resolution. The GMF can be
well-designed offline and then implemented online for pulse com-
pression. It provides greater efficiency than existing online signal
processing methods. In this paper, we conduct a comprehensive
performance analysis of GMF. The distinctions and connections
between GMF and MF are presented. In addition, we explore
the cost introduced by high range resolution within the GMF
framework and present an enhanced GMF by optimizing the
transmit sequence. Also, several extended applications of the
GMF are discussed. Representative simulation results confirm
the effectiveness and superiority of the proposed method.

Index Terms—Generalized matched filter, oblique projection,
output signal-to-noise ratio loss, range resolution, zero correlation
zone.

I. INTRODUCTION

IN active sensing systems, such as the radar system, precise
target range profile extraction under the noise background is

a fundamental requirement, and the output signal-to-noise ratio
(SNR) is a primary metric for evaluating target detectability [1],
[2], [3]. For a point target in the presence of white noise, it is
well known that the matched filter (MF) maximizes the output
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SNR, enhancing the target detectability in a certain sense [1].
However, in multitarget scenarios, the range profiles of small
targets are usually masked by nearby large targets due to the
limitations of standard matched filtering.

To overcome the range sidelobe masking problem, the first
strategy is to conduct dedicated signal processing methods, and
various mismatched filter approaches have been extended for
pulse compression (PC). For example, the least squares (LS)
method decouples neighboring range cells to attain a satisfac-
tory range profile estimation within the given processing win-
dow [4], [5]. However, when there are strong targets outside the
processing window, the range profile estimation performance of
the LS method deteriorates significantly. In addition, various
adaptive range processing methods are developed for range
profile extraction. For example, the CLEAN algorithm sequen-
tially subtracts the estimated range sidelobe levels introduced
by large targets [6], [7]. The CLEAN algorithm can suppress
the range sidelobes of large targets to some extent, but it still
encounters difficulties in accurately extracting the range profiles
of masked small targets. The adaptive pulse compression (APC)
approach employs the current estimate of the measured range
profile amplitudes to yield a reiteratively adaptive minimum
mean square error (MMSE) filter for each range cell [8]. How-
ever, constructing individualized MMSE filters for each range
cell imposes a huge computational burden and is unsuitable
for real-time applications. Therefore, several computationally
efficient variants are developed for the APC method [9], [10].
Besides, the authors of [11] propose a robust APC method for
range sidelobe suppression. It should be noted that the methods
demonstrated in [11] are almost for linear frequency modulation
(LFM) signals and also require a certain calculation cost.

As we know, the correlation of the MF for a given sequence
is essentially determined by its auto-correlation. On this basis,
the second strategy involves designing sequences to suppress
range sidelobes1. Ideally, the aperiodic auto-correlation func-
tion (AAF) is expected to take the form of the Kronecker delta
function. However, due to physical limitations, achieving an

1When discussing the correlation sidelobe, usually only the inherent charac-
teristics of the transmit sequence are analyzed without considering factors such
as noise. The range sidelobe, on the other hand, reflects the output response
of the echo signal (the transmit sequence has been delayed, attenuated, and
superimposed with noise components, etc) after filtering.
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ideal AAF is impossible. Initially, lots of significant research fo-
cused on the design of binary and polyphase sequences. For in-
stance, the well-known binary Barker sequence achieves a peak
sidelobe level (PSL) no greater than 1, but its sequence length is
limited to a maximum of 13 [12]. To this end, various polyphase
Barker sequences are developed to enlarge the sequence length,
though the extension remains finite [13], [14]. Besides, pulse-
to-pulse sequence agility based on Golay complementary pairs
can completely eliminate auto-correlation sidelobe levels [15],
[16], [17]. However, the complementary property degrades in
the presence of intrapulse Doppler shift, resulting in increased
auto-correlation sidelobe levels.

With advancements in direct digital synthesis technology,
the design of arbitrary phase sequences has been developed,
typically leveraging optimization theory to minimize the inte-
grated sidelobe level (ISL) or PSL [18], [19], [20], [21], [22],
[23]. In certain applications, the zero correlation zone (ZCZ),
which maintains ideal correlation properties only within a finite
zone of lags, may be sufficient instead of requiring an AAF
such as the Kronecker delta function [24]. For example, Stoica
et al. introduce a weighted cyclic algorithm to minimize an
“almost equivalent” criterion instead of directly minimizing
the weighted ISL (WISL) metric [18]. Song et al. consider
directly minimizing the original WISL metric by employing
the majorization-minimization framework [25]. Furthermore,
various algorithms such as phase gradient descent [26], al-
ternating projection [27], pattern search [28], and alternating
direction method of multipliers [29] have been developed for
ZCZ sequence design. As demonstrated in [30], the ISL metric
has an exact lower bound due to the matched receive filter con-
straint. To overcome this limitation, designing both the transmit
sequence and receive filter could further suppress the correla-
tion sidelobe level compared to its matched counterpart [31].
Transceiver design methods primarily fall into two categories:
designing a receive filter based on a given transmit sequence
[32], [33], [34] and jointly designing both the transmit sequence
and receive filter [35], [36], [37], [38], [39], [40], [41], [42].
Accordingly, various transceiver design methods have been fur-
ther developed for ZCZ [37], [38], [39], [40], [41], [42], [43].
It is important to note that mismatched filters result in a loss
of peak correlation level. Consequently, the trade-off between
the peak correlation level and sidelobe level remains a critical
consideration.

In this paper, we present a generalized matched filter (GMF)
framework for range sidelobe suppression, leveraging oblique
projection. Specifically, the GMF is constructed with the trans-
mit sequence and corresponding oblique projector. Compared
to the standard MF, the proposed GMF can flexibly create
a specified ZCZ within the specified lag region of interest,
while preserving the peak correlation level without loss. Given
a transmit sequence, the GMF is presented as a closed form.
Moreover, it can be applied to various transmit sequences and
exhibits high range resolution. In the absence of a prescribed
lag region of interest, the GMF simplifies to the MF. We ana-
lyze the output SNR performance of the proposed GMF under
white noise assumption. With the GMF framework, it is shown
that the undesired output levels can be further suppressed by

minimizing the filter energy. This further leads to a novel design
metric for transmit sequence, which is formally equivalent to
the output SNR loss. In addition, we explore the cost intro-
duced by high range resolution within the GMF framework and
present an enhanced GMF by optimizing the transmit sequence.
Also, several extended applications of the GMF are discussed.
The main contributions are summarized as follows:

1) We design a GMF framework for the range profile mask-
ing problem using the transmit sequence and the corre-
sponding oblique projector. Under a specified transmit
sequence, the GMF is derived in closed form and is
compatible with various transmit sequences. The GMF
can be well-designed offline and then implemented online
for PC. It provides greater efficiency than existing online
signal processing methods.

2) The derived GMF operates exclusively at the receiving
end, providing high flexibility in practical applications.
It can achieve high range resolution, establish a user-
defined ZCZ while preserving the peak correlation level
without loss. Additionally, its ZCZ performs better than
existing sequence design methods.

3) We conduct a comprehensive performance analysis of
GMF and derive a novel metric for sequence design.
We reveal the cost of achieving high range resolution
within the GMF framework. Moreover, an enhanced
GMF framework is presented to control undesired output
levels and achieve a negligible output SNR loss.

The rest of this paper is organized as follows. Section II
introduces the range profile masking and sequence correlation
problem. Section III analyzes the proposed generalized matched
filter in detail. Section IV discusses the extension of proposed
method in different scenarios and applications. Section V shows
numerical results to demonstrate the superiority of the proposed
method. Section VI concludes this paper.

Notations: In this paper, we use lightface for scalar a, lower
case boldface for vector a, and upper case for matrix A. A−1

denotes the inverse of matrix A. An,: represents the nth row
vector of matrix A. Double line body C means the complex
numbers domain. (·)T , (·)H , ⊗, and E{·} denote the transpose,
conjugate transpose, Kronecker product, and statistical expec-
tation operators, respectively. Diag{·} stands for the diagonal
matrix with diagonal elements equal to the input entries. IN×N

and 0N×N are the N ×N -dimensional identity matrix and zero
matrix, respectively. 1N is the N -dimensional all-ones vector.
|·| is the absolute value of a scalar or the determinant of a matrix.
‖·‖2 denotes the l2 norm. R(·) returns the column space of the
input matrix. R⊥(·) is the orthogonal complementary space of
R(·). ∝ means that the quantities on its both sides are directly
proportional. �·� denotes the floor operation.

II. PRELIMINARIES

A. Oblique Projection

The projection matrix (or projector) that is not orthogonal
is referred to as an oblique projector. Let full column rank
matrix M= [M1,M2] ∈ C

M×(M1+M2), where M1 ∈ C
M×M1

and M2 ∈ C
M×M2 . Denote by EM1|M2

∈ C
M×M the oblique
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Fig. 1. Illustration of the oblique projector.

projector, which projects vectors onto R(M1) along the direc-
tion parallel to R(M2), as illustrated in Fig. 1, can be mathe-
matically expressed as [44], [45]:

EM1|M2
= [M1,0M×M2 ](M

HM)
−1

MH

=M1(M
H
1 P⊥

M2
M1)

−1
MH

1 P⊥
M2

(1)

where P⊥
M2

denotes the orthogonal projector onto R⊥(M2),
which can be expressed as

P⊥
M2

= IM×M −PM2 = IM×M −M2(M
H
2 M2)

−1
MH

2

and PM2 =M2(M
H
2 M2)

−1
MH

2 is the orthogonal projector
onto R(M2). It is easily verified that

EM1|M2
M1 =M1, EM1|M2

M2 = 0M×M2 (2)

and EM1|M2
is idempotent but not Hermitian symmetric.

In fact, when M= [M1,M2] is not a full column rank
matrix, the oblique projector EM1|M2

can also be effectively
constructed, utilizing the principal left singular vector matrices
N1 ∈ C

M×N1 and N2 ∈ C
M×N2 of M1 and M2, respectively,

given by:

P⊥
M2

= IM×M −N2(N
H
2 N2)

−1
NH

2 (3a)

EM1|M2
=N1(N

H
1 P⊥

M2
N1)

−1
NH

1 P⊥
M2

. (3b)

Under this setting, the prerequisite for (2) to hold is that matrix
[N1,N2] has a full column rank.

B. The Range Profile Masking Problem

For the sake of illustration, we consider a length-L complex
valued transmit sequence s ∈ C

L:

s= [s (1) , · · · , s (l) , · · · , s (L)]T , l = 1, 2, · · · , L (4)

where ∀l, s(l) 	= 0. The length-L received digital baseband sig-
nal y(n) ∈ C

L of nth range cell can be expressed as [8]:

y(n) = Z(n)s+ n(n) (5)

where the intrapulse Doppler effect is negligible, and

Z(n) =

⎡
⎢⎢⎢⎣

z(n) z(n+ 1) · · · z(n+ L− 1)
z(n− 1) z(n) · · · z(n+ L− 2)

...
...

. . .
...

z(n− L+ 1) z(n− L+ 2) · · · z(n)

⎤
⎥⎥⎥⎦

denotes the target range profile impulse response matrix. n(n)
is the white noise vector. By conducting the matched filtering
using s, the MF output of (5) is given by:

yMF(n) = sHZ(n)s+ sHn(n). (6)

From (5) and (6), for the case of a solitary point target, Z(n)
simplifies to Diag{z(n), z(n), · · · , z(n)} ∈ C

L×L, and the MF
output reduces to z(n)sHs+ sHn(n). In this case, the MF is
optimal and maximizes the output SNR. However, in the case
of multitarget, if any off-diagonal elements of Z(n) are large
relative to z(n), the MF will mask the true value of z(n),
resulting in the range profile masking problem.

Discarding the term sHn(n) from (6), the MF output term
sHZ(n)s can be rewritten as:

sHZ(n)s � z(n)

L∑
l=1

|s(l)|2

+

L−1∑
k=−L+1,k �=0

z(n− k)

L∑
l=1

s(l)s∗(l − k) (7)

where k represents the lag index. From (7), we can see that
even if the off-diagonal element z(n− k) is large relative to

z(n), when
∣∣∣∑L

l=1 s(l)s
∗(l − k)

∣∣∣→ 0, k 	= 0 (i.e., low auto-
correlation sidelobes of the transmit sequence s), the range
profile masking problem can also be effectively addressed. For
the sake of illustration, let χs,s(k) represent the AAF of s:

χs,s (k) =
L∑
l=1

s (l) s∗ (l − k), k =−L+ 1, · · · , L− 1. (8)

To simplify the expression of (8), we introduce the aperiodic
shifting matrix Jk ∈ C

L×L, k =−L+ 1,−L+ 2, · · · , L− 1,
with the (i, j)th element [Jk]i,j in Jk defined as follows:

[Jk]i,j =

{
1, if i− j + k = 0

0 if i− j + k 	= 0

(i, j) ∈ {1, 2, · · · , L}2
. (9)

Then the AAF χs,s (k) in (8) can be recast as:

χs,s(k) = sHJks, k =−L+ 1,−L+ 2, · · · , L− 1. (10)

When k = 0, J0 = IL×L, the peak level of AAF appears and
χs,s(0) = sHs. When k 	= 0, χs,s(k) is the auto-correlation
sidelobe level of transmit sequence s.

To overcome the range profile masking problem, a general-
ized matched filter is proposed next, by leveraging the transmit
sequence and corresponding oblique projector.

III. PROPOSED GENERALIZED MATCHED FILTER

In this section, we first derive the GMF in a closed-form ex-
pression and analyze the effectiveness of the oblique projector
within the proposed GMF framework. Then, we examine the
performance of the GMF in terms of zero correlation, range
resolution, and output SNR. On this basis, we put forward
the design strategy for enhanced GMF and extended GMF. In
addition, we briefly outline the relationship between the pro-
posed GMF and existing sequence design methods. Finally, we
discuss its complexity.
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A. Design Framework of GMF

Building upon the preceding discussion, it is evident that the
auto-correlation sidelobes generated by the MF are the primary
cause of the range sidelobe. To this end, we attempt to design
a filter that can achieve a zero correlation sidelobe between
the designed filter and transmit sequence for range sidelobe
suppression. By inserting an identity matrix IL×L, the AAF
χs,s (k) in (8) can be further reformulated as follows:

χs,s(k) = sHIL×LJks, k =−L+ 1,−L+ 2, · · · , L− 1.
(11)

To suppress the correlation sidelobes while preserving the
peak level, we propose constructing a “projector” instead of the
identity matrix IL×L in (11). This “projector” is designed to
project Jks (k 	= 0) onto the zero vector while simultaneously
maintaining Jks (k = 0) without distortion, thereby achieving
zero correlation sidelobes and ensuring the peak correlation
level without loss. To achieve this, we leverage the properties of
oblique projection as demonstrated in Section II-A to construct
an oblique projector Es|˜A, which substitutes IL×L in (11),
where

Ã= [J−L+1s, · · · ,J−1s,J1s, · · · ,JL−1s] ∈ C
L×(2L−2).

Let Ωs = {±1,±2, · · · ,±(L− 1)} represents the set of all
correlation sidelobe lags. The designed oblique projector Es|˜A
is expected to yield the following properties:

Es|˜AJks= s, k = 0 (12a)

Es|˜AJks= 0L, k ∈ Ωs. (12b)

From Section II-A, it is important to note that the prerequisite
for (12) to hold is that s /∈R(Ã). However, due to some practi-
cal limitations on the transmit sequence, it is difficult to satisfy
s /∈R(Ã). To this end, a compromise solution is to suppress
sidelobes at some lags of interest, i.e., select LA column vectors
from Ã to construct matrix A ∈ C

L×LA , 0 ≤ LA < 2L− 2.
Then, we need to ensure that s /∈R(A), in other words,

‖PAs‖2
2 < ‖s‖2

2 (13)

necessarily holds. On this basis, we can leverage the modified
oblique projector E s|A instead of Es|˜A, which has the follow-
ing properties:

E s|As= s, E s|AA= 0L×LA
. (14)

It should be noted that the prerequisite for (14) to hold is that
s /∈R(A), regardless of whether A has a full column rank.
This is because the oblique projector E s|A can be effectively
constructed using s and the principal left singular vector matrix
ASVD of A, as demonstrated in (3). Thereby, PA in E s|A can

be computed by PA =ASVD(A
H
SVDASVD)

−1
AH

SVD.
For clarity, denote Ω

‖
s and Ω⊥

s the sets of interested and
uninterested lags, respectively. The aforementioned sets satisfy
the following relationship:

Ω‖
s ∪ Ω⊥

s =Ωs, Ω
‖
s ∩ Ω⊥

s =∅ (15)

Fig. 2. Schematic diagram of the construction method of A.

where Ω
‖
s and Ω⊥

s can be designed with specific requirements
for practical applications.

Ultimately, the closed-form GMF p can be designed offline
via the transmit sequence s and the modified oblique projector
E s|A, which is given by:

p=EH
s|As=P⊥

As(sHP⊥
As)−1sHs. (16)

Especially, if LA = 0, we have P⊥
A = IL×L, and the designed

GMF degenerates into the standard MF, i.e., p= s.
For the scenario of suppressing correlation sidelobes around

the mainlobe, A can be specifically constructed as:

A= [J−L1s, · · · ,J−2s,J−1s,J1s,J2s, · · · ,JL2s] (17)

where L1 and L2 represent the lag index and L1 + L2 = LA.
For the sake of clarity, Fig. 2 depicts a schematic diagram of the
construction method of A. If s /∈R(A), we can obtain that each
transmit sequence corresponds to a specific GMF, indicating
that the designed GMF can be compatible with various transmit
sequences.

It should be admitted that deriving exact conditions on s and
Ω

‖
s to guarantee s /∈R(A) remains a challenge. As an effort

to tackle this challenge, Proposition 1 introduces a relatively
strict construction strategy for Ω‖

s that ensures s /∈R(A) (i.e.,
E s|A is effective) independent of the specific form of transmit
sequence s.

Proposition 1: Define the set Ω̃‖
s , which includes the follow-

ing three cases:
Case 1: Ω̃‖

s = {−L+ 1,−L+ 2, · · · ,−1}.
Case 2: Ω̃‖

s = {1, 2, · · · , L− 1}.
Case 3: Let 2 ≤ l ≤ L− 1, Ω̃‖

s takes the form of

Ω̃‖
s = {−L+ 1,−L+ 2, · · · ,−l}
∪ {L− l + 1, L− l + 2, · · · , L− 1} .

For any of the above cases, if the constructed set of interested
lags (i.e., Ω‖

s) satisfies Ω‖
s 	=∅ and Ω

‖
s ⊆ Ω̃

‖
s , then s /∈R(A) is

guaranteed to hold, independent of the specific form of s.
Proof: See Appendix A.

From (16), it can be readily observed that the GMF perfor-
mance varies for different transmit sequences. In the following,
we conduct a detailed performance analysis of GMF.
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Fig. 3. Comparison diagram of the PC process of standard MF s and
proposed GMF p for signal s.

B. Performance Advantages of Proposed GMF

In this part, we assess the performance advantages of the
proposed GMF in terms of aperiodic cross-correlation function
(ACF) and range resolution.

1) The ACF Advantage: Similar to (10), by combining (14)
and (16), the ACF χs,p(k) of transmit sequence s and designed
GMF p is given by:

χs,p(k) = pHJks= sHE s|AJks

=

⎧
⎪⎨
⎪⎩

sHs, k = 0

αk(s) sHs= 0, k ∈ Ω⊥
s

αk(s)s
Hs 	= 0, k ∈ Ω

‖
s

(18)

where

αk(s) = (sHP⊥
As)

−1
sHP⊥

AJks. (19)

For the sake of clarity, Fig. 3 presents a brief comparison
diagram of the PC process of standard MF and proposed GMF
for signal s. From (18) and Fig. 3, leveraging the designed GMF,
when k = 0, the peak correlation level χs,p(0) = sHs remains
compared to the peak correlation level χs,s(0) of using MF. For
interested lags (i.e., k ∈ Ω

‖
s), the correlation level χs,p(k) = 0,

the GMF can achieve a zero correlation zone, whereas the
MF cannot. For uninterested lags (i.e., k ∈ Ω⊥

s ), the correlation
level χs,p(k) = αk(s)s

Hs, related to the transmit sequence.
Although the peak correlation level has not deteriorated, the
next subsection demonstrates that the GMF shown in (16) en-
larges the output noise power, thereby reducing the output SNR
compared to the MF. Additionally, the sidelobe levels at unin-
terested lags (i.e., αk(s), k ∈ Ω⊥

s ) vary across different transmit
sequences, and can be further suppressed through appropriate
sequence design.

2) The High Range Resolution Advantage: It is well-known
that the AAF mainlobe width by employing the standard MF
is 1/Bs, where Bs denotes the signal bandwidth [2]. This
demonstrates that, within the MF framework, the achievable
range resolution is limited by the signal bandwidth Bs.

For GMF, it is presented as a mismatched filter. Under such
cases, traditional range resolution analysis methods based on
the MF framework are no longer applicable. Therefore, we
analyze the range resolution of GMF through its ACF. To be-
gin with, it should be noted that the proposed GMF is con-
structed via the discrete transmit sequence. For a continuous
transmit waveform w(t), t ∈ [0, T ], where t is the fast time and

T denotes the signal time width. With sampling frequency fs,
i.e, the sampling time interval

Δt=
1
fs

. (20)

The discrete transmit sequence s in (4) can be re-expressed as
sΔt ∈ C

�Tfs�, we have:

sΔt = [w (0 ·Δt) , w (1 ·Δt) , · · · , w ((�Tfs� − 1) ·Δt)]
T

where �Tfs�= L. Accordingly, the signal with a time shift of
k ·Δt can be denoted as JksΔt, k =±1, · · · ,±(�Tfs� − 1).

For a high range resolution, the ACF mainlobe is expected
to resemble an impulse response. To this end, the GMF pΔt

can be designed by sΔt and corresponding E sΔt|AΔt
to sup-

press sidelobes around the mainlobe. With the mainlobe peak
aligned at t= 0, the interested sidelobe region corresponds to
the following set of time lags:

t ∈ {−k1,max ·Δt, · · · ,−1 ·Δt} ∪ {1 ·Δt, · · · , k2,max ·Δt}

where k1,max ·Δt (k2,max ·Δt) is the time interval between the
mainlobe and the farthest left (right) sidelobe region of interest.
Leveraging the analysis in (18), if sΔt /∈R(AΔt), the ACF
within the GMF framework can be further reformulated as a
discrete-time delay presentation:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

χsΔt,pΔt
(−k1,max) = pH

ΔtJ−k1,max
sΔt = 0

...

χsΔt,pΔt
(−1) = pH

ΔtJ−1sΔt = 0

χsΔt,pΔt
(0) = pH

ΔtsΔt = sHΔtsΔt

χsΔt,pΔt
(1) = pH

ΔtJ1sΔt = 0

...

χsΔt,pΔt
(k2,max) = pH

ΔtJk2,max
sΔt = 0.

(21)

According to (21), it indicates that the GMF framework can
achieve an effective impulse response, and the mainlobe width
(range resolution) is directly proportional to sampling time
interval Δt and inversely proportional to sampling frequency
fs. As a result, for fixed Bs, the GMF can offer a higher
range resolution by increasing fs. It should be clarified that
increased fs only increases the number of temporal sampling
points, but does not expand the overall lag region of interest,
i.e., k1,max ·Δt+ k2,max ·Δt.

For the sake of expression, we take the phase coded sequence
scode ∈ C

L as an example. With increased fs, i.e., each symbol
in scode is consecutively sampled ς times, where ς ≥ 1 is the
user-defined scale factor related to the increased fs. More in-
tuitively, the lag interval (i.e., the sampling time interval) as
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shown in Fig. 2 is reduced by ς times. The resulting signal
s̆ ∈ C

ςL can be mathematically formulated as:

s̆= scode ⊗ 1ς . (22)

The matrix Ă ∈ C
ςL×LĂ consists of LĂ time shifted versions

of s̆ at the lags Ω̆
‖
s (around the mainlobe), can be denoted as:

Ă=
[
J̆
(1)

k̆
s̆, J̆

(2)

k̆
s̆, · · · , J̆(LĂ)

k̆
s̆
]
, k̆ ∈ Ω̆‖

s (23)

where J̆k̆ ∈ C
ςL×ςL is the aperiodic shifting matrix similar to

Jk in (9), and k̆ is the lag index in increased sampling frequency
scenarios. To approximately keep the same lag region of interest
under varying sampling frequencies, it is reasonable to setLĂ =
ςLA. The GMF for increased sampling frequency scenarios can
be constructed by:

p̆=EH
s̆|Ăs̆=P⊥

Ă
s̆(s̆HP⊥

Ă
s̆)−1s̆H s̆. (24)

From (22) and (24), on the one hand, increasing fs can reduce
the lag interval. On the other hand, GMF can suppress the
correlation sidelobes around k̆ = 0 (i.e., the lag at mainlobe).
Therefore, the high range resolution can be achieved within the
GMF framework by increasing fs. However, it should also be
clarified that increasing fs gives rise to a cost on other aspects
of GMF performance, as discussed in Section III-D.

C. Output SNR Performance of GMF

In addition to zero correlation and high range resolution, the
GMF output SNR performance is also a critical factor for pre-
cise range profile extraction, especially in scenarios with low in-
put SNR. In this part, we study the output SNR performance of
the designed GMF. To begin with, let us briefly demonstrate the
output SNR performance of MF s and general mismatched filter
h. For the sake of illustration, we account for the case of a soli-
tary point target (i.e., Z(n) = Diag{z(n), z(n), · · · , z(n)}) in
the presence of white noise. Assuming n ∈ C

L is the noise sig-
nal with covariance matrix Rn = E

{
nHn

}
= σ2IL×L, where

σ2 is the noise power. The output SNR gain of implementing s
and h satisfies the following relationship:

S̃NRh =
|z(n)|2|hHs|2
hHE {nnH}h

/
|z(n)|2
σ2

=
|hHs|2

hHh

≤ S̃NRs =
|sHs|2

sHs
= sHs. (25)

Leveraging the Cauchy-Schwarz inequality, S̃NRh = S̃NRs

if and only if h∝ s. To suppress correlation sidelobe levels
while ensuring the output SNR performance, existing methods
attempt to constrain ‖h− s‖2

2 (|hHs|2) to be less (greater) than
a preset threshold [40], [41]. However, there is currently no
theoretical basis for determining the optimal threshold, thus
these approaches may not solve the above trade-off effectively.

Similarly, the output SNR gain of implementing the GMF p
satisfies the following relationship:

S̃NRp =
|z(n)|2|sHE s|As|2

sHE s|AE{nnH}EH
s|As

/
|z(n)|2
σ2

(26a)

=
|sHs|2

sHE s|AEH
s|As

(26b)

= sHs− sHPAs (26c)

= S̃NRs − sHPAs (26d)

where we have utilized the fact that P⊥
AP⊥

A =P⊥
A. For any

transmit sequence s 	= 0L, since orthogonal projector PA �
0L×L, we have sHPAs≥ 0. In addition, from (13), one can
easily derive that sHs> sHPAs. Based on these foundations,
we have

0 < S̃NRp ≤ S̃NRs. (27)

S̃NRp = S̃NRs if and only if s ∈R⊥(A).
From (18) and (26), although the peak ACF level is preserved

by using GMF p, it enlarges the output noise power, resulting in
output SNR loss. With the white noise assumption, the output
SNR loss is sHPAs, which is related to the transmit sequence
s. Apparently, by designing s to minimize sHPAs, the output
SNR loss can be reduced. However, the above metric relies
heavily on the white noise assumption. Under colored noise
conditions, this metric may no longer be applicable. Meantime,
from (18), this metric cannot be directly employed to suppress
sidelobes at uninterested lags, i.e., αk(s), k ∈ Ω⊥

s .

D. Robust Design Metric and Further Analysis

To overcome the aforementioned challenges, a robust design
metric is introduced and used to analyze the cost of achieving
high range resolution within the GMF framework.

1) Robust Design Metric: To begin with, we investigate a
robust metric for designing the enhanced GMF. This metric
is expected to be applicable to a broader range of scenarios,
including colored noise backgrounds and sidelobe suppression
at uninterested lags, rather than being limited to the case of
white noise. If the exact covariance Rc of the colored distur-
bance is available, the output SNR loss can be modified by
substituting E{nnH}=Rc into (26a), from which the design
metric is obtained. In practical radar environments, it is chal-
lenging to accurately obtain both the statistical characteristics
of colored noise and Jks, k ∈ Ω⊥

s . To this end, we investigate
the filtering results of the GMF p for any signal a 	= 0L ∈ C

L,
see Proposition 2 for details.

Proposition 2: For any vector a ∈ C
L and ‖a‖2 	= 0, the

projection of oblique projector E s|A on vector a is

E s|Aa= βs, 0 ≤ |β| ≤ ‖a‖2(s
Hs− sHPAs)

− 1
2 . (28)

The filtering output amplitude of p for signal a obeys

0 ≤
∣∣pHa

∣∣= ∣∣sHE s|Aa
∣∣= |β| sHs

≤ ‖a‖2 s
Hs(sHs− sHPAs)

− 1
2

︸ ︷︷ ︸
=‖p‖2

. (29)

Proof: See Appendix B.
According to (18) and Proposition 2, we can briefly draw the

following conclusions:
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• The oblique projector E s|A projects any signal a onto
vector s, with component |β| meeting (28).

• No matter how large ‖a‖2 is, the GMF output
∣∣pHa

∣∣= 0
only for signals at interested lags, i.e., a ∈R(A).

• For the desired signal, i.e., a= z(n)s, the GMF output
is |pHa|= |z(n)|sHs. For undesired signals, such as the
noise signal a= n and signals at uninterested lags a∝
Jks, k ∈ Ω⊥

s , the GMF output satisfies (29) and the max-
imum output amplitude depends on both the signal am-
plitude ‖a‖2 and GMF energy (controlled by the transmit
sequence s).

Although we cannot access the ideal statistical characteris-
tics of the input undesired signals and control their amplitude
‖a‖2, we can suppress the signals as much as possible by
minimizing the GMF energy ‖p‖2

2. From Fig. 3, it is evident
that the designed GMF yields a higher energy than the MF. The
straightforward approach is to normalize the designed GMF by
conducting p/‖p‖2. However, this correspondingly results in a
loss of peak level, as expressed in (18).

Building on the aforementioned analysis, we propose to
design transmit sequence s to minimize the GMF magni-

tude (energy) ‖p‖2 = sHs(sHs− sHPAs)
− 1

2 (‖p‖2
2) in (29),

thereby introducing a novel sequence design metric. Generally,
the transmit sequence to be designed has a limited energy
budget, i.e., ‖s‖2

2 = e2
c (constant). On this basis, the metric

sHs(sHs− sHPAs)
− 1

2 evolves to

e2
c(e

2
c − sHPAs)

− 1
2 . (30)

According to (30), we can see that the GMF energy decreases as
sHPAs decreases. Especially, if sHPAs= 0, i.e., s ∈R⊥(A),
the GMF achieves a minimum energy, which equals that of MF.
For the sake of illustration, we define the relative GMF energy
as the ratio of GMF energy and MF energy, i.e.,

‖p‖2
2

‖s‖2
2

=
sHs

sHs− sHPAs
=

1

1 − sHPAs
sHs

=
1

1 − sHPAs
e2
c

. (31)

It is evident that the relative GMF energy decreases as sHPAs
decreases, with a minimum value of 1. By designing s, we
can optimize the metric sHPAs to minimize the GMF energy
or relative GMF energy, thus suppressing undesired signals,
including but not limited to noise n and Jks, k ∈ Ω⊥

s .
Interestingly, the derived metric sHPAs is identical to the

output SNR loss in (26) under the white noise. Although the
metric are derived from different perspectives, they ultimately
lead to the same formulation. However, it is worth noting that
the resulting metric is relatively relaxed. While it may not be the
optimal choice in a strict theoretical sense, it offers improved
robustness in practical radar environments. In this way, this
metric can be applied even if the white noise assumption does
not hold. Meanwhile, the correlation sidelobes at uninterested
lags, i.e., αk(s), k ∈ Ω⊥

s , can also be controlled by employing
this metric. It is also important to note that for the same transmit
sequence s, the larger LA is, the smaller the dimension of
subspace R⊥(A) is, and sHPAs increases. That is to say, for
the same s, the larger lag region of interest, the larger output
level of GMF for undesired signals.

2) Cost of Achieving High Range Resolution: As analyzed
in Section III-B, increasing fs can improve the range resolution
of GMF pΔt. However, the effect of increasing fs on the GMF
energy has not been investigated. As previously discussed, a
higher GMF energy amplifies the output power of undesired sig-
nals, degrading the output SNR and elevating the sidelobe level
at uninterested lags. In view of the fact that sHΔtsΔt increases
with fs, we next analyze the variation trend of the relative GMF
energy in (31), i.e.,

‖pΔt‖2
2

‖sΔt‖2
2

=
1

1 − sHΔtPAΔt
sΔt

sHΔtsΔt

(32)

with respect to (w.r.t.) fs. The lag region of interest is fixed.
As we can see from (32), this is equivalent to analyzing how
sHΔtPAΔt

sΔt/s
H
ΔtsΔt varies w.r.t. fs. To begin with, it is evi-

dent that

J1sΔt ∈R(AΔt),
sHΔtJ1sΔt

sHΔtsΔt
=

χsΔt,sΔt
(1)

χsΔt,sΔt
(0)

. (33)

With the Cauchy-Schwarz inequality, we have

|sHΔtJ1sΔt|= |sHΔtPAΔt
J1sΔt| ≤ |PAΔt

sΔt|2 · |J1sΔt|2.

Using the facts that |J1sΔt|22 < |sΔt|22 and sΔt /∈R(AΔt), we
then have

∣∣∣∣
χsΔt,sΔt

(1)
χsΔt,sΔt

(0)

∣∣∣∣
2

<
sHΔtPAΔt

sΔt

sHΔtsΔt
< 1. (34)

For the MF sΔt, it is well-known that the mainlobe width
of AAF χsΔt,sΔt

is inversely related to Bs, independent of fs.
Generally, for practical applications, the sampling frequency
meets fs ≥Bs, i.e, Δt≤ 1/Bs. For fixed Bs, leveraging the
monotonicity within the mainlobe region of AAF χsΔt,sΔt

, as
fs increases, the lag interval Δt decreases, while |χsΔt,sΔt

(1)|
increases and approaches |χsΔt,sΔt

(0)|. Thereby, it is not diffi-
cult to find that |χsΔt,sΔt

(1)/χsΔt,sΔt
(0)| increases with fs. On

this basis, the feasible range of sHΔtPAΔt
sΔt/s

H
ΔtsΔt progres-

sively shrinks as fs increases. Specifically, when fs →+∞, we
can obtain the following limit:

lim
fs→+∞

∣∣∣∣
χsΔt,sΔt

(1)
χsΔt,sΔt

(0)

∣∣∣∣→ 1, lim
fs→+∞

sHΔtPAΔt
sΔt

sHΔtsΔt
→ 1. (35)

According to (34) and (35), it is reasonable to infer that
the overall trend of sHΔtPAΔt

sΔt/s
H
ΔtsΔt increases with fs.

However, this does not imply that sHΔtPAΔt
sΔt/s

H
ΔtsΔt in-

creases strictly monotonically with fs. Despite Bs and the lag
region of interest being fixed, the specific elements vary with
different sequences. Based on the aforementioned analysis, it
is reasonable to conclude that the relative GMF energy exhibits
an increasing trend w.r.t. fs.

In short, compared to the MF, the range resolution within the
GMF framework can be improved by increasing the sampling
frequency fs. However, the relative GMF energy exhibits an in-
creasing trend with fs, which will lead to a larger output energy
of undesired signals, particularly when fs →+∞. Thereby,
the output SNR and the sidelobe levels at uninterested lags
show a deteriorating trend as fs increases. As a consequence,
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within the GMF framework, it should be clarified that fs can-
not be increased arbitrarily in pursuit of extremely high range
resolution.

Based on the above discussion, the GMF performance is
closely related to the lag region of interest, Bs, and fs. For prac-
tical applications, to enable weak target detection and achieve
a high-resolution range profile without increasing the hardware
complexity. We introduce a feasible construct strategy for GMF
from three perspectives. First, select a general (rather than ultra-
wideband) Bs to alleviate the hardware burden. Second, con-
struct the interested lag set around the mainlobe and determine
the minimum LA according to the range distribution region of
the targets. Finally, adjust fs via the relative GMF energy shown
in (31) to balance an acceptable output SNR loss and desired
range resolution.

E. Design for Enhanced GMF

In light of the derived robust metric, this subsection puts
forward the design strategy for enhanced GMF. Besides ‖s‖2

2 =
e2
c, with additional constraints of interest, such as constant

modulus, peak-to-average ratio, discrete phase constraints, etc
[22]. Let set S denote these interested constraints, the sequence
design for the enhanced GMF can be formulated as

min
s∈S

sHPAs. (36)

Herein, for the sake of illustration and example, we impose
a constant modulus constraint on s to maximize transmitter
efficiency. Problem (36) can thus be recast as follows:

min
s

sHPAs s.t. |s(l)|2 = 1, l = 1, 2, · · · , L. (37)

Since PA is a function of s, (37) is a sixth-order optimiza-
tion problem w.r.t. s under L quadratic equality constraints. It
should be noted that developing advanced solution algorithms
for problem (37) is not the focus of this paper, as the primary
contribution lies in the proposed GMF design framework. To
solve this non-convex problem, we use the coordinate descent
(CD) iterative framework [23] to sequentially minimize our
objective over one variable keeping fixed the others, resulting in
a suboptimal s�. Specifically, we first initialize a random phase
sequence s(0), for (it)th iteration (referred to as the outer loop),
lth code entry s

(it−1)
l is selected as the optimization variable

leading to the following problem at step (l) (referred to as the
inner loop):

s
(it)
l = arg min

s
(it−1)
l

(s
(it)
l )

H
P

A
(it)
l

s
(it)
l

s.t. s
(it−1)
l = ejφ, φ ∈ 2π

M
{0, 1, · · · ,M − 1} (38)

where M is the number of discrete phases, and

s
(it)
l = [s

(it)
1 , · · · , s(it)l−1, s

(it−1)
l , s

(it−1)
l+1 , · · · , s(it−1)

L ]. (39)

P
A

(it)
l

is constructed with s
(it)
l as described in Section III-A.

After obtaining s
(it)
l , the (l + 1)th inner loop begins. Once the

inner loop concludes, the (it + 1)th outer loop starts. Repeating
the above process until the following condition is satisfied:

(s(it+1))
H
PA(it+1)s(it+1) − (s(it))

H
PA(it)s

(it) ≤ ξ (40)

where ξ represents the preset convergence threshold. It can be
readily verified that the objective function is bounded since 0 ≤
sHPAs≤ sHs. Thereby, the monotonicity of the CD iterative
framework and the boundedness of the objective function are
sufficient to guarantee the convergence of the objective value
[23]. From (13), s /∈R(A) holds if and only if sHPAs< ‖s‖2

2.
Owing to the constant transmit sequence energy and monoton-
ically decreasing objective function value, if s(0) /∈R(A(0)),
i.e., (s(0))HPA(0)s(0) < ‖s(0)‖2

2 holds, we can find that:

(s(it+1))HPA(it+1)s(it+1) ≤ (s(it))HPA(it)s
(it)

≤ · · · ≤ (s(0))HPA(0)s(0)

< ‖s(0)‖2
2 = · · ·= ‖s(it+1)‖2

2 = e2
c.

Thus, as long as s(0) /∈R(A(0)), s(it) /∈R(A(it)) is naturally
satisfied as the iterations progress.

On this basis, we can achieve a suboptimal sequence s�,
and the enhanced GMF p� can be constructed with s� and the
corresponding oblique projector E s�|A� via (16), i.e.,

p� =EH
s�|A�s� =P⊥

A�s�
(
(s�)

H
P⊥

A�s�
)−1

(s�)Hs�. (41)

Ultimately, the enhanced GMF can be well-designed offline,
and then be employed online to conduct PC as efficiently as
the MF. The enhanced GMF can achieve zero correlation at
interested lags, reduced sidelobe level at uninterested lags, and
negligible output SNR loss. The primary distinction between
GMF and enhanced GMF is that the latter requires selecting a
suboptimal transmit sequence by the formulated optimization.

It is shown that the design process of the enhanced GMF
involves the transmit sequence optimization. For the sake of
clarity, in this part, we briefly discuss the relationship between
the enhanced GMF and existing sequence design methods, in-
cluding transmit design methods [25], [26], [27], [28], [29] and
transceiver design methods [37], [38], [39], [40], [41], [42],
summarized in Table I, where set F represents the constraint set
of the receive filter. According to Table I, we can see that when
PA →AAH and p→ s, the proposed method evolves to trans-
mit design methods. When sHPAs→ hHAAHh and p→ h,
the proposed method evolves to transceiver design methods. For
the proposed GMF, we can theoretically achieve a ZCZ. With
the white noise assumption, we have output SNR loss

s−→ 0.
However, the maximum lag region of interest is limited.

F. Computational Complexity

In this subsection, we analyze the complexity of the pro-
posed method. For GMF, the primary calculation lies in the
construction of oblique projector E s|A, its design complexity is
O(L3

A). For enhanced GMF, the main calculations include the
construction of oblique projector E s|A and the enhanced design
of GMF. In this paper, we introduce a CD iterative framework
for enhanced GMF, its design complexity is O(NtLML3

A),
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TABLE I
A BRIEF COMPARISON OF ENHANCED GMF WITH EXISTING SEQUENCE DESIGN METHODS

Method Optimization variable Design metric Advantage Disadvantage

Transmit design Sequence s
Sequence: min

s∈S
sHAAHs

No output SNR loss
Unsatisfied

Filter: matched filter s ZCZ performance

Transceiver design
Sequence s and Sequence and filter: Improved

Output SNR lossmismatched filter h min
s∈S,h∈F

hHAAHh ZCZ performance

Enhanced GMF Sequence s
Sequence: min

s∈S
sHPAs • Zero-correlation within ZCZ Maximum number of

Filter: p� =EH
s�|A�s

� • Output SNR loss
s−→ 0 interested lags is limited

where Nt is the iteration number of the outer loop, which is of
a higher order than the computation of the oblique projector. As
a result, the overall design complexity of the enhanced GMF is
O(NtLML3

A). For the online pulse compression process, GMF
and enhanced GMF, similar to MF, can be implemented in the
frequency domain using the fast Fourier transform (FFT), each
with a computational complexity of O(Llog2L) per range cell.

IV. EXTENSIONS OF PROPOSED GMF

Drawing on the above discussion, the proposed GMF is de-
signed for a single transmit sequence without considering the
intrapulse Doppler shift. However, it can be readily extended
to broader scenarios and applications. Specifically, we focus
on two key extensions of the proposed GMF: the first involves
scenarios with the intrapulse Doppler shift, and the second
addresses cases with multiple transmit sequences.

A. Scenarios With Intrapulse Doppler Shift

For detecting the high-speed target, intrapulse Doppler shift
becomes unavoidable. In this case, denote d(f) ∈ C

L the nor-
malized Doppler shift vector, given by:

d(f) =
[
ej2π f

L ·1, ej2π f
L ·2, · · · , ej2π f

L ·L
]T

(42)

where f ∈
[
−L

2 ,
L
2

)
. It is reasonable to assume the target is

located within a certain local region f ∈ [−floc, floc], floc ≤ L
2

[38], [41]. Similar to the analysis in Section III-A, the oblique
projector can be constructed as follows:

E
˜SD|˜AD

= S̃D(S̃H
DP⊥

˜AD
S̃D)−1S̃H

DP⊥
˜AD

(43)

with

s̃k(f) = JkDiag {d(f)} s, k ∈ {0,Ω‖
s} (44a)

S̃k = [s̃k(−floc), · · · , s̃k(f), · · · , s̃k(floc)] ∈ C
L×fnum

(44b)

S̃D = S̃0 (44c)

ÃD =
[
S̃
(1)
k , S̃

(2)
k , · · · , S̃(LA)

k

]
∈ C

L×LAfnum , k ∈ Ω‖
s

(44d)

where fnum represents the number of discrete Doppler shift
within [−floc, floc]. To ensure the effectiveness of constructed
oblique projector E

˜SD|˜AD
, the following two points should be

noted:

• The value of fnum could be set relatively large to mitigate
the off-grid problem between the discrete Doppler shift
and actual target Doppler shift.

• Replacing S̃k, k ∈ {0,Ω‖
s} by matrix Vk, k ∈ {0,Ω‖

s},
which is composed of Qk, Qk � L principal left singular
vectors of S̃k. For fixed Ω

‖
s and s, Qk increases with floc

and reaches a maximum value of L.
On this basis, the oblique projector E

˜SD|˜AD
can be modified

to EV0|AD
with AD = [V

(1)
k ,V

(2)
k , · · · ,V(LA)

k ], k ∈ Ω
‖
s . To

ensure the effectiveness of EV0|AD
, i.e., matrix [V0,AD] has

a full column rank, compared to the scenario without consid-
ering intrapulse Doppler shift, the maximum number of inter-
ested lags, i.e., LA, must be reduced. Ultimately, the GMF for
the scenario with intrapulse Doppler shift can be designed as
follows:

pDoppler =EH
V0|AD

s. (45)

It should be noted that due to the presence of intrapulse
Doppler shift, the peak level yields a slight loss by employing
pDoppler. Therefore, in addition to the enhanced GMF design
method demonstrated in Section III-E, the constraint on the
Doppler tolerance (peak correlation level) of transmit sequence
needs to be incorporated in S .

B. Scenarios With Multiple Transmit Sequences

For applications such as multi-input multi-output radar, it
is typically necessary to transmit multiple sequences. In this
case, denote the matrix composed of U linearly independent
transmit sequences by S= [s1, s2, · · · , sU ] ∈ C

L×U , let Su− ∈
C

L×(U−1) represent the matrix with su, u= 1, 2, · · · , U re-
moved from S, and let SJ,u ∈ C

L×LA represent the matrix
composed of LA time shifted versions of su at the interested
lags, similar to A, i.e.,

SJ,u =
[
J
(1)
k su,J

(2)
k su, · · · ,J(LA)

k su

]
, k ∈ Ω‖

s. (46)

Then the uth GMF for multiple transmit sequence applica-
tions can be designed as follows:

pu =EH
su|Au

su =P⊥
Au

su(s
H
u P⊥

Au
su)

−1sHu su (47a)

Au = [Su−,SJ,1,SJ,2, · · · ,SJ,U ] ∈ C
L×(U−1+LAU). (47b)

As we can see, for multiple transmit sequence applications, to
guarantee that R(su) /∈R(Au), the maximum number of inter-
ested lags for ZCZ, i.e., LA, also must be reduced. Likewise, the
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enhanced GMF design for the scenario with multiple transmit
sequences can be formulated by minimizing U GMFs’ energy,
i.e.,

S� = arg min
su∈S

U∑
u=1

sHu PAu
su, p

�
u =EH

s�u|A�
u
s�u. (48)

Remark 1: Although the proposed GMF is designed within
the specific context of radar target detection, its fundamental
principle: leveraging oblique projection to achieve a ZCZ for
transmit sequences, offers wide applicability. On this basis,
the proposed method can also be naturally extended to other
applications that rely on MF while seeking to mitigate sequence
correlation interference, including sonar systems, navigation
systems, code division multiple access communication systems,
medical imaging, and other related fields.

V. NUMERICAL RESULTS

In this section, we conduct representative simulations to ex-
amine the range sidelobe suppression and range resolution per-
formance of the proposed GMF. It is demonstrated that the GMF
can achieve a ZCZ, for comparison, we benchmark our method
against the transmit design method in [29] and the transceiver
design method in [42]. Similarly, both methods consider con-
stant modulus constraint for sequence design. Unless specified
otherwise, the transmit sequence is initialized to a random phase
sequence s(0), the sequence length is set to L= 100, and all
subsequent simulations are conducted using the same sequence
s(0). The interested lags are set to Ω

‖
s = {±1,±2, · · · ,±LA

2 }
with LA = 98. The number of discrete phases and the conver-
gence threshold of the enhanced GMF are set to M = 100 and
ξ = 10−3, respectively.

A. ACF Performance of GMF

In this subsection, we validate the ACF performance of the
GMF shown in (16). Fig. 4 provides the normalized ACF
level (i.e., 20log10

|χs,p(k)|
L ) using GMF for different cases and

compares it to the MF, where Case 1: the interested lags are
set to Ω

‖
s = {±1,±2, · · · ,±49}, Case 2: the interested lags

are set to Ω
‖
s = {±1,±2, · · · ,±25} ∪ {±50,±51, · · · ,±73}.

Compared with the MF, we can see from Fig. 4 that GMF cre-
ates the specified ZCZ at the interested lags in both cases while
ensuring the peak correlation level without loss. However, for
GMF, the correlation sidelobes at uninterested lags are higher
than those of MF. Since the construction process of GMF in-
volves matrix inversion, numerical calculation errors cause the
ZCZ results not to be strictly equal to 0. Due to this unavoidable
factor, the GMF energy also impacts the ZCZ performance,
as evidenced by the following simulations. Importantly, due to
the construction mechanism of GMF, the peak correlation level
remains unaffected.

To assess the ACF performance of GMF under different
transmit sequences, we consider the classical LFM signal and
the random frequency modulation (RFM) signal [46]. The sig-
nal time width and bandwidth are set to 1 µs and 50 MHz, re-
spectively, and the sampling frequency is 100 MHz. Moreover,

Fig. 4. The normalized ACF performance comparison of using the MF and
the GMF with different ZCZs.

TABLE II
THE ACF PERFORMANCE OF USING GMF FOR VARIOUS SEQUENCES

Sequence Peak level (dB)
Average level (dB) Average level (dB)

at interested lags at uninterested lags

LFM 0 -202.60 10.66
RFM (F̃ = 30) 0 -272.97 -13.86
RFM (F̃ = 60) 0 -285.35 -16.79

TABLE III
THE GMF ENERGY CORRESPONDING TO VARIOUS TRANSMIT SEQUENCES

Sequence GMF energy

LFM 283240.58
RFM (F̃ = 30) 14894.99
RFM (F̃ = 60) 3917.67

for the RFM signal, the interval of the uniform distribution of
the Fourier coefficients is set to [−0.1, 0.1], and we consider
two cases with random Fourier coefficient counts F̃ = 30 and
F̃ = 60, representing different degrees of randomness. Table II
provides normalized ACF levels (peak level, average level at
interested and uninterested lags) of using GMF for various
sequences. From Table II, we can see that the GMF can maintain
the peak level without loss while achieving a ZCZ for various
sequences. It is important to note that the GMF exhibits rela-
tively high correlation level for the LFM signal. However, as
the randomness of the sequence increases, the correlation level
decreases accordingly, i.e., for the RFM signal with a larger
F̃ . This is because the GMF energy under various sequences
is different, as presented in Table III. From Table III, we can
see that a lower degree of sequence randomness results in
higher GMF energy, thus elevating the correlation level at both
interested and uninterested lags.

To demonstrate the impact of LA on the ACF performance
of GMF, Fig. 5(a) shows the normalized ACF level using GMF
with different LA and compares it to the MF. As we can see
from Fig. 5(a), for GMF, the peak correlation level remains
without loss with different LA, χs(0),p(0)(k)≈ 0 at interested
lags, and correlation sidelobes at uninterested lags are compa-
rable to that of the MF when LA is relatively small. The cor-
relation sidelobe level increases when LA = 98, this is because
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(a) (b)

Fig. 5. (a) The normalized ACF performance comparison of using the MF
and the GMF with different LA. (b) The average normalized ACF level of
using GMF under varying LA within different lag regions.

(a) (b)

Fig. 6. The range resolution comparison of using the MF and GMF without
noise. (a) Case of no increase in sampling frequency: ς = 1. (b) Case of
increased sampling frequency: ς = 8.

a larger LA results in a smaller-dimensional subspace R⊥(A)
and a larger sHPAs, which increases the GMF energy and
consequently elevates the correlation sidelobe level. To verify
this, Fig. 5(b) depicts the normalized ACF levels (peak level,
average level at interested and uninterested lags) of using GMF
under varying LA. From Fig. 5(b), it is evident that the peak
level remains without loss, and the correlation sidelobe level
increases as LA increases.

B. Range Resolution Performance of GMF

To confirm the high range resolution advantage of the pro-
posed GMF, Fig. 6 compares the normalized ACF performance
of using MF and GMF in different sampling frequency scale
factors, i.e., ς = 1 and ς = 8, respectively. To facilitate the com-
parison of the lag region of interest under different sampling
frequencies, the lag axis has been normalized. As analyzed in
Section III-B, to approximately keep the same lag region of
interest under varying sampling frequencies, we set LĂ = ςLA.
From Fig. 6, we observe that GMF yields a higher range reso-
lution than that of MF in both cases. Besides, as ς increases, the
mainlobe response using the MF becomes more “distinct”, but
this improvement does not enhance the range resolution due
to fixed signal bandwidth Bs, i.e., L is not increased with ς .
In contrast, by employing GMF, the range resolution improves
as ς increases. However, its ZCZ performance degrades, and
correlation sidelobes at uninterested lags elevate. As stated in
Section III-D, this deterioration occurs because the relative
GMF energy increases w.r.t. ς , resulting in an elevated correla-
tion level.

Fig. 7. Relative GMF energy versus sampling frequency scale factor ς under
the different lag ranges of interest LA.

Fig. 8. Range resolution performance of using GMF under different sam-
pling frequency scale factors ς when considering noise.

To validate the analysis in Section III-D, Fig. 7 depicts the
relative GMF energy versus different sampling frequency scale
factors ς under various lag ranges of interest LA. For a fixed LA,
it is clear that as ς increases, the relative GMF energy increases,
supporting the conclusion drawn in Section III-D. For different
LA, we can see that a larger LA leads to a larger relative GMF
energy. To demonstrate the impact of increased frequency on
the output SNR of GMF, we further evaluate its range resolution
performance in the presence of noise. Fig. 8 shows the normal-
ized ACF of using GMF under different ς , with additive noise at
a level of -60 dB. The noise is modeled as a zero-mean circularly
symmetric complex Gaussian random vector. It is evident that
the higher range resolution can be achieved by increasing ς .
However, since the relative GMF energy increases with ς , a
larger value of ς leads to higher output noise power, resulting
in degraded output SNR performance. The above analyses and
simulations clearly demonstrate that high range resolution can
be achieved within the GMF framework. Nevertheless, it should
be noted that high range resolution performance comes at the
cost of other performance metrics.

C. ACF Performance of Enhanced GMF

Building on the previous analysis, the GMF can establish a
ZCZ while preserving the peak correlation level without loss.
Additionally, it is compatible with various transmit sequences
and exhibits high range resolution. However, its energy is un-
controlled, leading to high ACF levels at uninterested lags and
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Fig. 9. Value of objective function sHPAs versus the number of iterations
with different LA and M .

the loss of output SNR. In this subsection, we assess the ACF
performance of the enhanced GMF presented in (41). Firstly, we
compare the convergence performance of our sequence design
method for the enhanced GMF with different LA and M . Fig. 9
shows curves of the objective function value sHPAs versus the
iteration number. As can be seen from Fig. 9, for the same M ,
the initial (ultimate) objective function value decreases as LA

decreases. For the same LA, the objective function value con-
verges to a smaller value as M increases, as larger M provides
more degrees of freedom for sequence design. It is important
to note that even if LA is large (i.e., LA = 98), we can design
s to lead sHPAs→ 0, thereby controlling the GMF energy
and achieving output SNR loss → 0 under the white noise
assumption.

To proceed, Fig. 10(a) shows the convergence performance
of the enhanced GMF. As the iteration number increases, we
can see that the peak correlation level

∣∣pHs
∣∣ of using enhanced

GMF consistently aligns with
∣∣sHs
∣∣ that of using the MF. From

Fig. 9, since the objective function value sHPAs decreases
as the iteration number increases, the energy

∣∣pHp
∣∣ of the

enhanced GMF gradually converges to the energy
∣∣sHs
∣∣ of the

MF. Thereby, the output amplitude for undesired signals can be
controlled by leveraging the enhanced GMF. Fig. 10(b) provides
the normalized ACF level of using the enhanced GMF with
different LA. From Fig. 10(b), using optimized sequence s� and
enhanced GMF p�, the GMF energy is minimized thus the ACF
level at uninterested lags decreases compared to that in Fig. 5,
especially for LA = 98. It is important to note that s� and p�

are individually designed for different LA. Thereby, the ACF
level at uninterested lags will not change significantly as LA

increases.

D. ACF and Complexity Comparison With Various Methods

In this subsection, we compare the proposed method with
transmit design method [29] and transceiver design method
[42]. Firstly, we assess the design complexity of various meth-
ods. For transmit design method [29], we know that its compu-
tational complexity is O(NtL

3). For transceiver design method
[42], its complexity is O(NtNt,iL

3), where Nt and Nt,i de-
note the iteration number of the outer loop and inner loop,
respectively. We set Nt =Nt,i = 20, M = L, and LA = L− 2,
Fig. 11 compares the design complexity of different methods

(a) (b)

Fig. 10. (a) The convergence performance of the enhanced GMF. (b) The
normalized ACF performance of using the enhanced GMF with different LA.

Fig. 11. The design complexity comparison of different methods.

TABLE IV
COMPARISON OF OFFLINE DESIGN TIME VERSUS ONLINE PC TIME FOR

GMF, ENHANCED GMF, AND STANDARD MF

GMF Enhanced GMF Standard MF

Offline design time (s) 4.53 × 10−4 858.98 -
Online PC time (s) 0.56 × 10−5 0.47 × 10−5 1.45 × 10−5

under varying L. The simulation results reveal that the design
complexity of each method increases with L. The GMF has
the lowest design complexity, while the enhanced GMF has the
highest. Notably, the design complexity of the enhanced GMF
relies on the specific enhancement (sequence design) method
used. To further assess the real-time feasibility of the proposed
method, Table IV compares the offline design time versus online
PC time for GMF, enhanced GMF, and standard MF. The simu-
lations are conducted on the same software (MATLAB R2021b)
and hardware configuration: CPU: Intel Core i7-10700 at 2.90
GHz; RAM: 32 GB. As shown in Table IV, the offline design
time of GMF is negligible, whereas that of enhanced GMF is
the longest. The online PC times of GMF, enhanced GMF, and
standard GMF are comparable and can be efficiently imple-
mented using the FFT, confirming the real-time capability of
the proposed method. Although the enhanced GMF introduces
greater design complexity, it can be well-designed offline and
subsequently perform PC online in the same manner as the MF.
Developing more efficient design approaches for the enhanced
GMF is a valuable topic for future research, but lies beyond the
scope of this work.

Authorized licensed use limited to: University of Electronic Science and Tech of China. Downloaded on January 26,2026 at 06:23:02 UTC from IEEE Xplore.  Restrictions apply. 



WANG et al.: GENERALIZED MATCHED FILTER FOR RADAR RANGE SIDELOBE SUPPRESSION 4821

(a) (b) (c)

Fig. 12. The normalized ACF performance comparison of different methods with varying LA. (a) LA = 98. (b) LA = 58. (c) LA = 28.

Subsequently, Fig. 12 compares the ACF performance of
different methods. It is evident that three methods can achieve
low ACF levels at interested lags. When LA = 98, for transmit
design method [29], the ZCZ performance is limited, but there is
no loss in peak correlation level. For transceiver design method
[42], the ZCZ performance is improved compared to transmit
design method [29], but there is a peak correlation level loss of
approximately 2 dB. As LA decreases, the ZCZ performance of
transmit design method [29] and transceiver design method [42]
is improved, and the peak correlation level loss of transceiver
design method [42] is reduced. The ACF level at uninterested
lags with different LA of the three methods is comparable.
In contrast, the proposed GMF not only maintains the peak
correlation level without loss, but also achieves better ZCZ
performance.

E. Target Range Profile Extraction Performance

In this subsection, we compare the target range profile (TRP)
extraction performance of different methods in the presence
of noise. We set four targets, including two strong scatterers
and two weak scatterers. The detailed target parameters are
as follows: Target 1: [60, 10], Target 2: [0, 20], Target 3: [60,
30], Target 4: [0, 40], where the data format of each target is
represented as [SNR (dB), index of range cell].

To assess the TRP extraction performance of our method,
Fig. 13 presents the extracted TRPs by the MF, GMF, and
enhanced GMF, respectively, where the normalized amplitude
refers to scaling the output by normalizing it relative to the
maximum output value. As we can see from Fig. 13, by em-
ploying the MF s(0), two weak targets are obscured in the
range sidelobes of the stronger. By using the GMF p(0), four
TRPs can all be extracted, but the output amplitude at unin-
terested regions is relatively large and the output SNR gain
of two weak scatters is relatively low, i.e., 15.46 dB, where
the output SNR gain is calculated by the ratio of the target
output power to the sum of the output powers of the 1∼59th
range cells excluding 4 target range cells. By using optimized
sequence s� and enhanced GMF p�, the output range sidelobes
at uninterested lags are decreased, and the output SNR gain is
improved. With the analysis in Section V-C, the enhanced GMF
can lead to output SNR loss → 0, thus the output SNR gain of
the enhanced GMF approximately equal to theoretical output
SNR gain 10log10L= 20 dB.

Fig. 13. The TRP extraction performance comparison of using the MF, the
GMF, and the enhanced GMF.

Ultimately, Fig. 14(a) and 14(b) compare the TRP extraction
performance of various methods in different target scenarios.
In Scenario 1, the target parameters are identical to that in the
previous experiment, i.e., Target 1: [60, 10], Target 2: [0, 20],
Target 3: [60, 30], Target 4: [0, 40]. In Scenario 2, the target
parameters are set as follows: Target 1: [150, 10], Target 2:
[0, 20], Target 3: [150, 30], Target 4: [0, 40]. As can be seen
from Fig. 14(a), transmit design method [29] can only extract
two strong TRPs. Both transceiver design method [42] and
the proposed GMF can extract four TRPs. Since the output
SNR loss of transceiver design method [42] is greater than
that of our method, the output SNR gain of transceiver design
method [42] is about 2.07 dB less than that of the proposed
method. As we can see from Fig. 14(b), when the SNR of two
strong scatterers increases to 150 dB, transceiver design method
[42] can no longer extract two weak TRPs due to the high
range sidelobes of the stronger. As expected, only the proposed
GMF can effectively suppress the range sidelobes and pre-
cisely extract four TRPs. The above simulation results clearly
demonstrate the effectiveness and superiority of the proposed
GMF.

VI. CONCLUSION

In this paper, we have presented a GMF framework lever-
aging oblique projection for range sidelobe suppression. For a
given transmit sequence, the GMF is derived as a closed form.
The designed GMF flexibly achieves a specified ZCZ while
maintaining the peak correlation level without loss. Moreover,
it is compatible with various transmit sequences and provides
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(a)

(b)

Fig. 14. The TRP extraction performance comparison of different methods.
(a) Scenario 1. (b) Scenario 2.

higher range resolution, exhibiting a distinct advantage over the
standard MF. The GMF can be well-designed offline and then
implemented online for pulse compression. It provides greater
efficiency than existing online signal processing methods. We
have conducted a comprehensive performance analysis of GMF,
and have presented the distinctions and connections between
GMF and MF. The cost introduced by high range resolution
within the GMF framework has been explored. In addition, we
have presented an enhanced GMF by optimizing the transmit
sequence, which can effectively mitigate the range profile mask-
ing problem while achieving negligible output SNR loss. Fur-
thermore, we have investigated several extended applications
of the GMF. Representative simulations have been presented to
validate the effectiveness and superiority of the proposed GMF
framework.

APPENDIX A
PROOF OF PROPOSITION 1

For the sake of clarity and illustration, the specific form of
Ã is presented in (49) at the bottom of this page.

For Case 1, we have Ω̃
‖
s = {−L+ 1,−L+ 2, · · · ,−1}. In

this case, the matrix consists of L− 1 time shifted versions of
s can be denoted as:

B= [J−L+1s,J−L+2s, · · · ,J−1s] ∈ C
L×(L−1). (50)

Denote bi ∈ C
L the ith column vector of B, i= 1, 2, · · · , L−

1, expressed as:

bi = [0, · · · , 0︸ ︷︷ ︸
L−i zeros

, s(1), s(2), · · · , s(i)]T . (51)

According to (49) and (51), we can see that B is composed of
the first L− 1 column vectors of Ã. Let B̃= [B, s]∈ C

L×L, it
is evident that B̃ is a triangular matrix. Since ∀l, s(l) 	= 0, we
have

|B̃|= [s(1)]L 	= 0. (52)

Therefore, B̃ has a full column rank and R(s) /∈R(B). On
this basis, if the interested lags Ω‖

s ⊆ Ω̃
‖
s , i.e., select LA column

vectors from B to construct A, s /∈R(A) is guaranteed to hold,
independent of the specific form of s.

Similarly, for Case 2, we have Ω̃
‖
s = {1, 2, · · · , L− 1}. In

this case, the matrix consists of L− 1 time shifted versions of
s can be denoted as:

C= [J1s,J2s, · · · ,JL−1s] ∈ C
L×(L−1). (53)

Denote cj ∈ C
L the jth column vector of C, j = 1, 2, · · · , L−

1, given by:

cj = [s(j + 1), · · · , s(L), 0, · · · , 0︸ ︷︷ ︸
j zeros

]T . (54)

According to (49) and (54), we can see that C is composed of
the last L− 1 column vectors of Ã. Let C̃= [s,C]∈ C

L×L, it
is evident that C̃ is also a triangular matrix, we have

|C̃|= [s(L)]
L 	= 0. (55)

C̃ has a full column rank and R(s) /∈R(C). On this basis, if
the interested lags Ω‖

s ⊆ Ω̃
‖
s , i.e., select LA column vectors from

C to construct A, s /∈R(A) is guaranteed to hold, independent
of the specific form of s.

For Case 3, we know that

Ω̃‖
s = {−L+ 1,−L+ 2, · · · ,−l}

Ã=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · 0 0 0 s(2) s(3) s(4) · · · s(L)

0 · · · 0 0 s(1)
...

...
... . .

. ...
0 · · · 0 s(1) s(2) s(L−2) s(L−1) s(L) · · · 0
0 · · · s(1) s(2) s(3) s(L−1) s(L) 0 · · · 0
... . .

. ...
...

... s(L) 0 0 · · · 0
s(1) · · · s(L−3) s(L−2) s(L−1) 0 0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ C

L×(2L−2). (49)
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∪ {L− l + 1, L− l + 2, · · · , L− 1} (56)

where 2 ≤ l ≤ L− 1. In this case, the matrix consists of L− 1
time shifted versions of s can be denoted as:

D1 = [J−L+1s,J−L+2s, · · · ,J−ls]∈ C
L×(L−l) (57a)

D2 = [JL−l+1s,JL−l+2s, · · · ,JL−1s]∈ C
L×(l−1) (57b)

D= [D1,D2]∈ C
L×(L−1). (57c)

According to (50) and (53), we can see that D is composed
of the first L− l column vectors of B and last l − 1 column
vectors of C, it follows that both D1 and D2 have full column
rank. From (51), we can find that the nonzero elements of D1

are located in rows l + 1 ∼ L. From (54), we can find that the
nonzero elements of D2 are located in rows 1 ∼ l − 1. On this
basis, we have

Dl,: = 0T
L−1, 2 ≤ l ≤ L− 1. (58)

Let D̃= [s,D]∈L×L, we now proceed to analyze the rank of
D̃. This is equivalent to examining whether there exists a set
of coefficients {xp}Lp=1 not all zero, such that the following
equation holds:

x1s+ x2J−L+1s+ · · ·+ xpJ−ls

+ xp+1JL−l+1s+ · · ·+ xLJL−1s= 0L. (59)

According to (58), we have

D̃l,: = [s(l),0T
L−1], 2 ≤ l ≤ L− 1. (60)

On this basis, it is evident that

x1 = 0. (61)

Exploiting the structure of matrices D1 and D2, we can convert
(59) into the following two equations:

x2J−L+1s+ · · ·+ xpJ−ls= 0L (62a)

xp+1JL−l+1s+ · · ·+ xLJL−1s= 0L. (62b)

Since both D1 and D2 have full column rank, we have

x2 = x3 = · · ·= xp = 0 (63a)

xp = xp+1 = · · ·= xL = 0. (63b)

According to (61) and (63), D̃ has a full column rank and
R(s) /∈R(D). As a result, if the interested lags Ω‖

s ⊆ Ω̃
‖
s , i.e.,

select LA column vectors from D to construct A, s /∈R(A) is
guaranteed to hold, independent of the specific form of s.

This completes the proof.

APPENDIX B
PROOF OF PROPOSITION 2

From (1), the projection of oblique projector E s|A on any
vector a can be expressed as

E s|Aa= s(sHP⊥
As)

−1
sHP⊥

Aa= sβ (64)

where β = (sHP⊥
As)

−1
sHP⊥

Aa.

Let a= ã‖a‖2, where ã denotes the normalized vector of
a. It is well known that orthogonal projector P⊥

A is a positive
semidefinite Hermite matrix, thus we have

|β|=
∣∣sHP⊥

Aa
∣∣

sHP⊥
As

= ‖a‖2

∣∣sHP⊥
Aã
∣∣

∥∥∥(P⊥
A)

1
2 s
∥∥∥

2

2

. (65)

Leveraging the Cauchy-Schwarz inequality, the numerator in
(65) owns the following relationship:

∣∣sHP⊥
Aã
∣∣=
∣∣∣∣sH(P⊥

A)
1
2 (P⊥

A)
1
2 ã

∣∣∣∣

≤
∥∥∥∥(P⊥

A)
1
2 s

∥∥∥∥
2

∥∥∥∥(P⊥
A)

1
2 ã

∥∥∥∥
2

. (66)

Since ã is the normalized vector of a, ãH ã= 1, we have∥∥∥∥(P⊥
A)

1
2 ã

∥∥∥∥
2

=
√
ãHP⊥

Aã

∣∣∣∣
ãH ã=1

≤
√

λmax(P⊥
A). (67)

Using the fact that the eigenvalues of an orthogonal projec-
tion matrix are either 1 or 0. Thereby, we have

λmax(P
⊥
A) = 1 (68)

and (67) can be recast as∥∥∥∥(P⊥
A)

1
2 ã

∥∥∥∥
2

≤ 1. (69)

Substituting (66) and (69) into (65), the value range of |β|
can be obtained as

0 ≤ |β| ≤ ‖a‖2∥∥∥(P⊥
A)

1
2 s
∥∥∥

2

= ‖a‖2(s
Hs− sHPAs)

− 1
2 . (70)

From (13), we know that sHPAs< sHs is the prerequisite for
(14) to hold. Thereby, we can obtain that sHs− sHPAs> 0
holds and the upper bound in (70) is finite and reasonable.

Combining (16) and (70), the filtering output amplitude of p
for signal a satisfies

0 ≤
∣∣pHa

∣∣= ∣∣sHE s|Aa
∣∣= |β| sHs

≤ ‖a‖2 s
Hs(sHs− sHPAs)

− 1
2

︸ ︷︷ ︸
=‖p‖2

. (71)

This completes the proof.
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